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Chapter 1

Distribution theory

1.1 Test functions and distributions

Our first goal is to give a meaning to the expression∫
R

f (x)δ(x)dx = f (0). (1.1.1)

What is exactly the Dirac delta function δ, how should one understand this equality, and can one generalize
this in a more general context ? The shortest answer to the first question is: δ is a continuous linear functional
on smooth functions with compact support. We shall subsequently give a meaning to this answer, and further
extend it.

Let us start by recalling a few definitions borrowed from any course of calculus for functions with several real
variables. We fix a natural number n ≥ 1. For the sake of generality, we shall denote by K either R or C. In the
first part of these notes, we could deal with real functions only, but subsequently, complex functions would
appear naturally. The symbol K covers both situations.

The canonical basis of Rn is denoted by {E j}
n
j=1 with E j = (0, 0, . . . , 0, 1, 0, . . . , 0)t, where the only entry 1 is

at the position j, and where t denotes the transpose of a horizontal vector. We shall denote any point in Rn by
X, with X = (x1, x2, . . . , xn). For any f : Rn → K and for j ∈ {1, . . . , n} we consider the derivative of f with
respect to the variable x j evaluated at X ∈ Rn by

[∂ j f ](X) ≡ [D j f ](X) ≡ [∇ j f ](X) = lim
ε→0

f (X + εE j) − f (X)
ε

whenever the limit exists. If the limit exists for all X ∈ Rn, then the map

∂ j f : Rn ∋ X 7→ [∂ j f ](X) ∈ K

is a new function called the partial derivative of f with respect to the variable x j. We can then iterate the
process and consider for any m ∈ N := {0, 1, 2, . . . } the new function ∂m

j f := ∂ j∂ j . . . ∂ j f , where the derivative
is taken m times. More generally, for any multi-index1 α ∈ Nn, meaning that

α = (α1, α2, . . . , αn) with α j ∈ N,

1If α, β ∈ Nn, observe that (α + β) ∈ Nn, where the addition is defined componentwise. We also set |α| :=
∑n

j=1 α j, which is a
natural number.
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we set
∂α f := ∂α1

1 ∂α2
2 . . . ∂αn

n f , (1.1.2)

whenever all limits involved in the definition of this expression exist. It is then natural to define:

Definition 1.1.1 (Smooth functions). , A function f : Rn → K is smooth, or is a C∞-function, if for any
multi-indices α ∈ Nn the function ∂α f : Rn → K exists and is continuous. The set of all smooth functions is
denoted by C∞(Rn).

Let us emphasize an important fact for such functions: If f ∈ C∞(Rn) and for any j, k ∈ {1, . . . , n} one has

∂ j[∂k f ] = ∂k[∂ j f ]

which means that the partial derivatives in (1.1.2) can be taken in any order. For that reason and for smooth
functions, there is no loss of generality in ordering the partial derivatives in any convenient order.

Before the next definition, let us briefly recall some basic definitions from topology on Rn. We denote by
Br(X) the open ball in Rn centered at X and for radius r > 0, namely Br(X) := {Y ∈ Rn | ∥X − Y∥ < r}, where
∥X∥ denotes the Euclidean norm and is defined by

∥X∥ :=
√

x2
1 + x2

2 + . . . + x2
n ≡

( n∑
j=1

x2
j

)1/2
.

Let Ω be a subset of Rn. The set Ω is open if whenever X ∈ Ω there exists r > 0 such that Br(X) ⊂ Ω. It is
easily observed that for any r > 0 and X ∈ Rn, the open ball Br(X) is an open set. On the other hand, the set
Ω is closed if its complement is open, meaning that Rn \Ω is an open set.

We say that X ∈ Rn belongs to the boundary ∂Ω ofΩ if for any r > 0, Br(X)∩Ω , Ø andBr(X)∩(Rn\Ω) , Ø.
In other words, any ball centred at a point of the boundary of Ω has a non-empty intersection with Ω and with
the complement of Ω. Note that a set Ω is closed precisely when ∂Ω ⊂ Ω while Ω is an open set precisely
when ∂Ω ∩ Ω = Ø. Furthermore, the interior of Ω is defined by {X ∈ Ω | Br(X) ⊂ Ω for some r > 0} and is
often denoted by Ωo. Clearly, the equality ∂Ω ∩Ωo = Ø always holds. We also denote by Ω the closure of Ω,
namely Ω = Ω ∪ ∂Ω = Ωo ∪ ∂Ω. It is readily observed that the closure of Ω is always a closed set.

We are now ready for the next two definitions.

Definition 1.1.2 (Support). For any f : Rn → K, the support of f is defined by

supp( f ) :=
{
X ∈ Rn | f (X) , 0

}
,

where the overline means the closure of the set in Rn.

Definition 1.1.3 (Test function). A smooth function f : Rn → K with bounded support is called a test function.
In other words, if f ∈ C∞(Rn) and supp( f ) ⊂ Br(0) for r ∈ R large enough, then f is a test function. The set
of all test function is denoted byD(Rn).

Observe that if f ∈ D(Rn), then ∂α f also belongs to D(Rn), for any α ∈ Nn. On the other hand, it is not
completely trivial to show that test functions exist. Let us exhibit one:

Example 1.1.4. For any X ∈ Rn set

f (X) :=

exp
(
− 1

1−∥X∥2
)

if ∥X∥ < 1

0 if ∥X∥ ≥ 1.

Then f ∈ D(Rn) and the support of f corresponds to B1(0) = {Y ∈ Rn | ∥Y∥ ≤ 1}.
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Exercise 1.1.5. Exhibit other elements ofD(Rn). If necessary, you can study and use the notion of convolution,
see https://en.wikipedia.org/wiki/Convolution

Let us provide a few properties ofD(Rn). It is a vector space, meaning that it is stable for the addition of two
elements and for the multiplication by any element of K. It is also an algebra, meaning that the product of
two elements is still an element of D(Rn). In addition, it is an ideal in C∞(Rn), meaning that the product of
f ∈ D(Rn) and g ∈ C∞(Rn) is again an element ofD(Rn), namely f g ∈ D(Rn).

In calculus, we often consider the convergence of sequences, namely if (x j) j∈N ⊂ K is a sequence of numbers
(meaning x j ∈ K for any j ∈ N), then it is natural to wonder if this sequence admits a limit as j → ∞. More
precisely, does there exist x∞ ∈ K such that for any ε > 0 there exists N ∈ N with |x j − x∞| < ε for all j > N.
If x∞ exists, it is called the limit of the sequence, and we write x j → x∞ in K as j → ∞. Clearly, the same
notion holds for a sequence in Kn, namely for a sequence (X j) j∈N ⊂ K

n with X j ∈ K
n, this sequence admits

a limit in Kn if there exists X∞ ∈ Kn such that for any ε > 0 there exists N ∈ N with ∥X j − X∞∥ < ε for all
j > N. If the limit exists, we write X j → X∞ in Kn as j→ ∞.

What about the generalization for a sequence of functions inD(Rn) ?

Definition 1.1.6 (Convergence in D(Rn)). A sequence ( f j) j∈N ⊂ D(Rn) of test functions converges to f∞ ∈
D(Rn) if the following two conditions are satisfied:

1. For any α ∈ Nn one has

sup
X∈Rn

∣∣∣∂α f j(X) − ∂α f∞(X)
∣∣∣→ 0 as j→ ∞,

2. There exists r ∈ R large enough such that supp( f j) ⊂ Br(0) for all j ∈ N.

In this case, we write f j → f∞ inD(Rn) as j→ ∞.

Note that the first condition can be equivalently written as
∥∥∥∂α f j−∂

α f∞
∥∥∥
∞
→ 0 as j→ ∞, where the following

norm is used for any g : Rn → K

∥g∥∞ := sup
X∈Rn
|g(X)|.

This norm is usually called the sup-norm, or the L∞-norm. We are now ready to define the second main
concept of this section:

Definition 1.1.7 (Distribution on Rn). A distribution on Rn (or simply a distribution) is a continuous linear
function on D(Rn) with values in K. More precisely, a map T : D(Rn) → K is a distribution on Rn if it
satisfies:

1. T ( f1 + λ f2) = T ( f1) + λT ( f2) for any f1, f2 ∈ D(Rn) and λ ∈ K,

2. Whenever the sequence ( f j) j∈N ⊂ D(Rn) converges to f∞ ∈ D(Rn), then the sequence
(
T ( f j)

)
j∈N con-

verges to T ( f∞) in K as j→ ∞.

The set of all distributions on Rn is denoted byD′(Rn).

It is easily observed that the setD′(Rn) is also a vector space. We shall also use the alternative notation

T ( f ) ≡ ⟨T, f ⟩ (1.1.3)

which emphasizes the linearity in both arguments (but be aware that it is linear in both argument, not antilinear
in one of them).
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Let us now present a few examples of distributions.

Examples 1.1.8. 1) Let us set2

L1
loc(Rn) :=

{
h : Rn → K |

∫
Br(Y)
|h(X)|dX < ∞ for any r > 0,Y ∈ Rn

}
,

and call it the set of locally integrable functions on Rn. For any h ∈ L1
loc(Rn) we define Th ∈ D

′(Rn) acting on
f ∈ D(Rn) as

Th( f ) :=
∫
Rn

h(X) f (X)dX (1.1.4)

and call Th a regular distribution. Thus, any element of L1
loc(Rn) can be identified with a distribution through

the map h 7→ Th.

2) For any Y ∈ Rn we define δY ∈ D
′(Rn) acting on f ∈ D(Rn) as

δY ( f ) := f (Y). (1.1.5)

By an abuse of notation we often write δY ( f ) =
∫
Rn δY (X) f (X)dX, but this notation is misleading, only (1.1.5)

is correct. It should be emphasized that δY is not a function, it is a distribution.

3) For any α ∈ Nn and Y ∈ Rn we also define δαY ∈ D
′(Rn) acting on f ∈ D(Rn) as

δαY ( f ) := (−1)|α|[∂α f ](Y). (1.1.6)

Note that notion of derivative of a distribution will be generalized subsequently.

Exercise 1.1.9. In the framework of the previous examples, show that Th, δY , and δαY belong toD′(Rn).

It is clear that the expressions (1.1.4) to (1.1.6) can be defined for more general functions f . In this sense,
we would like to extend the applicability of Th, δY and δαY to a larger set of functions. For that purpose, the
following statement is important, and we shall come back to it later. It is also very useful for checking when
a map is a distribution (since the second condition in Definition 1.1.7 is usually difficult to check).

