
Exercise 2.3.8 Show thatif f:[a,b]+R is Lebesgue measurable and f-ga.e., then g is also Lebesque measurable.

Let us use the following notations:(fF93 =(x + (a,b31f() = g(en),(f < s) =(xec,b)/fax-s3.

For any seRR and for anyx=(8-537 (xe(a,b)(gxx s)),x43f= g) -> f(x) =f(x) =x=[f,s3,
so (855) =((8x33-(f+g))v((fs):(f*93). Since f= g a.e.,(f+g) has measure 0,
and so (g<s]-9f783 has outmeasure 0, which means it's Lebesque measurable. Indeed,

m*((8x53-35783) =m*)[f +93) =m(9+ +83) =0. The complement [f =35 is also Lebesque measurable.
In addition, It-s] is Lebesque measurable due to f's Lebesque measurablity ·

Therefore, 18-s] is Lebesgue measurable for any set, so we conclude

g is Lebesque measurable.

Exercise 2, 3, 10

(i) Show thathimfell and lineof fell always exist.

Recall f*x=lin* fix:- his [fax; and fall-hanf fjen:-dams faces.

For any ER, [*fax3,-, and Sin, fam3, are a monotonically decreasing and increasing sequence

respectively. If stuck =10 for any jeN, hifix)
= Is. If not, there exists NEW and MER

such thatIf;c) <M for any jzN, namely (a fe*}Ex is bounded. Since a bounded monotone

sequence always converges (monotone convergence theorem), the limitof the sequence
exists. The same argumentcan be applied to difficl.

(ii) Show thatfx() =f**

For any jeN, * facy= fall from the definition of supremum and infinum.

The inequality(with the equal sign) remains true as;goes to0.

(iii) Show that fxx=f*** if and only if otjol exists.
Firstly, we suppose fxx)=f*u. Letx = =f(x)fxxu). We observe that

Isfakl= fjM= SIP fac. for any jeIN, Since I fall) and his full converge to x,
↑

for any 2<0,x-2 = infall fall-fru) =2+E, for any isN.

This indicates hotsu exists with its value 2.

conversely, if we suppose hotel exists and B:= tofic, then for any aco,
there exists NeN such thatfor any j> N, 1B-fx)>, namely B-c< fjtl) < B

+2.

So we observe -c = fal=f(x) = faM= B+C for any j-N.

Thus we get - fail. -fall-I, which indicates both (infact, and (as fall
converge to B and leads the conclusion.



Proof of theorem 2.3.11

For each jeNN, we setfunctions sups,and into,as sups,()==S fael and into,(1:=inf fall, a+(a,b].RIj

If we observe thatsurf,and ints;are Lebesque measurable functions, then itcan be concluded that

f* =(me) =it( fam]=intsups" and fxc=do Jabyl=p his facul= supints,"
are Lebesque measurable functions.
(Note that the second steps of the two equalities come from the property of supremum and infinum

thatISIS tax), and [I fax), are a monotonically decreasing and increasing sequence respectively.
So we onlyneed to show the Lebesque measurability ofsupe,and info.
Letus use the same notations we used in Exercise 2. 3.8. For any set,

xe(spf,s)= fak) > E> *Rotj st. (n fa) from Es Fotj s.t.ce(f53 es -fas],
so (suPs, s) =Es [tms]. Since each for is a Lebesque measurable function, Stasin are

Lebesque measurable sets. From a property of Lebesque measurable sets (in particular, the property
that the class of Lebesque measurable sets is a r-algebra or a completely additive class),
the union of Lebesque measurable sets (supf,)

=ne;35m>s] is a Lebesque measurable set.
Therefore, sups, is a Lebesque measurable function.
We can now easilyobserve thatinto,is also a Lebesque measurable function since

int5j(2) =fax) = - SPS-fam3 and itcan be applied to the above.

Proof of corollary 2.3.1

From the resultof Exercise 2,3. 10. (iii) thatwe showed above, ofjk)= f***)

for all ciela, bs if itexists (and itreally does here).

Since f*is Lebesque measurable from Theorem 2.3.11., fex:trofjell is also Lebesque measurable.



Extra

Lebesque measurability of composite functions
Letf: R +Rbe a Lebesgue measurable function, and 8:RR-IR be a continuous

function.Then the composite function got is also a Lebesque measurable function.

Letus take any so. Since g is continuous, (925) is an open seton R.

Indeed, for any x=48333, there exists is such that k-alo -> (941) - g(), f**,

namely saga, 39- for any ce[x-5.x+0], which means an open ball Brix) ([8>s].

We now setIj:= (j-1,j+1) 9933) for each; =X, where we can take intervals (25)

bydividing them if necessary and reordering [Ij3 while skipping emptysets.

Then (2,38-0 is a countable group of open intervals and (gcs) =x1j.
So (907 - s) =(x=((fxxe(g)s3) =,E(x +1f(z2j) =f(t)).
For each, if we write Ij = (aj, bj), f"(is) =(xeR)faxe(aj,b5)3

=[fxa,3n(f-bj).

Since - is a Lebesque measurable function, both Ifaj), [fcbj3 are Lebesque measurable sets,

so is fils), and so is the union (80%) =0, f(s).
Therefore, got is a Lebesque measurable function.




