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Problem 1

Exercise 3.3.13
For the operator A, Vf € 96 and any family {gj, hj}j]\il C 96, defined by
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give an upper estimate for ||A|| and compute A*.

Solution.

Clearly A is a bounded linear operator. Then
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and Vf,1 € 96,

=z

N
(LAFY = Y (gpf WLy = () (hy D)gjof) = (A*Lf)

£ =1

]:
then

N
A* =) |g)h
Jj=1

Obviously A* is also a finite rank operator.

Problem 2

Exercise 3.3.15
Check that a projection P is a compact operator if and only if P94 is of finite

dimension.

Solution.

1. Let dim(P3)= N < co. Then P is a finite rank operator. And obviously P is a
compact operator(just let the A; = P,Vj € N).

2. Using the proof by contradiction, we need prove that: If dim(4b := P36)= oo, then
P& F(9).

Let dim(46) = co. Then for any finite rank operator A, generally defined in Problem
1, that Ran(A) c Vect(hy,...,hy), there must exist an vector a # 0,a € b, such that
(a, hj) =0,1<j<N. Then (a,Aa) = 0. So
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which means that for any finite rank operator A, ||[P — Al]| = 1. Then there doesn’t exist

a sequence of finite rank operator {Af}jeN such that lim; ,|IP — Ajll = 0. So P ¢ F5(96).

O

Problem 3

Proof the following properties for F (96):
1. Be #(9) < B* € F(96).
2. F(96) is a *-algebra, complete for the norm|| - ||.
3. If Be (96) and A € B(96), then AB and BA belong to % (96).

Solution.
1. If B € #(96), then there exist a family {Bf}jeN’ such that limj%ollB - Bjll = 0.
Then lim;_, . ||B* — Bl = 0. We can see in Problem 1 that B} is also a finite operator. So

B* € #(96). Use the relation (B*)* = B can proof the other half.

2. F(96) is clearly a vector space. Algebra, a vector space equipped with an operation
of multiplication. The product of two compact operators is just the composition of two
mappings: ABf = A(Bf). And from the B € #(94) < B* € % (96) we know that F (96)
is involutive, called a *-algebra.

If there is a sequence A,, in # (96), j € N, such that lim,_,||A-A,l| = 0. Then Ve > 0, 3n,
such that ||A - A, < % And there exists a family{Anj}jeN of finite rank operators such that
lim;, |lA, = A,;ll = 0, then for the € above, 3M € N, such that Vj > M, |lA, - A, | < % Then

we get
Ve >0,3n,M € N, suchthatVj > M, ||A —A,jll < [|A - A,ll + 1A —A,jll = €

which means lim;_, . |l|A — A,jll = 0, A,; is finite operator. So A € F(96), F(I6) is complete
for the norm || - ||.

3. For B € % (96), there exists a family {an}jEN such that lim;_,|[B-Bj| = 0. Obviously
ABj, B;A are finite operators, and

IAB — ABj| < [lIA[11B — Bl

IBA — B/A|l < ||B — B[ IAll

then lim; , J|IAB — ABj|| = lim;_,|IBA — B;All = 0, AB and BA € F(9%).