Theorem 1.1.10. A map T : D(Rn) → K belongs to D′(Rn) if and only if T is linear and if for any Y ∈ Rn

and any r > 0 there exist c > 0 and m ∈ N such that

|T ( f )| ≤ c
∑
|α|≤m

∥∂α f ∥∞ (1.1.7)

for all f ∈ D(Rn) with supp( f ) ⊂ Br(Y).

If m can be made independent of Y and r, the smallest possible value for m is called the order of T . In this
case, the constant c can still depend on Y and r, see also Definition 1.4.1.

Exercise 1.1.11. Determine the order of the distributions Th, δY and δαY introduced in Examples 1.1.8.

Exercise 1.1.12 (r). Define the support of a distribution, and determine the support of the distributions Th,
δY and δαY introduced in Examples 1.1.8. You can use [Di, Sec. 2.3] or

https://en.wikipedia.org/wiki/Support (mathematics)
2In Remark 2.6.5, we shall provide a better definition of L1

loc(R
n), and in particular give a meaning to the integral sign. In addition,

we shall see that this set corresponds to equivalence classes of functions, and that the value of a function at a specific point is not
important. In particular, there is no loss of generality in changing the value of any function in L1

loc(R
n) at a finite or countable number

of points.
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1.2 Differentiation of distributions

Let us firstly recall the formula for the integration by parts in R, namely∫ b

a
f ′(x)g(x)dx = f (x)g(x)|ba −

∫ b

a
f (x)g′(x)dx.

In particular, if a = −∞, b = ∞ and if f , g ∈ D(R) then one has∫ b

a
f ′(x)g(x)dx = −

∫ b

a
f (x)g′(x)dx.

Similarly, if we consider functions f , g ∈ D(Rn) and for any j ∈ {1, . . . , n}, then∫
Rn

[∂ j f ](X)g(X)dX = −
∫
Rn

f (X) [∂ jg](X)dX

and more generally ∫
Rn

[∂α f ](X)g(X)dX = (−1)|α|
∫
Rn

f (X) [∂αg](X)dX

for any α ∈ Nn. It is then natural to set:

Definition 1.2.1 (Differentiation of a distribution). For any T ∈ D′(Rn) and for any α ∈ Nn, we define ∂αT
acting on f ∈ D(Rn) as

[∂αT ]( f ) := (−1)|α|T (∂α f ).

∂αT is called the α-derivative of T.

The following statement justifies the previous definition. Its proof is left as an exercise.

Lemma 1.2.2. In the setting of the previous definition, ∂αT belongs toD′(Rn).

With the notation introduced in (1.1.3) the definition of the derivative of a distribution reads

⟨∂αT, f ⟩ =
〈
T, (−1)|α|∂α f

〉
.

Let us stress a surprising consequence of the previous definition and lemma: Any h ∈ L1
loc(Rn) can be differ-

entiated an arbitrary number of times ! Indeed, if one identifies any h ∈ L1
loc(Rn) with the distribution Th, the

previous definition means that ∂αTh is well defined, for any α ∈ Nn. In summary,

In the sense of distribution, any function in L1
loc(Rn) can be differentiate arbitrarily. ,

However, if the function h is regular enough, one has:

Exercise 1.2.3. Show that if h is sufficiently differentiable, then ∂αTh = T∂αh for α ∈ Nn.

Examples 1.2.4. 1) Let us define the Heaviside function H : R→ R on x ∈ R by

H(x) :=

0 if x < 0
1 if x ≥ 0.

Clearly, H belongs to L1
loc(R), and thus TH belongs toD′(R). What is then ∂TH ? For answering this question,

observe that for f ∈ D(R) one has

[∂TH]( f ) = −TH( f ′) = −
∫ ∞

−∞

H(x) f ′(x)dx
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= −

∫ ∞

0
f ′(x)dx = − f (x)|∞0 = f (0) = δ0( f ).

As a consequence, one has obtained that ∂TH = δ0, also written carelessly ∂H = δ0. Note that this kind of
results can be extended to other discontinuous functions.

2) Consider now the principal value distribution Pv 1
x ∈ D

′(R) defined on f ∈ D(R) by

Pv
1
x

( f ) := lim
ε↘0

∫
R\(−ε,ε)

1
x

f (x)dx = lim
ε↘0

( ∫ −ε

−∞

1
x

f (x)dx +
∫ ∞

ε

1
x

f (x)dx
)
. (1.2.1)

Then, let us observe that

lim
ε↘0

∫
R\(−ε,ε)

1
x

f (x)dx = lim
ε↘0

∫
R\(−ε,ε)

ln(|x|)′ f (x)dx

= − lim
ε↘0

( ∫
R\(−ε,ε)

ln(|x|) f ′(x)dx + O
(
ε| ln(|ε|)|

))
= −

∫
R

ln(|x|) f ′(x)dx,

which means that
Pv

1
x

( f ) = −
∫
R

ln(|x|) f ′(x)dx = [∂Tln(|·|)]( f ).

In careless terms, it means that ∂ ln(| · |) ≡ ln(| · |)′ = Pv 1
x . This can be seen as an illustration that any

L1
loc(R)-function can be differentiated in the distribution sense.

Exercise 1.2.5. Check that Pv 1
x defined in (1.2.1) is a distribution, and compute the exact expression for

O
(
ε| ln(|ε|)|

)
in the above computation.

Exercise 1.2.6 (r). For n = 3, consider the function h : R3 \ {0} → R given by h(X) := 1
∥X∥ . Check that

h ∈ L1
loc(R3), that Th ∈ D

′(R3), and that the following equality holds:

∆Th ≡
(
∂2

1 + ∂
2
2 + ∂

2
3
)
Th = −4πδ0.

In careless terms, this equality reads ∆ 1
∥ · ∥
= −4πδ0, or even more carelessly ∆ 1

∥x∥ = −4πδ0(x)./

The fact that regular distributions can be arbitrarily differentiated is central in the theory of distributions.
Indeed, the following deep result holds:

Theorem 1.2.7 (Local structure theorem). For any T ∈ D′(Rn) and for any bounded open subset Ω ⊂ Rn,
there exist a continuous function h : Rn → K and a multi-index α ∈ Nn such that T ( f ) = [∂αTh]( f ) for all
f ∈ D(Rn) with supp( f ) ⊂ Ω. Note that h and α depend on Ω.

We refer to [Di, Thm. 5.6] for a proof, which involves the Hahn-Banach theorem.

1.3 Other operations with distributions

In addition to the differentiation of a distribution, let us consider another operation on distributions, namely
the multiplication of a distribution by a smooth function. We consider T ∈ D′(Rn) and let g ∈ C∞(Rn). We
then define gT acting on f ∈ D(Rn) by

[gT ]( f ) := T (g f ). (1.3.1)

7
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Observe that the r.h.s. is well defined since the product g f belongs toD(Rn). Then, one easily checks that gT
is indeed an element of D′(Rn). In addition, if T is a regular distribution, namely if there exists h ∈ L1

loc(Rn)
such that T = Th, then one has

[gTh]( f ) = Th(g f ) =
∫
Rn

h(X) [g f ](X)dX =
∫
Rn

h(X)g(X) f (X)dX =
∫
Rn

[gh](X) f (X)dX = Tgh( f )

which means that gTh = Tgh with gh ∈ L1
loc(Rn).

The following result can also be easily obtained, the proof is left as an exercise.

Lemma 1.3.1. For any g ∈ C∞(Rn) one has gδ0 = g(0)δ0. If n = 1, one also has gδ′0 = g(0)δ′0 − g′(0)δ0.

Exercise 1.3.2. By using Leibniz rule, generalize the previous result for any n ∈ {1, 2, 3, . . . }.

It is then natural to wonder if distributions can be multiplied ? If S and T are elements ofD′(Rn), what would
be the meaning of S T ? In general, one can not give a meaning to this product. On the other hand, there exists
a notion of convolution product of two distributions, but not all distributions can be convoluted. We do not
develop this topic and refer to [Di, Chap. 6].

Exercise 1.3.3 (r). Summarize the notion of convolution product of two distributions (when it is defined) and
provide a few examples, see [Di, Chap. 6].

In Definition 1.1.6, the notion of convergence was defined for a sequence ( f j) j∈N in D(Rn). Let us now
consider a similar notion but inD′(Rn).

Definition 1.3.4 (Convergence in D′(Rn)). A sequence (T j) j∈N ⊂ D
′(Rn) of distributions converges to T∞ ∈

D′(Rn) if lim j→∞ T j( f ) = T∞( f ) for all f ∈ D(Rn). In this case, we write T j → T∞ inD′(Rn) as j→ ∞.

In fact, a deeper result exists:

Theorem 1.3.5. Let (T j) j∈N ⊂ D
′(Rn) be a sequence of distributions and assume that lim j→∞ T j( f ) ∈ C exists

for all f ∈ D(Rn). Then, there exists T∞ ∈ D′(Rn) such that lim j→∞ T j( f ) = T∞( f ) for all f ∈ D(Rn).

Exercise 1.3.6 (r). Study the previous result, as presented in [Di, Thm. 10.10]. It is based on the notion of
Fréchet spaces and on the Banach-Steinhaus theorem.

A simple consequence of Definition 1.3.4 is the following lemma, whose proof is left as an exercise.

Lemma 1.3.7. If (T j) j∈N ⊂ D
′(Rn) is a sequence of distribution converging to T∞ ∈ D′(Rn), then for any

α ∈ Nn, the sequence (∂αT j) j∈N ⊂ D
′(Rn) converges to ∂αT∞ ∈ D′(Rn).

The notion of convergence of distributions is also very useful for defining the distribution δ0 (also called Dirac
delta function) as a limit of regular distributions.

Exercise 1.3.8. Consider h : Rn → K satisfying
∫
Rn |h(X)| dX < ∞, and assume that

∫
Rn h(X) dX = 1. For

j ∈ N, set h j(X) := jnh( jX). Then, prove that Th j → δ0 inD′(Rn) as j→ ∞. Equivalently, for ε > 0 one often
sets hε(X) := 1

εn h
(

X
ε

)
. Show that Thε → δ0 inD′(Rn) as ε↘ 0.

Exercise 1.3.9. For j ∈ N, consider h j(x) := sin( jx)
x for any x ∈ R \ {0} and h j(0) := j. Show that Th j → πδ0

inD′(R) as j→ ∞. Why is this situation not covered by the previous exercise ?

Exercise 1.3.10. For ε > 0 consider the function h±ε(x) := 1
x±iε for all x ∈ R. Show that Th±ε converges to

Pv 1
x ∓ iπδ0 in D′(R) as ε ↘ 0, where the Principal value distribution Pv 1

x has been introduced in Examples
1.2.4.

