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Question and Answer
Reminder:

Definition 0.1 (The set of locally integrable functions on Rn; L1
loc(R

n)).

L1
loc(R

n) := {h : Rn → K |

∫
Br(Y)
|h(X)| dX < ∞ for any r > 0,Y ∈ Rn}.

Question: Do the functions
1
x

and ln(|x|) on R belong to L1
loc(R)?

Answer [Professor]: Going to infinity at one point does not mean anything for L1
loc(R).

For example, the function 1/x is not in L1
loc(R). Indeed, take the improper Riemann inte-

gral

lim
ε↘0

∫ 1

ε

1
x

dx = lim
ε↘0

ln(x)|1ε = − lim
ε↘0

ln(ε) = ∞.

On the other hand, the function ln(|x|) is in L1
loc(R). Indeed,

lim
ε↘0

∫ 1

ε

ln(|x|) dx = lim
ε↘0

(|x| ln(|x|) − |x|) |1ε = −1 − lim
ε↘0

(ε ln(ε) − ε) = −1,

where we used the rule of de L’Hospital;

lim
ε↘0

(ε ln(ε)) =
limε↘0 ln(ε)′

limε↘0 1/ε
= lim
ε↘0

(−ε) = 0.

Thus, ln(|x|) is locally integrable on [0, 1], and also on [−1, 0] since ln(|x|) is an even
function. Hence, ln(|x|) is locally integrable on R.
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