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Problem 1

Exercise 3.3.13
For the operator 𝐴, ∀𝑓 ∈ ℋ and any family {𝑔𝑗, ℎ𝑗}

𝑁
𝑗=1 ⊂ ℋ, defined by

𝐴𝑓 ≡ (
𝑁

∑
𝑗=1

|ℎ𝑗⟩⟨𝑔𝑗|)𝑓 ∶=
𝑁

∑
𝑗=1

⟨𝑔𝑗, 𝑓 ⟩ℎ𝑗

give an upper estimate for ||𝐴|| and compute 𝐴∗.

Solution.
Clearly A is a bounded linear operator. Then

||𝐴𝑓 || = ||
𝑁

∑
𝑗=1

⟨𝑔𝑗, 𝑓 ⟩ℎ𝑗|| ≤
𝑁

∑
𝑗=1

|⟨𝑔𝑗, 𝑓 ⟩| ||ℎ𝑗|| ≤
𝑁

∑
𝑗=1

||𝑔𝑗|| ||ℎ𝑗|| ||𝑓 ||

so we can get

||𝐴|| ≤
𝑁

∑
𝑗=1

||𝑔𝑗|| ||ℎ𝑗||

and ∀𝑓 , 𝑙 ∈ ℋ,

⟨𝑙, 𝐴𝑓 ⟩ =
𝑁

∑
𝑗=1

⟨𝑔𝑗, 𝑓 ⟩⟨𝑙, ℎ𝑗⟩ = ⟨
𝑁

∑
𝑗=1

⟨ℎ𝑗, 𝑙⟩𝑔𝑗, 𝑓 ⟩ = ⟨𝐴∗𝑙, 𝑓 ⟩

then
𝐴∗ =

𝑁
∑
𝑗=1

|𝑔𝑗⟩⟨ℎ𝑗|

Obviously 𝐴∗ is also a finite rank operator.

Problem 2

Exercise 3.3.15
Check that a projection 𝑃 is a compact operator if and only if 𝑃ℋ is of finite

dimension.

Solution.
1. Let dim(𝑃ℋ)= 𝑁 < ∞. Then 𝑃 is a finite rank operator. And obviously P is a

compact operator(just let the 𝐴𝑗 = 𝑃, ∀𝑗 ∈ ℕ).
2. Using the proof by contradiction, we need prove that: If dim(ℳ ∶= 𝑃ℋ)= ∞, then

𝑃 ∉ 𝒦(ℋ).
Let dim(ℳ) = ∞. Then for any finite rank operator 𝐴, generally defined in Problem

1, that 𝑅𝑎𝑛(𝐴) ⊂ 𝑉𝑒𝑐𝑡(ℎ1, ..., ℎ𝑁), there must exist an vector 𝑎 ≠ 0, 𝑎 ∈ ℳ, such that
⟨𝑎, ℎ𝑗⟩ = 0, 1 ≤ 𝑗 ≤ 𝑁. Then ⟨𝑎, 𝐴𝑎⟩ = 0. So
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||𝑃 − 𝐴|| = 𝑠𝑢𝑝
0≠𝑓 ∈(ℋ)

||(𝑃 − 𝐴)𝑓 ||
||𝑓 || ≥

√⟨𝑎 − 𝐴𝑎, 𝑎 − 𝐴𝑎⟩
||𝑎|| =

√||𝑎||2 + ||𝐴𝑎||2
||𝑎|| ≥ 1

which means that for any finite rank operator 𝐴, ||𝑃 − 𝐴|| ≥ 1. Then there doesn’t exist
a sequence of finite rank operator {𝐴𝑗}𝑗∈ℕ such that 𝑙𝑖𝑚𝑗→∞||𝑃 − 𝐴𝑗|| = 0. So 𝑃 ∉ 𝒦(ℋ).

Problem 3

Proof the following properties for 𝒦(ℋ):
1. 𝐵 ∈ 𝒦(ℋ) ⟺ 𝐵∗ ∈ 𝒦(ℋ).
2. 𝒦(ℋ) is a *-algebra, complete for the norm|| ⋅ ||.
3. If 𝐵 ∈ 𝒦(ℋ) and 𝐴 ∈ ℬ(ℋ), then 𝐴𝐵 and 𝐵𝐴 belong to 𝒦(ℋ).

Solution.
1. If 𝐵 ∈ 𝒦(ℋ), then there exist a family {𝐵𝑗}𝑗∈ℕ, such that 𝑙𝑖𝑚𝑗→∞||𝐵 − 𝐵𝑗|| = 0.

Then 𝑙𝑖𝑚𝑗→∞||𝐵∗ − 𝐵∗
𝑗 || = 0. We can see in Problem 1 that 𝐵∗

𝑗 is also a finite operator. So
𝐵∗ ∈ 𝒦(ℋ). Use the relation (𝐵∗)∗ = 𝐵 can proof the other half.

2. 𝒦(ℋ) is clearly a vector space. Algebra, a vector space equipped with an operation
of multiplication. The product of two compact operators is just the composition of two
mappings: 𝐴𝐵𝑓 = 𝐴(𝐵𝑓 ). And from the 𝐵 ∈ 𝒦(ℋ) ⟺ 𝐵∗ ∈ 𝒦(ℋ) we know that 𝒦(ℋ)
is involutive, called a *-algebra.

If there is a sequence 𝐴𝑛 in 𝒦(ℋ), 𝑗 ∈ ℕ, such that 𝑙𝑖𝑚𝑛→∞||𝐴−𝐴𝑛|| = 0. Then ∀𝜖 > 0, ∃𝑛,
such that ||𝐴 − 𝐴𝑛|| < 𝜖

2 . And there exists a family{𝐴𝑛𝑗}𝑗∈ℕ of finite rank operators such that
𝑙𝑖𝑚𝑗→∞||𝐴𝑛 −𝐴𝑛𝑗|| = 0, then for the 𝜖 above, ∃𝑀 ∈ ℕ, such that ∀𝑗 > 𝑀, ||𝐴𝑛 −𝐴𝑛𝑗|| < 𝜖

2 . Then
we get

∀𝜖 > 0, ∃𝑛, 𝑀 ∈ ℕ, 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∀𝑗 > 𝑀, ||𝐴 − 𝐴𝑛𝑗|| ≤ ||𝐴 − 𝐴𝑛|| + ||𝐴 − 𝐴𝑛𝑗|| = 𝜖

which means 𝑙𝑖𝑚𝑗→∞||𝐴 − 𝐴𝑛𝑗|| = 0, 𝐴𝑛𝑗 is finite operator. So 𝐴 ∈ 𝒦(ℋ), 𝒦(ℋ) is complete
for the norm || ⋅ ||.

3. For 𝐵 ∈ 𝒦(ℋ), there exists a family {𝐵𝑛𝑗}𝑗∈ℕ such that 𝑙𝑖𝑚𝑗→∞||𝐵−𝐵𝑗|| = 0. Obviously
𝐴𝐵𝑗, 𝐵𝑗𝐴 are finite operators, and

||𝐴𝐵 − 𝐴𝐵𝑗|| ≤ |||𝐴|| ||𝐵 − 𝐵𝑗||

||𝐵𝐴 − 𝐵𝑗𝐴|| ≤ ||𝐵 − 𝐵𝑗|| ||𝐴||

then 𝑙𝑖𝑚𝑗→∞||𝐴𝐵 − 𝐴𝐵𝑗|| = 𝑙𝑖𝑚𝑗→∞||𝐵𝐴 − 𝐵𝑗𝐴|| = 0, 𝐴𝐵 and 𝐵𝐴 ∈ 𝒦(ℋ).
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