8
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Exercise 1.3.11. 1) For j ∈ N consider the function defined for x ∈ R by

D j(x) :=


∑ j

k=− j eikx if x ∈ (−π, π)

0 if x < (−π, π)
=


sin

(
( j+ 1

2 )x
)

sin
(

x
2

) if x ∈ (−π, π)

0 if x < (−π, π).

Then show that TD j converges to 2πδ0 inD′(R) as j→ ∞. This is often written

lim
j→∞

∫ π

−π
D j(x) f (x)dx = 2π f (0)

for any f ∈ D(R). D j is called the Dirichlet kernel.

2) By defining the Cesaro summation of Dirichlet kernel, namely for k ∈ {1, 2, . . . } and x ∈ R

Fk(x) :=
1
k

j−1∑
j=0

D j(x) =


1
k

(
sin

(
kx
2

)
sin

(
x
2

) )2

if x ∈ (−π, π)

0 if x < (−π, π).

Then show that TFk converges to 2πδ0 inD′(R) as k → ∞. This is often written

lim
k→∞

∫ π

−π
Fk(x) f (x)dx = 2π f (0)

for any f ∈ D(R). Dk is called the Fejér kernel.

1.4 Continuous extension of distributions

As already mentioned in Section 1.1, one is often interested in extending the applicability of a distribution to
a larger set of functions, and not only toD(Rn). This can be done with some care and for some distributions.

The following definition complement the content of Theorem 1.1.10.

Definition 1.4.1 (Summable distribution). A distribution T ∈ D′(Rn) is summable if there exists m ∈ N and
c > 0 such that

|T ( f )| ≤ c
∑
|α|≤m

∥∂α f ∥∞ (1.4.1)

for all f ∈ D(Rn). The smallest m satisfying this condition is called the summability-order of T .

By Theorem 1.1.10, any distribution is locally a summable distribution, but in the above definition the value of
m should hold globally. It turns out that summable distributions of summability-order m can be continuously
extended to Cm

b (Rn) ≡ BCm(Rn), the set of all m-times continuously differentiable functions with all derivatives
∂α f bounded, for any α ∈ Nn with |α| ≤ m. More precisely, one has:

Lemma 1.4.2. Let T ∈ D′(Rn) be a summable distribution of summability-order m, then T extends uniquely
to a continuous linear functional on Cm

b (Rn) which has the bounded convergence property of order m.

Let us stress that the continuity property mentioned in this lemma corresponds exactly to the inequality
(1.4.1). For the bounded convergence property, it means that if we consider a sequence (g j) j∈N ⊂ Cm

b (Rn)
with sup j ∥∂

αg j∥∞ < ∞ for any α ∈ Nn with |α| ≤ m, and if for any Y ∈ Rn, any r > 0 and any α ∈ Nn with
|α| ≤ m one has

lim
j→∞

sup
X∈Br(Y)

|∂αg j(X)| = 0,

9



then lim j→∞ T (g j) = 0. This property is quite natural, and very convenient for the computations. Indeed,
consider f ∈ Cm

b (Rn) and let h ∈ D(Rn) with h(0) = 1. Set then f j(X) := h
(X

j
)
f (X). Observe that the sequence

(g j) j∈N with g j := f − f j satisfies the conditions mentioned above, from which one infers that

T ( f ) = lim
j→∞

T ( f j).

Note that the above formula corresponds to an approximation of f by functions which have better properties,
it is not an approximation of T by a sequence of distributions. For fix f ∈ Cm

b (Rn), approximating T by a
sequence (T j) j∈N ⊂ D

′(Rn) converging to T in D′(Rn) is more delicate. Indeed, if T j(g) → T (g) as j → ∞
for all g ∈ D(Rn), it does not automatically implies that T j( f ) is well defined for f ∈ Cm

b (Rn), and therefore it
does not imply that T j( f )→ T ( f ) as j→ ∞. Such convergence holds only for specific sequences (T j) j∈N.

Exercise 1.4.3. Illustrate the last observation of the previous paragraph based on sequences of distributions
converging to the Dirac delta function.

As a final remark, observe that the constant function 1 : Rn ∋ x 7→ 1 ∈ K belongs to Cm
b (Rn) for any m ∈ N

but does not belong to D(Rn). Thus, for any summable distribution, one has T (1) < ∞. If T is a regular
distribution, with T = Th and h ∈ L1

loc(Rn), then it means that h has to satisfy
∫
Rn |h(X)| dX < ∞. Being

summable is a very strong requirement on the distribution T . In fact, it can be shown that any summable
distribution is of the form T =

∑
α ∂

αhα for hα ∈ L1(Rn) :=
{
g : Rn → K |

∫
Rn |g(X)|dX < ∞

}
, and where the

sum is a finite sum.

1.5 Fourier transform, Schwartz functions, and tempered distributions

The Fourier transform is a very useful transformation which appears in several contexts. We introduce it and
provide some related constructions in the framework of distribution theory.

For f ∈ L1(Rn) and ξ ∈ Rn we set

[F f ](ξ) ≡ f̂ (ξ) :=
1

(2π)n/2

∫
Rn

e−iξ·X f (X)dX (1.5.1)

and call it the Fourier transform of f . Note that the letter k (or K with our current convention) is often used by
physicists instead of ξ. Note also that various normalizations are possible, and that coefficients 2π can appear
at several places in equivalent definitions.

Let us list some properties of the Fourier transformation, for f , g ∈ L1(Rn):

1. F is a linear map on L1(Rn),

2.
∣∣∣ f̂ (ξ)

∣∣∣ ≤ 1
(2π)n/2

∫
Rn | f (X)|dX,

3. f̂ belongs to C0(Rn), meaning that f̂ is a continuous function on Rn satisfying lim∥ξ∥→∞ f̂ (ξ) = 0,

4. F ( f ∗ g) ≡ f̂ ∗ g = f̂ ĝ, where the convolution of f and g is defined by

[ f ∗ g](X) =
1

(2π)n/2

∫
Rn

f (X − Y)g(Y)dY, (1.5.2)

5. If ∂ j f exists and belongs to L1(Rn), then

[F (−i∂ j f )](ξ) ≡ [−̂i∂ j f ](ξ) = ξ j f̂ (ξ). (1.5.3)
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As a consequence of 1. and 3., observe that F is a linear map from L1(Rn) to C0(Rn).

Exercise 1.5.1. Prove these relations, or at least some of them. If necessary, consider f , g ∈ D(Rn) instead of
f , g ∈ L1(Rn).

The following statement plays a very important role in quantum mechanics. Its precise meaning will become
clearer in the chapter on Lebesgue integral.

Theorem 1.5.2. The Fourier transform F extends continuously from L1(Rn)∩ L2(Rn) to a bijective map from
L2(Rn) to itself, with inverse map given by

[F −1 f ](X) ≡ f̌ (X) :=
1

(2π)n/2

∫
Rn

eiξ·X f (ξ)dξ

for any f ∈ L1(Rn) ∩ L2(Rn). In addition, the equality ∥ f ∥L2(Rn) =
∥∥∥ f̂

∥∥∥
L2(Rn) holds, with

∥ f ∥L2(Rn) :=
(∫
Rn
| f (X)|2 dX

)1/2

and
∥∥∥ f̂

∥∥∥
L2(Rn) :=

(∫
Rn

∣∣∣ f̂ (ξ)
∣∣∣2 dξ

)1/2

.

Note that the equality between the two norms is often referred to as Parseval theorem or the Parseval–Plancherel
identity.

Let us stress that the expression (1.5.1) is not well defined for f ∈ L2(Rn), since the integral might not converge
absolutely. The way to define the Fourier transform on L2-functions is through a limiting process, namely

[F f ](ξ) := lim
L→∞

1
(2π)n/2

∫
[−L,L]n

e−iξ·X f (X)dX,

and still, this should not be understood for all ξ but only for almost every ξ ∈ Rn. Clarification will be given
in the chapter on Lebesgue integral.

Our next aim is to give a meaning to the Fourier transform of a distribution. Unfortunately, it is meaningless
to define [F T ]( f ) by T (F f ) for any T ∈ D′(Rn) and f ∈ D(Rn) simply because F f < D(Rn) in general.

Exercise 1.5.3. Show that FD(Rn) 1 D(Rn). For that purpose, it is enough to exhibit a counterexample.

In order to give a meaning to an equality of the from [F T ]( f ) := T (F f ), we need to define a set which is
stable under the Fourier transform, and define distributions on this set. For α ∈ Nn we shall use the notation
Xα for the polynomial Xα := xα1

1 xα2
2 . . . xαn

n .

Definition 1.5.4 (Schwartz function, Schwartz space). A function f ∈ C∞(Rn) is called a Schwartz function
if for any α, β ∈ Nn one has ∥∥∥Xβ∂α f

∥∥∥
∞
≡ sup

X∈Rn

∣∣∣Xβ[∂α f ](X)
∣∣∣ < ∞.

The set of all Schwartz functions is denoted by S(Rn).

Exercise 1.5.5. Exhibit some functions which belong to S(Rn) but which are not inD(Rn).

Observe that the following inclusions hold:

D(Rn) ⊂ S(Rn) ⊂ C∞b (Rn) ⊂ C∞(Rn) ⊂ L1
loc(Rn) ⊂ D′(Rn).

In addition, one observes that S(Rn) ⊂ L1(Rn), which means that the Fourier transform can be defined on
any f ∈ S(Rn). We mention below three properties of S(Rn) which can be easily proved. The last one is a
generalization of (1.5.3).

11



1. S(Rn) is a vector space, but it is not an ideal in C∞(Rn),

2. If f ∈ S(Rn), then for any α, β ∈ Nn the function Xβ∂α f is still an element of S(R),

3. For f ∈ S(Rn) and any α, β ∈ Nn the following equality holds:

F
(
Xβ(−i∂)α f

)
= (i∂)βXα f̂ . (1.5.4)

Exercise 1.5.6. Prove the above three properties.

A slightly more involved property is contained in the subsequent statement, whose proof is left as an exercise.

Lemma 1.5.7. F
(
S(Rn)

)
= S(Rn).

For the space S(Rn) a slightly different notion of convergence can be defined.

Definition 1.5.8 (Convergence in S(Rn)). A sequence ( f j) j∈N ⊂ S(Rn) converges to f∞ ∈ S(Rn) if for any
α, β ∈ Nn one has

∥∥∥Xβ∂α( f j − f∞)
∥∥∥
∞
→ 0 as j→ ∞. In this case, we write f j → f∞ in S(Rn) as j→ ∞.

Thus, the Schwartz space S(Rn) is going to replace the set of test functions D(Rn) for defining a new type of
distributions.

Definition 1.5.9 (Tempered distribution). A tempered distribution T is a distribution which is continuous on
S(Rn), which means that whenever f j → f∞ in S(Rn) as j → ∞, then T ( f j) → T ( f∞) as j → ∞. The set of
all tempered distributions is denoted by S′(Rn).

