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Exercise 1.1.9 & Exercise 1.1.11

Show that T, §y, 6% € D'(R™) and determine the order of each distributions.

Proof:

1. T, € D'(R™). It’s given that T),(f) = [gn h(X)f(X)dX for any h € L}, (R") and for f € D(R").

loc

Let us prove the linearity of Tj,. For some A € K and f1, fo € D(R™), one has
T+ M) = [ B@(AE) 4 ARCONX = [ HEOACOIX 4 [ 0L
n R n
=Th(f1) + ATh(f2)-
Therefore, T}, is linear. Let us fix ¢ > 0 and a = (0,0,...,0). By Definition 1.1.6 about the
convergence in D(R"™), there exists N € N such that for j > N.
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Then

Th(f) = Th(foo)l =

REE h(X)MX)dX\

/n h(X)(f;(X) — foo(X))dX‘
< / WX 15 (X) = foo(X)] dX
(YY)

< 15(X) — FoolX) oo / Ih(X)]dX

B.(Y)
<e

Th(f;) converges to Th( foo). Hence, one has Tj, € D'(R™) and the order of the distribution is

Zero.



2. dy € D'(R™). Given that dy := f(Y), for some A € K and fi, fo € D(R"), one has

Oy (fi +Af2) = fi(Y) + A fa(Y) = oy (f1) + Moy (f2).

Thus, dy is linear. Let us fix ¢ > 0 and o = (0,0,...,0). By Definition 1.1.6, there exists
N € N such that for j > N.

1fj — foolloo < €

Then

0y (f5) = 0y (foo)| = [f5(Y) = foo (Y)]
< 1f5(X) = foo(X)|oo
<e

Therefore, dy (f;) converges to dy (f). Since dy satisfies the linearity and convergence property,
one has 0y € D'(R™). Since we fixed a = (0,0, ...,0), then zero is the order of the distribution.

3. 8¢ € D'(R™). Given that 6§ := (—1)I[0% f](Y), for some X € K and f1, fo € D(R"), one has
0% (fr +Afo) = (=1 AJ(Y) + M=1) [0 L) (V) = 6 (f1) + A3 ().

Thus, 0y is linear. Let us fix ¢ > 0 and by Definition 1.1.6, there exists NV € N such that for
Jj=>N.
10%fj = 0% foolloo < €

Then

108-(£5) — 6% (foo)| = | (=)0 (V) — (—=1)*10° fou (V)
= [0 f;(Y) — 0° foo (V)]
< 0% (X)) = 0 foo(X)]|oo
<e¢

Therefore, §%(f;) converges to 05 (fs) and one has 6 € D'(R™). The order of the distribution

is given by |a| as we have aw € N™.



