
Exercise 2.2.5
1. If 2, c 2, then in(-1) =m* (R2)
For any covering [Uj) of O2, 9Wj] is also a covering of 11 since , <R. c.Us.
In other words, the setof coverings of 1, includes the setof coverings of 12.
In general, when intimum is taken among a larger set, it gets smaller.
Therefore, m*(21):inf(x(s)) S:covering of 1,3-inf[ris)/ S:covering of ec3 =m+(an) atten

2, m*(a,va) =m*(r,) +m*(-)

As proven above, if (a.) and/or m*(ed) is infinite, then m*(e,rez) is also infinite,

so the inequation c =m* (a,vb2) =m4(21) +m*(-2) =e is true by convention. We assume both m*(-1) and m*(22) are finite below.

Let us take 20. Since m*(r) is the intimum of the volume of 's coverings, there exists sets of coverings [U;) and [V;3 such that

m+(r) =w((2,3) < m+(r,) +,m+(r) =r(T) < m+(r)+2, bya property of infinum. Since [W,3 USV,] is a setofRiva's coverings,

m*(a,uz) =w([wi)[V,3 =-((2,3) +w([vj3) <m+ (e) +m* (rn) +2.

Due tothe arbitrarity of 5, we conclude m*(aua) = m+(e) +m*(r2) a

3,m+(V21) =2 m*(ei) for a finite or countable family.

This can be proven with induction using the resultof the previous question.

Indeed, if for NEIN, m*(,) =Em*(-5), then m* (Tri) =m*(ii)ivi) = m* (xi) +m*(aw+1)
N

=>,m*(ri) +m+(ri) =2m*(ri).

Exercise 2.2.4

show thatm*(l)=u(2) for any closed box.
Since I <I, m*12) =inf(r(s)/S is a covering of 2) =r(2) =a(I)

To show the other direction of inequality, assume (Ij3 is a covering of 1.

If a() = w(95j3) for any 9253, then will - inf01s1) S is a covering of 2) is concluded.

When w(Ij)) = c, the inequility (R) =r([2j3) obviously holds, so suppose r(s)<C.
For any 270, and for each j,s,cR", open box, s.t. 2; < S;, w(5j) = (1 +2)w(Ij)
(If Ij =(x tR")ap==ba for all be), ..., n33. Take Si=[ceR"/an-Daa- but be with an (sst-1)(bareal for all my for example)
Observe that since I a EdsYSs, ES;38 is an open covering, and bythe compactness of I,

there exists a subsequence of 35;3%), such thatI amsin, and so v(l) = (5ia) = (1+s),w(ja) = (1+9),2(2j)....(*)
Due tothe arbitrarity of 9, w(2) =5w)Is) for any covering (153), so will =m(2). Thus, m4(2) =wLI).

The first inequalityof (x) requires a little bitmore argument, butitis easy toshow if one considers the intersection. "

Show thatm(C0,13-R) =0.

Since & is a countable set. [0,13-Ican be written as 10,130k = [rj3,
For any sco, assume bj= (r,-5, r,+), j = 1,2, ...
Then Sj3, is a covering of C0,130because each point of [0,13-R, rj, belongs toej.
Because ofthis, m*([0,13-1) =m+(,0,2j) =2,m*(ej)
Each asis an interval (a closed box in R), so m*(2j): 2(2j) = (proved above),
and so m4(0,13-R) <E,m+(2;) =5 = 2

Buttothe arbitrarity of 2, m*([0,13-R) =0 m