By definition, one has S′(Rn) ⊂ D′(Rn). In addition, these two sets are not equal because there exist elements
of D′(Rn) which do not belong to S′(Rn). For example, observe that the regular distribution Th ∈ D

′(R)
defined by h(x) := ex2

does not belong to S′(R). On the other hand, one readily observes that if T ∈ S′(Rn),
then ∂αT ∈ S′(Rn), for any α ∈ Nn.

A result similar to Theorem 1.1.10 can also be proved. Note that in the present situation no localization is
necessary.

Theorem 1.5.10. The distribution T is tempered if and only if there exist c > 0 and m ∈ N such that

|T ( f )| ≤ c
∑
|α|,|β|≤m

∥∥∥Xβ∂α f
∥∥∥
∞

(1.5.5)

for all f ∈ S(Rn).

We can now define the Fourier transform of these distributions, since they have been constructed for that
purpose:

Definition 1.5.11 (Fourier transform of tempered distributions). For any T ∈ S′(Rn), we set [F T ]( f ) :=
T (F f ) for any f ∈ S(Rn).

Clearly, F T belongs to S′(Rn) for any T ∈ S′(Rn). In fact, the map F : S′(Rn) → S′(Rn) is a bijective map,
since F : S(Rn) → S(Rn) is bijective. We gather in the following exercises a few equalities about tempered
distributions.

Exercise 1.5.12. Prove the following equalities (and give a meaning to them if necessary):

1. F δ0 = T(2π)−n/2 , meaning that F δ0 is equal to the regular distribution based on the constant function
X 7→ 1

(2π)n/2 1. This is often written simply F δ0 =
1

(2π)n/2 ,

12



2. F T1 = (2π)n/2δ0,

3. F Th = Tĥ for any h ∈ L2(Rn).

Exercise 1.5.13. Consider the function h : R → R with h(x) = x2. Check that Th ∈ S
′(R) and determine

F Th. Similar question for h : Rn ∋ X 7→ X2 ∈ R and Th ∈ S
′(Rn), what is F Th ?
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Chapter 2

Lebesgue theory of integration

In this chapter, we provide the necessary notions for understanding the theory of integration of Lebesgue. This
approach extends the construction of Riemann integrals, usually studied in a first or second course of calculus.
Our main reference for this chapter is [Ne]. Note that we concentrate on integrals on R, but the construction
is similar for integrals on Rn. Also, we start with real valued functions, but later we shall consider functions
with values in C.

2.1 Reminder on Riemann integration

Our goal is to recall the meaning of the Riemann integral
∫ b

a f (x) dx for suitable functions f defined on the
closed interval [a, b]. For n ∈ N, we firstly consider a n-partition P of [a, b], namely

P = {x0, x1, . . . , xn−1, xn} with a = x0 < x1 < x2 < · · · < xn−1 < xn = b. (2.1.1)

Note that a regular partition means that all subintervals of the partition are of the same length. We also
consider the set of bounded functions on [a, b] defined by

L∞
(
[a, b]

)
:=

{
f : [a, b]→ R | ∥ f ∥∞ := sup

x∈[a,b]
| f (x)| < ∞

}
.

Given a n-partition P of [a, b] and a function f ∈ L∞
(
[a, b]

)
we set

L( f ,P) :=
n∑

j=1

(
inf

x∈[x j−1,x j]
f (x)

)
(x j − x j−1)

and

U( f ,P) :=
n∑

j=1

(
sup

x∈[x j−1,x j]
f (x)

)
(x j − x j−1).

Here, L( f ,P) stands for lower Riemann sum, while U( f ,P) stands for upper Riemann sum. Observe that the
following inequalities hold:

(b − a) inf
x∈[a,b]

f (x) ≤ L( f ,P) ≤ U( f ,P) ≤ (b − a) sup
x∈[a,b]

f (x)
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where infx∈[a,b] f (x) and supx∈[a,b] f (x) are well defined since f is a bounded function on [a, b].

Observe then that if P′ is a finer partition of [a, b], meaning that P ⊂ P′ (P′ contains the points of P and
additional points, thus it contains more subdivisions of [a.b]), then one has

L( f ,P) ≤ L( f ,P′) ≤ U( f ,P′) ≤ U( f ,P).

By considering then all possible partitions of [a, b], for arbitrary n, we can consider the

lower Riemann integral sup
P

L( f ,P)

and the
upper Riemann integral inf

P
U( f ,P).

One is naturally led to the following definition.

Definition 2.1.1 (Riemann integral function). A function f ∈ L∞
(
[a, b]

)
is Riemann integrable on [a, b] if

sup
P

L( f ,P) = inf
P

U( f ,P).

In this case, we write
∫ b

a f (x)dx for this value.

A standard example of a function which is not Riemann integrable is given by

f : [0, 1]→ R, f (x) =

1 if x ∈ Q,
0 if x ∈ R \ Q.

(2.1.2)

Exercise 2.1.2. Show that the previous function is not Riemann integrable.

Exercise 2.1.3. Consider the function h : [0, 10] → R defined by h(x) = 1 if x ∈ [
√

2, 2
√

2] and h(x) = 0
otherwise. By using regular partitions of [0, 10], show that the function h is Riemann integrable on [0, 10].

Let us still state one standard result related to Riemann integrability. Proof can be found in [Ne, Thm. 0.2.4]
or done as an exercise.

Theorem 2.1.4. A bounded function f : [a, b] → R is Riemann integrable if and only if for any ε > 0 there
exists a partition P of [a, b] such that U( f ,P) − L( f ,P) ≤ ε.

Based on this, it is possible to prove that all continuous functions on [a, b] are Riemann integrable. More
precisely, one has:

Theorem 2.1.5 (Fundamental theorem of calculus). Let f : [a, b]→ R be a continuous function, let x ∈ [a, b]
and set F(x) :=

∫ x
a f (y)dy. Then F : [a, b] → R is continuous on [a, b] and differentiable on (a, b) with

F′(x) = f (x) for any x ∈ (a, b).

Not only continuous functions are Riemann integrable, for example monotone functions are also Riemann
integrable, as proved in the following exercise.

Exercise 2.1.6 (Monotone functions are Riemann integrable). Consider a function f : [a, b] → R which is
increasing, and let Pn be the regular partition of [a, b] with n subintervals.

1. Write U( f ,Pn) and L( f ,Pn) as precisely as possible,

2. Compute U( f ,Pn) − L( f ,Pn) (if you don’t see anything, try with n = 2 and n = 3),

3. By using Theorem 2.1.4, conclude that f is Riemann integrable.
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2.2 Lebesgue measure

We shall now start the study of Lebesgue integrals by starting with the notion of Lebesgue measure. In this
section, the construction is done in Rn, we shall come back to R only in the subsequent section.

Definition 2.2.1 (Closed box or interval). Given any A = (a1, . . . , an) and B = (b1, . . . , bn) in Rn, a closed
box or an interval in Rn consists in the set

I :=
{
(x1, . . . , xn) ∈ Rn | a j ≤ x j ≤ b j for all j ∈ {1, . . . , n}

}
.

By imposing that a j < b j for any j ∈ {1, . . . , n}, the volume v(I) of I is defined by v(I) :=
∏n

j=1(b j − a j) > 0.

In the sequel, we shall cover subsets of Rn by a collection of closed boxes, and get an upper estimate on its
volume.

Definition 2.2.2 (Covering). For Ω ⊂ Rn, the set S := {I j} j is a covering of Ω if Ω ⊂ ∪ jI j. The family S can
be finite or countably infinite. We set

σ(S ) :=
∑

j

v(I j) ∈ (0,∞].

Based on this notion of covering, we define the first notion of volume for Ω.

Definition 2.2.3 (Lebesgue outer measure). For Ω ⊂ Rn, the Lebesgue outer measure of Ω is defined by

m∗(Ω) := inf
{
σ(S ) | S covering of Ω

}
.

Recall that an infimum is not not always realized. However, for any ε > 0 there exists a covering S of Ω with
m∗(Ω) ≤ σ(S ) ≤ m∗(Ω) + ε.

Exercise 2.2.4. Show that m∗(I) = v(I) for any closed box I, see for example [Ne, Prop. 1.1.11].

The following properties can be proved for the outer measure:

1. If Ω1 ⊂ Ω2, then m∗(Ω1) ≤ m∗(Ω2),

2. m∗(Ω1 ∪Ω2) ≤ m∗(Ω1) + m∗(Ω2),

3. m∗
(
U jΩ j

)
≤

∑
j m∗(Ω j) for a finite or countable family.

Exercise 2.2.5. Prove the above properties. Even if these properties look natural, proving them is not so
simple. Some inspiration can be obtained from [Ne, Prop. 1.1.8 & 1.1.9].

Unfortunately, the Lebesgue outer measure has also some unpleasant feature. There exist sets Ω1,Ω2 with
Ω1 ∩ Ω2 = Ø but with m∗(Ω1 ∪ Ω2) < m∗(Ω1) + m∗(Ω2). Even if these sets are difficult to construct, a
measure should not have such a bad property. The following result will play an important role for avoiding
such singular behavior.

Theorem 2.2.6. Let Ω ⊂ Rn with m∗(Ω) < ∞. Then for any ε > 0 there exists an open set Λ with Ω ⊂ Λ and
such that

m∗(Λ) ≤ m∗(Ω) + ε.

If m∗(Ω) = ∞, the statement holds with Λ = Rn.
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One infers from the above properties that

m∗(Λ) = m∗
(
Ω ∪ (Λ \Ω)

)
≤ m∗(Ω) + m∗(Λ \Ω)

which is equivalent to
m∗(Λ) − m∗(Ω) ≤ m∗(Λ \Ω).

However, this inequality does not provide any useful information on m∗(Λ \ Ω). In order to have a good
estimate on this set, we need to impose it !

Definition 2.2.7 (Lebesgue measurability, Lebesgue measure). A set Ω ⊂ Rn is Lebesgue measurable if for
any ε > 0 there exists an open set Λ with Ω ⊂ Λ and such that

m∗(Λ \Ω) ≤ ε.

For any Lebesgue measurable set Ω, we define m(Ω) := m∗(Ω) and call it the Lebesgue measure of Ω.

The following properties can now be proved:

1. If Ω is an open set, then Ω is Lebesgue measurable,

2. If m∗(Ω) = 0, then Ω is Lebesgue measurable,

3. IfΩ := ∪ jΩ j is a finite or countable union of Lebesgue measurable sets, thenΩ is Lebesgue measurable,
and m(Ω) ≤

∑
j m(Ω j),

4. If Ω := ∩ jΩ j is a finite or countable intersection of Lebesgue measurable sets, then Ω is Lebesgue
measurable,

5. Any closed set is Lebesgue measurable, in particular any closed box I is Lebesgue measurable, with
m(I) = v(I).

Exercise 2.2.8. Prove some of the above statements. Inspiration can be found in [Ne, Sec. 1.2].

With Lebesgue measurable sets, the unpleasant feature mentioned before can not take place. Recall that a
family of sets {Ω j} j are pairwise disjoint if Ω j ∩Ωk = Ø for any j , k.

Theorem 2.2.9. Let {Ω j} be a finite or countable family of pairwise disjoint subsets of Rn which are Lebesgue
measurable. Then

m
(
∪ j Ω j

)
=

∑
j

m(Ω j).

Another useful result for Lebesgue measurable sets is about the complement, as shown in [Ne, 1.2.18]. We
shall write ΩC for the complement of the set Ω, namely

ΩC :=
{
X ∈ Rn | X < Ω

}
.

Theorem 2.2.10. If Ω is a Lebesgue measurable set, then its complement ΩC is also a Lebesgue measurable
set.

Let us close this section by saying that sets which are not Lebesgue measurable exist, but they are not easy to
exhibit. For example, on R let us define the equivalence relation: for x, y ∈ R, we set x ∼ y if x − y ∈ Q, and
write [x] := {y ∈ R | y ∼ x}. Consider then the set Ω ⊂ R obtained by choosing exactly one representative for
each equivalence class (the axiom of choice is involved in this process). Then Ω is not Lebesgue measurable.
The proof of this statement is not easy, and we refer to [Ne, Sec. 1.3] for additional information on non
Lebesgue measurable sets.
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2.3 Lebesgue measurable functions

Even if Riemann integral can deal with non continuous functions, it was mainly developed for continuous
functions. Lebesgue integral deals with more general functions, and gives the same value whenever a function
is Riemann integrable. In fact, the main difference is going to be the definition of the partition of the interval
[a, b].

Definition 2.3.1 (Lebesgue measurable function). A function f : [a, b] → R is a Lebesgue measurable
function, or simply is Lebesgue measurable, if for any s ∈ R, the sets{

x ∈ [a, b] | f (x) > s
}

(2.3.1)

are Lebesgue measurable sets.

There should be no confusion between the notion of Lebesgue measurable sets and the notion of Lebesgue
measurable functions. In fact, these two concepts are very closely related, as shown in the following exercise.
For its statement, let us define a characteristic function on a set Ω ⊂ R and for any x ∈ R by

χΩ(x) :=

1 if x ∈ Ω
0 if x < Ω

. (2.3.2)

Clearly, the function defined in Exercise 2.1.3 is a characteristic function. Characteristic functions can also be
defined on Rn, with a straightforward definition.

Exercise 2.3.2. Show that the function χΩ is a Lebesgue measurable function if and only if the set Ω is a
Lebesgue measurable set.

The following generalization is going to play an important role in the sequel. It is left as an exercise to show
that these functions are Lebesgue measurable functions.

Definition 2.3.3 (Simple functions). Let {Ω j}
n
j=1 be a family of pairwise disjoint measurable subsets of [a, b]

covering [a, b], and let {c j}
n
j=1 be a family of real numbers. A simple function on [a, b] is defined for any

x ∈ [a, b] by

φ(x) :=
n∑

j=1

c j χΩ j(x).

Let us now mention that the strict inequality used in (2.3.1) is not so strict, as shown in the following exercise:

Exercise 2.3.4. Let f be defined on [a, b]. Show that the following statements are equivalent:

1. The function f is Lebesgue measurable,

2. For any s ∈ R the sets
{
x ∈ [a, b] | f (x) ≥ s

}
are Lebesgue measurable sets,

3. For any s ∈ R the sets
{
x ∈ [a, b] | f (x) ≤ s

}
are Lebesgue measurable sets,

4. For any s ∈ R the sets
{
x ∈ [a, b] | f (x) < s

}
are Lebesgue measurable sets,

For the proof, Theorem 2.2.10 can be useful.

In the following statement, we gather some properties of the set of Lebesgue measurable functions. Note that
the proof is not so straightforward, as for continuous functions for example. Nevertheless, the proof can be
worked out as a exercise, see also [Ne, Thm. 2.1.5 & 2.1.6].
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Proposition 2.3.5. Let f , g be Lebesgue measurable functions on [a, b] and let λ ∈ R.

1. The sum f + λg is a Lebesgue measurable function,

2. The product f g is a Lebesgue measurable function,

3. If g(x) , 0 for all x ∈ [a, b], then f /g is a Lebesgue measurable function.

Coming back to the Riemann integral, it is not difficult to observe that if f : [a, b]→ R is Riemann integrable,
changing the value of f on a finite number of points of [a, b] does not change the value of its Riemann integral.
More precisely, if g : [a, b]→ R satisfies f (x) = g(x) for all x ∈ [a, b] except on a finite number of x ∈ [a, b],
then g is Riemann integrable, and

∫ b
a g(x) dx =

∫ b
a f (x) dx. Clearly, one can not do better than this, otherwise

the function presented in (2.1.2) would be Riemann integrable. For Lebesgue integral, more flexibility will be
available.

Definition 2.3.6 (Almost everywhere). Consider f , g : [a, b]→ R.

1. We write f = g a.e. if the set
{
x ∈ [a, b] | f (x) , g(x)

}
has Lebesgue measure 0,

2. We write f ≤ g a.e. if the set
{
x ∈ [a, b] | f (x) > g(x)

}
has Lebesgue measure 0.

In both cases, we say that the relation holds almost everywhere.

Note that one can define similarly f < g a.e., f ≥ g a.e., and f > g a.e. The next statement reveals the
importance of this concept, and already provides a glimpse about the generality we are dealing with.

Proposition 2.3.7. Let f : [a, b]→ R be a Lebesgue measurable function, and let g = f a.e. Then g is also a
Lebesgue measurable function on [a, b].

Exercise 2.3.8. Prove the previous statement, see also [Ne, Prop. 2.1.9].

Let us now define the notions of lim sup and lim inf, which appear in several contexts. The very nice feature
of these limits is that they always exist, which is not the case for the ordinary limit.

Definition 2.3.9 (lim sup and lim inf). Consider a sequence of functions ( f j) j∈N with f j : Ω → R where Ω is
an arbitrary subset of R. We assume that the sequence is pointwise bounded, meaning that sup j∈N| f j(x)| < ∞
for any x ∈ Ω (but this supremum can be x-dependent). For any x ∈ Ω, we set

f ∗(x) ≡ lim sup
j→∞

f j(x) := lim
j→∞

{
sup
k≥ j

fk(x)
}

and call the corresponding function f ∗ : Ω→ R the lim sup function of the sequence. We also set

f∗(x) ≡ lim inf
j→∞

f j(x) := lim
j→∞

{
inf
k≥ j

fk(x)
}

and call the corresponding function f∗ : Ω→ R the lim inf function of the sequence.

Let us firstly check that these definitions are meaningful:

Exercise 2.3.10. Show that lim sup j→∞ f j(x) and lim inf j→∞ f j(x) always exist, and observe that the following
inequality always hold:

f∗(x) ≤ f ∗(x).

Show also that f∗(x) = f ∗(x) if and only if lim j→∞ f j(x) exists.

A slightly more involved (and very useful) result can also be proved:
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Theorem 2.3.11. Let f j : [a, b] → R be Lebesgue measurable functions, and assume that ( f j) j∈N is a point-
wise bounded sequence. Then the two functions f ∗ and f∗ are also Lebesgue measurable on [a, b].

As an immediate consequence of this result and of the content of the previous exercise, one has:

Corollary 2.3.12. Let f j : [a, b] → R be Lebesgue measurable functions, and assume that ( f j) j∈N is a
pointwise bounded sequence. Assume that for each x ∈ [a, b], the functions f j have a limit as j→ ∞, namely
∃ f : [a, b]→ R such that lim j→∞ f j(x) = f (x) for all x ∈ [a, b]. Then the function f is a Lebesgue measurable
function on [a, b].

2.4 Lebesgue integral

We can now define the notion of Lebesgue integral, mimicking the process outlined for Riemann integral. The
link with Lebesgue measurable functions will then be established soon.

Definition 2.4.1 (Lebesgue measurable partition). A Lebesgue measurable partition P of [a, b] consists in a
finite collection {Ω j}

n
j=1 ⊂ [a, b] satisfying

1. For each j, the subset Ω j of [a, b] is Lebesgue measurable,

2. ∪n
j=1Ω j = [a, b],

3. m
(
Ω j ∩Ωk

)
= 0 for any j , k.

Observe that the third condition does not implyΩ j∩Ωk = Ø, but it means that if this intersection is not empty,
then it is of measure 0. Clearly, the partitions introduced in (2.1.1) define Lebesgue measurable partitions
by setting Ω j := [x j−1, x j]. However, such partitions are quite special in the set of all Lebesgue measurable
partitions.

Given a Lebesgue measurable partition P of [a, b] and a function f ∈ L∞
(
[a, b]

)
we set

L( f ,P) :=
n∑

j=1

(
inf
x∈Ω j

f (x)
)
m(Ω j)

and

U( f ,P) :=
n∑

j=1

(
sup
x∈Ω j

f (x)
)
m(Ω j).

Then, by analogy to the construction of Section 2.1, one defines:

Definition 2.4.2 (Lebesgue integral function). A function f ∈ L∞
(
[a, b]

)
is Lebesgue integrable on [a, b] if

sup
P

L( f ,P) = inf
P

U( f ,P), (2.4.1)

where the supremum and the infimum are taken over all Lebesgue measurable partitions. If the equality holds,
then we write

∫ b
a f (x)dx for this value.

Since the set of partitions introduced in (2.1.1) is included in the set of all Lebesgue measurable partitions,
one directly infers from this definition that Riemann integrable functions are Lebesgue integrable. Indeed,
if the equality is already realized with a subset of partitions, then it is also realized with more partitions. In
addition, one easily realizes that the equality (2.4.1) has a better chance to exist by considering a large set
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of partitions instead of a restricted set of partitions. As a consequence, there exist more Lebesgue integrable
functions than Riemann integrable functions.

Let us now state the link between Lebesgue integrable functions and Lebesgue measurable functions. Clearly,
the concepts are different, but one has:

Theorem 2.4.3. For any f ∈ L∞
(
[a, b]

)
, f is a Lebesgue measurable function if and only if f is a Lebesgue

integrable function.

We provide below half of the proof, since it provides a key difference between Lebesgue integrals and Riemann
integrals. For the second half of the proof, we refer to [Ne, Thm. 2.2.13], which can be worked out as an
exercise.

Proof. We show that if f is bounded and Lebesgue measurable on [a, b], then f is also Lebesgue integrable.
First of all, observe that since f is bounded, there exists M > 0 such that | f (x)| < M for all x ∈ [a, b]. Let us
then consider a n-partition of [−M,M], in the sense of (2.1.1), namely {y0, y1, . . . , yn} with y0 = −M, yn = M
and y j−1 < y j for j ∈ {1, 2, . . . , n}.

For any fixed ε, we can also choose n and {y j}
n
j=0 such that y j − y j−1 <

ε
b−a . For j ∈ {1, . . . , n}, let us now set

Ω j :=
{
x ∈ [a, b] | y j−1 ≤ f (x) < y j

}
≡ f −1([y j−1, y j)

)
.

Observe then that
Ω j =

{
x ∈ [a, b] | f (x) < y j

}
\
{
x ∈ [a, b] | f (x) < y j−1

}
,

and by Exercise 2.3.4, one infers that Ω j is Lebesgue measurable. In addition, ∪n
j=1Ω j = [a, b], and Ω j∩Ωk =

Ø for any j , k. As a consequence, the family {Ω j}
n
j=1 defines a Lebesgue measurable partition P in the sense

of Definition 2.4.1, with the additional property that

n∑
j=1

m(Ω j) = m
( n⋃

j=1

Ω j
)
= m

(
[a, b]

)
= b − a.

Let us finally compute

U( f ,P) − L( f ,P) ≤
n∑

j=1

y j m(Ω j) −
n∑

j=1

y j−1 m(Ω j)

=

n∑
j=1

(
y j − y j−1

)
m(Ω j)

≤
ε

b − a

n∑
j=1

m(Ω j)

= ε.

One concludes from the previous inequality that f is Lebesgue integrable, see also Theorem 2.1.4. □

Clearly, the theory would not be satisfactory without the following statements. Proofs are left as possible
exercises.

Lemma 2.4.4. Let f ∈ L∞
(
[a, b]

)
with f = 0 a.e. Then f is Lebesgue integrable, and one has

∫ b
a f (x)dx = 0.
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Corollary 2.4.5. Let f , g ∈ L∞
(
[a, b]

)
with f = g a.e. and assume that f is Lebesgue integrable. Then g is

also Lebesgue integrable, and
∫ b

a f (x)dx =
∫ b

a g(x)dx.

Let us state a related result, which is in fact used for the second part of the proof of Theorem 2.4.3.

Lemma 2.4.6. Let f ∈ L∞
(
[a, b]

)
be Lebesgue measurable, and assume that f ≥ 0 a.e. on [a, b] and that∫ b

a f (x)dx = 0. Then f = 0 a.e. on [a, b].

We the information collected so far, it is now rather to complement Exercise 2.1.2, see also [Ne, Example
2.2.6 & 2.2.9].

Exercise 2.4.7. Show that the function defined in (2.1.2) is Lebesgue integrable, while it has already been
shown that it is not Riemann integrable. Compute its Lebesgue integral.

So far, only bounded function have be considered for the Lebesgue integral. The operation can be extended
to unbounded functions, and to unbounded domain, in a way similar to the improper Riemann integrals. We
briefly sketch the processes.

Let f : [a, b] → R with f (x) ≥ 0 for all x ∈ [a, b] and assume that f < L∞
(
[a, b]

)
. For any N ∈ N we

set fN := f (x) if f (x) ≤ N while fN(x) := 0 if f (x) > N. We say that f is Lebesgue integrable on [a, b] if
fN ∈ L∞

(
[a, b]

)
is Lebesgue integrable for all N ∈ N and if limN→∞

( ∫ b
a fN(x) dx

)
< ∞. In this case, we

simply write ∫ b

a
f (x)dx := lim

N→∞

( ∫ b

a
fN(x)dx

)
.

If f is not positive, we firstly set

f+(x) :=

 f (x) if f (x) ≥ 0
0 if f (x) < 0

and f−(x) :=

0 if f (x) ≥ 0
− f (x) if f (x) < 0.

The function f+ is called the positive part of f , while the function f− is called the negative part of f . Clearly,
we have f = f+ − f−. If both f+ and f− are Lebesgue integrable in the sense mentioned above, then we set∫ b

a
f (x)dx =

∫ b

a
f+(x)dx −

∫ b

a
f−(x)dx.

The set of all Lebesgue integral functions on [a, b] are denoted by L
(
[a, b]

)
. These functions can be bounded

or not bounded. Let us also mention that the various properties shown for bounded Lebesgue integrable
functions extend to arbitrary elements of L

(
[a, b]

)
.

Note that when f is unbounded from below and from above, this approach (separating the positive and the
negative part) is the only possible one, otherwise some meaningless situation can easily take place.

Exercise 2.4.8. Determine if the function f : [−1, 1] → R defined by f (x) := 1/x if x , 0 and f (0) := 0,
belongs to L

(
[−1, 1]

)
? Similarly, determine if the function g : [0, 1] → R defined by g(x) := 1/

√
x if x , 0

and g(0) = 0 belongs to L
(
[0, 1]

)
? Determine also and with a full proof if these functions define improper

Riemann integrals on these intervals, and compare the two proofs.

Let us still state one useful result. For it, let us stress that the notion of Lebesgue measurable functions was
introduced without requiring the boundedness of the functions. For the proof, we refer to [Ne, Lem. 2.4.5].

Proposition 2.4.9. Let g ∈ L
(
[a, b]

)
, and let f be a Lebesgue measurable function on [a, b] satisfying | f (x)| ≤

g(x) for a.e. x ∈ [a, b]. Then f ∈ L
(
[a, b]

)
.
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Exercise 2.4.10. Exhibit a Lebesgue measurable function which is not a Lebesgue integrable function. Be-
cause of Theorem 2.4.3, note that such a function can not be bounded.

So far, we have only integrated functions on intervals, for more general Lebesgue measurable sets Ω ⊂ [a, b]
and for f ∈ L

(
[a, b]

)
we set ∫

Ω

f (x)dx :=
∫ b

a

[
fχΩ

]
(x)dx

where χΩ is the characteristic function introduced in 2.3.2. This definition is based on the fact that the set of
Lebesgue integrable functions is stable under multiplication.

In the context of the previous definition, a natural statement holds:

Lemma 2.4.11. Let f ∈ L
(
[a, b]

)
, and consider a family {Ω j} j∈N with Ω j ⊂ [a, b], Lebesgue measurable and

satisfying Ω j ⊂ Ω j+1. Assume also that ∪ jΩ j = [a, b]. Then one has

lim
j→∞

∫
Ω j

f (x)dx =
∫ b

a
f (x)dx.

For unbounded domain of integration, the approach is similar to the improper Riemann integrals, but surpris-
ingly the final result is different. More precisely, for f : [a,∞) → R with f ≥ 0 a.e. we consider the product
fχ[a,b] for any b > 0 and we say that f ∈ L

(
[a,∞)

)
if fχ[a,b] belongs to L

(
[a, b]

)
for any b > a and if

lim
b→∞

( ∫ b

a
f (x)dx

)
< ∞.

If f is not positive, then the previous condition has to hold separately for the positive part f+ of f , and for the
negative part f− of f , and one then sets∫ ∞

a
f (x)dx = lim

b→∞

( ∫ b

a
f+(x)dx

)
− lim

b→∞

( ∫ b

a
f−(x)dx

)
.

Clearly, a similar construction is valid for L
(
(−∞, b]

)
and for L(R), if the two limits are considered separately

in the latter case.

The following exercise provides an illustration that Lebesgue integrals on a half-line do not correspond to
improper Riemann integrals.

Exercise 2.4.12. Exhibit a function on [1,∞) with is not Lebesgue integrable but which is improper Riemann
integrable.

2.5 Dominated convergence theorem

In this section, we state one of the most useful result in analysis, the dominated convergence theorem. It
allows the exchange of a limit and of an integral, under suitable conditions.

Let us start by introducing the notion of pointwise convergence. Let ( f j) j∈N be a sequence of real functions
on Ω ⊂ R.This sequence converges pointwise if for any x ∈ Ω the limit lim j→∞ f j(x) converges. Note that this
convergence is taking place in R, and by writing it precisely with ε and N, the N will depend on ε and on x.
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Examples 2.5.1. 1. The sequence ( f j) j∈N, with f j : [0, 1]→ R defined by f j(x) := x j, converges pointwise
to the function f∞ given by

f∞(x) :=

0 if x ∈ [0, 1),
1 if x = 1.

2. The sequence ( f j) j∈N∗ , with f j : [0, 1] → R defined by f j := jχ(0,1/ j], converges pointwise to the
0-function, namely f∞ = 0.

Let us observe that in the first example, each f j is a continuous function on [0, 1] while the limiting function
f∞ is no more continuous. For the second example, observe that for any j ∈ N∗ one has

∫ 1
0 f j(x)dx = 1 while∫ 1

0 f∞(x) dx = 0. Thus, some operations are not continuous with respect to the pointwise convergence of
functions. However, observe that in both examples, the functions f j and the limit f∞ are Lebesgue integrable.
This fact plays a key role in the following statement, but note that an additional condition is necessary.

Theorem 2.5.2 (Dominated convergence theorem). Let ( f j) j∈N be a sequence of Lebesgue measurable func-
tions on [a, b] such that lim j→∞ f j(x) = f (x) for a.e. x ∈ [a, b]. Suppose also that there exists g ∈ L

(
[a, b]

)
with

| f j(x)| ≤ g(x)

for a.e. x ∈ [a, b] and for every j ∈ N. Then f j ∈ L
(
[a, b]

)
, f ∈ L

(
[a, b]

)
, and

lim
j→∞

∫ b

a
f j(x)dx =

∫ b

a

(
lim
j→∞

f j(x)
)
dx =

∫ b

a
f (x)dx.

Thus, this statement says that a limit over j and an integral can be exchanged, once the existence of a dominat-
ing function g is guaranted. Note that in the applications, finding the dominating function can be a hard work.
The proof of this theorem is rather involved, but relies on the two results already stated, namely Proposition
2.4.9 and Lemma 2.4.11. We refer to [Ne, Thm. 2.4.6] for the proof.

Exercise 2.5.3. Show that the dominated convergence theorem does not apply in the limits considered in
Section 1.3. If it were applicable, then the Dirac delta distribution would be a Lebesgue integrable function !

Exercise 2.5.4. Study the examples of application of the dominated convergence theorem provided in Exam-
ples 2.4.7, 2.4.8, and 2.4.9 of [Ne]. Alternatively, exhibit other applications of this statement.

Let us still state one important result which is in fact equivalent to the dominated convergence theorem.

Theorem 2.5.5 (Monotone convergence theorem). Let ( f j) j∈N be a sequence of nonnegative functions belong-
ing to L

(
[a, b]

)
. Suppose that for a.e. x ∈ [a, b], the sequence ( f j(x)) j∈N is increasing, and that lim j→∞ f j(x) =

f (x) for a.e. x ∈ [a, b]. Then,

1. If f ∈ L
(
[a, b]

)
, then lim j→∞

∫ b
a f j(x)dx =

∫ b
a f (x)dx,

2. If f < L
(
[a, b]

)
, then lim j→∞

∫ b
a f j(x)dx = ∞.

2.6 Lp-spaces

In the previous section, we have considered measurability or integrability of functions on [a, b], or on [a,∞),
(−∞, b], and R. However, it is not difficult to check that these notions extend to more general bounded and
closed subsets of Rn or to Rn itself. In fact, extending Lebesgue integrals to Rn is even easier than extending
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Riemann integrals to Rn, since the index of the partitions are simpler. The dominated convergence theorem or
the monotone convergence theorem also extend to this more general setting.

In the rest of this chapter, we shall consider functions on Lebesgue measurable and bounded subsets of Rn.
For simplicity, we shall denote such sets by Ω ⊂ Rn, and keep in mind that Ω could be an open and bounded
set in Rn, or a closed and bounded set in Rn. Extensions to unbounded subsets of Rn are also possible with a
limiting procedure.

In this framework, let us recall a very useful result available for functions on Rn: Fubini’s theorem. We present
it below for functions defined on a rectangle I := I1 × I2 ⊂ R

2, with I j intervals, but its generalization to more
complicated domains in Rn is rather straightforward.

Theorem 2.6.1 (Fubini’s theorem). For any f ∈ L(I) with I := I1 × I2 ⊂ R
2, the following properties hold:

1. For almost every x ∈ I1, the function I2 ∋ y 7→ f (x, y) ∈ R is Lebesgue measurable and integrable on
I2, with integral denoted by

∫
I2

f (x, y)dy,

2. The function I1 ∋ x 7→
∫

I2
f (x, y) dy ∈ R is Lebesgue measurable and integrable on I1, with integral

denoted by
∫

I1

( ∫
I2

f (x, y)dy
)
dx,

3. The following equality holds ∫
I

f (x, y)dxdy =
∫

I1

( ∫
I2

f (x, y)dy
)
dx,

where the l.h.s. means the Lebesgue integral in R2, defined as in Definition 2.4.2 but for a function of
two variables,

4. By exchanging x and y in the previous statement, the following equality also holds∫
I

f (x, y)dxdy =
∫

I2

( ∫
I1

f (x, y)dx
)
dy.

For the sake of generality, we shall also consider functions on Ω ⊂ Rn with values in K, and not only in
R. Recall that K means either R or C. In the complex case, observe that any f : Ω → C can always be
written as f = fr + i fi ≡ ℜ( f ) + iℑ( f ), where fr ≡ ℜ( f ) = f+ f

2 corresponds to the real part of f , and where

fi ≡ ℑ( f ) = f− f
2i corresponds to the imaginary part of f . In this case, a complex valued function f is Lebesgue

measurable if and only if fr and fi are Lebesgue measurable, and f belongs to L(Ω) if and only if fr and fi
belong to L(Ω), as real valued (bounded or unbounded) functions. The theory developed so far applies thus
to fr and to fi, and together, these two functions define the complex valued function f . In particular, if f is
Lebesgue integrable, one has ∫

Ω

f (X)dX =
∫
Ω

fr(X)dX + i
∫
Ω

fi(X)dX.

Let us now start the construction of Lp-spaces, starting with L1(Ω) for Ω ⊂ Rn as mentioned above. Recall
that if f = g a.e., then

∫
Ω

f (X) dX =
∫
Ω

g(X) dX, see Corollary 2.4.5 when Ω = [a, b]. For that reason, we
would like to put such functions in an equivalence class: For any f , g ∈ L(Ω), we write f ∼ g whenever
f = g a.e. The property of this relation is summarized in the following exercise.
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Exercise 2.6.2. Prove that the relation ∼ defines an equivalence relation, namely the following three properties
are satisfied for any f , g, h ∈ L(Ω) :

1. f ∼ f (reflexivity),

2. If f ∼ g then g ∼ f (symmetry),

3. If f ∼ g and g ∼ h, then f ∼ h (transitivity).

Before the next definition, recall that a norm on a complex vector space Ξ corresponds to a map Ξ ∋ ξ 7→
∥ξ∥ ∈ [0,∞) satisfying

1. ∥λξ∥ = |λ| ∥ξ∥ for any λ ∈ C, ξ ∈ Ξ,

2. ∥ξ1 + ξ2∥ ≤ ∥ξ1∥ + ∥ξ2∥ for any ξ1, ξ2 ∈ Ξ,

3. ∥ξ∥ = 0 if and only if ξ = 0.

Definition 2.6.3 (L1-space). The set L1(Ω) is defined by L(Ω)/ ∼, namely the elements of L1(Ω) consist of
equivalence classes of Lebesgue integrable functions which are equal almost everywhere. The set L1(Ω) is
endowed with the norm

∥ f ∥1 ≡ ∥ f ∥L1(Ω) =

∫
Ω

| f (X)|dX,

where | f (X)| denotes the absolute value of f (X) if f is real valued, or the modulus of | f (X)| if the function f is
complex valued.

Observe that considering equivalence classes was necessary, otherwise the condition ∥ f ∥1 = 0 would not
imply that f = 0, it would simply imply that f = 0 a.e. Whenever one deals with equivalence class, the
notation [ f ] should be preferred, meaning that we consider the set of all functions which are equivalent to
f . However, this notation is not used, and one keeps writing f , g for the elements of L1(Ω). Despite this
notation, we should keep in mind that these elements are equivalence classes, which means that f ∈ L1(Ω)
is not defined everywhere but only almost everywhere. Changing f on a set of Lebesgue measure 0 does not
affect f , we still get the same element of L1(Ω).

Exercise 2.6.4. Show that the map f 7→ ∥ f ∥1 defines a norm on L1(Ω).

One very important property of L1(Ω) is called the completeness. Completeness means that any Cauchy
sequence1 converges in L1(Ω). We do not prove this statement, since it is not an easy proof, but refer to [Ne,
Thm. 3.1.13]. Note that the standard example of complete space is R, while Q is not complete. For these two
examples, the norm considered is simply the absolute value. The set C of complex numbers is also complete,
when endowed with the norm defined by the modulus. A vector space endowed with a norm and complete
with this norm is called a Banach space. It means that L1(Ω), or R or C are Banach spaces.

Remark 2.6.5. Having defined L1(Ω), one can now give a precise definition to L1
loc(Rn): It consists in the set

of all functions f : Rn → K such that for any bounded and Lebesgue measurable set Ω, the function fχΩ
belongs to L1(Ω). It means that locally, the functions f look like element of L1(Ω), and therefore are Lebesgue
integrable on Ω. However, globally they don’t have to be integrable.

In the next exercise, we emphasize the difference between a pointwise convergence and the convergence in
the L1-norm.

1A Cauchy sequence in L1(Ω) is a sequence ( f j) j∈N ⊂ L1(Ω) satisfying the condition: for any ϵ > 0 there exists N ∈ N such that
∥ f j − f j′∥1 ≤ ϵ for all j, j′ ≥ N. Note that any convergent sequence is Cauchy, but the converse is not true.
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Exercise 2.6.6. For x ∈ [0, 1] consider the functions

f j(x) :=


2 j2x if 0 ≤ x ≤ 1

2 j

−2 j2
(
x − 1

j
)

if 1
2 j < x ≤ 1

j

0 otherwise.

Check that this sequence ( f j) j∈N∗ converges pointwise to the function f∞ = 0, but that lim j → ∞∥ f j− f∞∥1 = 1
2 .

Thus, the sequence ( f j) j∈N∗ does not converge to f∞ in the L1-norm. In fact, observe that ∥ f j∥1 =
1
2 for any

j ∈ N∗

Let us now generalize the previous construction, and replace 1 by any p ≥ 1. Comments will be provided
after the definition.

Definition 2.6.7 (Lp-space). For any p ≥ 1 the set Lp(Ω) is defined as{
f : Ω→ K | f is Lebesgue measurable, and | f |p ∈ L(Ω)

} /
∼

endowed with the norm

∥ f ∥p :=
( ∫
Ω

| f (X)|p dX
) 1

p .

As for L1(Ω), we do not consider single functions but equivalence class of functions which are equal almost
everywhere. Functions are taking values in K, and in this case the measurability condition has to hold for its
real part and for its imaginary part. The last condition is a integrability condition for | f |p with is a positive
valued function, and therefore this condition reads

∫
Ω
| f (X)|p dX < ∞.

Exercise 2.6.8. Show that the set Lp(Ω) is a complex vector space.

Proving that the map f 7→ ∥ f ∥p is a norm is not an easy task. Clearly, only the condition ∥ f +g∥p ≤ ∥ f ∥p+∥g∥p
is really involved. It is based on one technical lemma and on one very useful inequality.

Lemma 2.6.9. Let α, β ∈ (0, 1) with α + β = 1. Then for any a, b ≥ 0 one has

ab ≤ αa
1
α + βb

1
β .

Theorem 2.6.10 (Hölder inequality). Let p, q > 1 satisfy 1
p +

1
q = 1, and consider f ∈ Lp(Ω) and g ∈ Lq(Ω).

Then the product f g belongs to L1(Ω) and the following inequality holds

∥ f g∥1 ≤ ∥ f ∥p ∥g∥q. (2.6.1)

Based on these two results, the following statement can be proved. Observe that it corresponds to the missing
argument for showing that ∥ · ∥p is indeed a norm on Lp(Ω).

Theorem 2.6.11 (Minkowski’s inequality). For p ≥ 1 and for any f , g ∈ Lp(Ω) one has

∥ f + g∥p ≤ ∥ f ∥p + ∥g∥p.

Exercise 2.6.12. Prove some of the previous statements, getting some inspiration from [Ne, Lem. 3.2.6], [Ne,
Thm. 3.2.5], and [Ne, Thm. 3.2.7].
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As for L1(Ω), it turns out that Lp(Ω) are Banach spaces. In addition, L2(Ω) has an additional property: it has
a scalar product. This additional property comes from the following observation: One solution of the identity
1
p +

1
q = 1 is (p, q) = (2, 2), which leads by (2.6.1) to ∥ f g∥1 ≤ ∥ f ∥2 ∥g∥2. We shall come back to L2-spaces in

the next chapter.

Let us conclude this section with one more space: L∞(Ω). In order to define it, we need to introduce one more
notion.

Definition 2.6.13 (Essential sup and essential inf). Let f : Ω → R be a measurable function. We define the
essential supremum of f by

ess sup f := inf
{
M | f ≤ M a.e.

}
and the essential infimum of f by

ess inf f := sup
{
m | f ≥ m a.e.

}
.

Clearly, these two quantities correspond to the supremum and to the infimum of f , up to a set of Lebesgue
measure 0. Based on these notions, we can define:

Definition 2.6.14 (L∞-space). The space L∞(Ω) consists in{
f : Ω→ K | f is Lebesgue measurable, and ess sup | f | < ∞

} /
∼

endowed with the norm
∥ f ∥∞ := ess sup | f |.

In this case, proving that the map f 7→ ∥p∥∞ and proving that L∞(Ω) is a Banach space, are much simpler than
in the case p ≥ 1. The former property can be proved as an exercise.

2.7 Approximation in Lp-spaces

Approximating real numbers by fractional numbers is a quite natural operation. Indeed, working with all
digits of π is probably not possible, and an approximation by a fraction, as 314

100 , is much more convenient.
This is possible because the set Q is dense in R. As a consequence, the approximation can be as accurate as
necessary.

For Lp-spaces the same idea applies. Most of the elements of Lp(Ω) are not continuous and can be quite
irregular. In addition, keep in mind that an element of Lp(Ω) is defined only almost everywhere: it can be
modified on a set of Lebesgue measure 0. Thus, approximating an arbitrary element of Lp(Ω) by a more
regular element is of interest. This is the aim of this section.

The first step in the construction is to approximate any element of Lp by a bounded element.

Lemma 2.7.1. Let p ≥ 1, let Ω be Lebesgue measurable and bounded, and consider f ∈ Lp(Ω). For any
ε > 0 there exists fε ∈ Lp(Ω) with fε bounded, such that ∥ f − fε∥p ≤ ε.

Proof. Clearly, we can assume that f < L∞(Ω), otherwise there is nothing to prove. For any N ∈ N and X ∈ Ω
let us set

fN(X) :=


−N if f (X) < −N
f (X) if | f (X)| ≤ N
N if f (X) > N.
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Clearly, fN is a bounded function. In addition, for almost every X ∈ Ω one has limN→∞ fN(X) = f (X), or
equivalently limN→∞ | fN(X) − f (X)| = 0. This implies that limN→∞ | fN(X) − f (X)|p = 0, for almost every
X ∈ Ω. In addition, let us observe that

| fN(X) − f (X)|p ≤
(
| fN(X)| + | f (X)|

)p
≤

(
2| f (X)|

)p
= 2p| f (X)|p.

Since | f (·)|p belongs to L1(Ω), we can use it as a dominating function for the dominated convergence theorem,
from which we infer that

lim
N→∞

∫
Ω

| fN(X) − f (X)|p dX =
∫
Ω

lim
N→∞

| fN(X) − f (X)|p dX =
∫
Ω

0dX = 0,

or equivalently limN→∞ ∥ fN − f ∥p = 0. Thus, given ε > 0 we can determine N ∈ N such that ∥ fN − f ∥p ≤ ε.
By setting fε := fN for this N, we infer that fε is bounded and that ∥ f − fε∥p ≤ ε. □

Recall that simple functions have been introduced in Definition 2.3.3, and observe that there is no problem for
extending this definition to more general Lebesgue measurable and bounded sets Ω ⊂ Rn. Then, our next aim
is to approximate bounded Lp-functions by simple functions.

Lemma 2.7.2. Let p ≥ 1, let Ω be a Lebesgue measurable and bounded subset of Rn, and consider f ∈ Lp(Ω)
with f bounded. For any ε > 0 there exists a simple function φ such that ∥ f − φ∥p ≤ ε.

Observe that the statement is trivial if the Lebesgue measure of Ω is 0. Therefore, we shall assume that
m(Ω) > 0 in the following proof.

Proof. The proof is quite similar to the proof of Theorem 2.4.3. Since f is bounded, there exists M > 0 such
that | f (X)| < M for all X ∈ Ω. Let us then consider a n-partition of [−M,M], namely {y0, y1, . . . , yn} with
y0 = −M, yn = M and y j−1 < y j for j ∈ {1, 2, . . . , n}. For any fixed ε, we can also choose n and {y j}

n
j=0 such

that y j − y j−1 <
ε

V
1
p

, where V := m(Ω), the Lebesgue measure of the set Ω.

For j ∈ {1, . . . , n}, let us now set

Ω j :=
{
X ∈ Ω | y j−1 ≤ f (X) < y j

}
≡ f −1([y j−1, y j)

)
.

Observe then that ∪n
j=1Ω j = Ω, and Ω j ∩Ωk = Ø for any j , k. In addition,

Ω j =
{
X ∈ Ω | f (X) < y j

}
\
{
X ∈ Ω | f (X) < y j−1

}
,

which implies that Ω j is Lebesgue measurable. We can then set

φ :=
n∑

j=1

y j−1χΩ j .

Clearly, φ is a simple function, and one has φ ≤ f . Moreover, observe that

| f (X) − φ(X)| ≤
ε

V
1
p

for any X ∈ Ω j.

It only remains to compute

∥ f − φ∥p =
( ∫
Ω

∣∣∣ f (X) − φ(X)
∣∣∣p dX

) 1
p
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=

( n∑
j=1

∫
Ω j

∣∣∣ f (X) − φ(X)
∣∣∣p dX

) 1
p

≤

( n∑
j=1

∫
Ω j

∣∣∣∣ ε
V

1
p

∣∣∣∣p dX
) 1

p

=
ε

V
1
p

( ∫
Ω

1dX
) 1

p

= ε,

since
∫
Ω

1dX = m(Ω) = V . This concludes the proof. □

The next step in our construction is to approximate simple functions by continuous functions. Let us empha-
size that the next statement is not correct for p = ∞. Anyway, when writing p ≥ 1, the special case p = ∞ is
not included.

Lemma 2.7.3. Let p ≥ 1 and consider a simple function φ defined on the Lebesgue measurable and bounded
set Ω ⊂ Rn. Then, for any ε > 0, there exists a continuous and bounded function gε defined on Ω such that
∥φ − gε∥p ≤ ε.

We do not provide the proof of this statement, but refer to [Ne, Lem. 3.3.3 & Corol. 3.3.4]. Note that the proof
consists by considering firstly the characteristic function on a Lebesgue measurable set, and then by extending
the result to arbitrary simple functions.

Exercise 2.7.4. Prove the previous lemma about the approximation of simple functions by continuous func-
tions.

Finally, by taking the previous three statements into account, we can easily deduce the main result of this
section.

Theorem 2.7.5. Let p ≥ 1, let Ω ⊂ Rn be Lebesgue measurable and bounded and consider f ∈ Lp(Ω). For
any ε > 0 there exists a continuous and bounded function gε ∈ Lp(Ω) such that ∥ f − gε∥p ≤ ε.

The proof is left as an exercise, and consists in an ε/3 argument. Let us mention that the previous statement
can be seen as a density result: it says that the set of continuous functions in dense in Lp(Ω) for the norm
∥ · ∥p.

Let us finally mention that these results extend to unbounded set Ω. For example, it can be shown that any
element of Lp(Rn) can be approximated by a continuous function with bounded support. It even turns out
that the set of test functionsD(Rn) or the of Schwartz functions S(Rn) are also dense in Lp(Rn). However, be
aware that these results are not correct for L∞(Rn).
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Chapter 3

Operator theory on Hilbert spaces

This chapter is mainly based on the first two chapters of the book [Am]. Its content is quite standard and can
be found in several reference books.

3.1 Hilbert space

Definition 3.1.1 (Hilbert space). A (complex) Hilbert spaceH is a vector space on C with a strictly positive
scalar product (or inner product) which is complete for the associated norm1 and which admits a countable
orthonormal basis. The scalar product is denoted by ⟨·, ·⟩ and the corresponding norm by ∥ · ∥.

In particular, note that for any f , g, h ∈ H and λ ∈ C the following properties hold:

1. ⟨ f , g⟩ = ⟨g, f ⟩,

2. ⟨ f , g + λh⟩ = ⟨ f , g⟩ + λ⟨ f , h⟩, but ⟨ f + λg, h⟩ = ⟨ f , h⟩ + λ⟨g, h⟩,

3. ∥ f ∥2 = ⟨ f , f ⟩ ≥ 0, and ∥ f ∥ = 0 if and only if f = 0.

Note that ⟨g, f ⟩ means the complex conjugate of ⟨g, f ⟩. Note also that the linearity in the second argument
in 2. is a matter of convention, some authors define the linearity in the first argument. In 3. the norm of f
is defined in terms of the scalar product ⟨ f , f ⟩. We emphasize that the scalar product can also be defined in
terms of the norm ofH , this is the content of the polarisation identity:

4⟨ f , g⟩ = ∥ f + g∥2 − ∥ f − g∥2 − i∥ f + ig∥2 + i∥ f − ig∥2. (3.1.1)

From now on, the symbolH will always denote a Hilbert space.

Examples 3.1.2. 1. H = Cn with ⟨α, β⟩ =
∑n

j=1 α j β j for any α, β ∈ Cn,

2. H = ℓ2(Z) :=
{
a = (a j) j∈Z ⊂ C |

∑
j∈Z |a j|

2 < ∞
}
, with ⟨a, b⟩ =

∑
j∈Z a j b j for any a, b ∈ ℓ2(Z),

3. H = ℓ2(Zn) :=
{
a = (a j) j∈Zn ⊂ C |

∑
j∈Zn |a j|

2 < ∞
}
, with ⟨a, b⟩ =

∑
j∈Zn a j b j for any a, b ∈ ℓ2(Zn),

4. H = L2(Rn) with ⟨ f , g⟩ =
∫
Rn f (X)g(X)dX for any f , g ∈ L2(Rn).

1Recall that H is said to be complete if any Cauchy sequence in H has a limit in H . More precisely, ( f j) j∈N ⊂ H is a Cauchy
sequence if for any ε > 0 there exists N ∈ N such that ∥ f j − f j′∥ < ε for any j, j′ ≥ N. Then H is complete if for any such sequence
there exists f∞ ∈ H such that lim j→∞ ∥ f j − f∞∥ = 0.
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Note that all finite dimensional Hilbert spaces can be identified with Cn for some n ∈ N. Thus, the example
1. corresponds to the most general finite dimensional Hilbert space. In 4., the space L2(Rn) is a special instance
of the space Lp(Rn) introduced in the previous chapter, namely

L2(Rn) :=
{
f : Rn → C | f Lebesgue measurable and

∫
Rn
| f (X)|2 dX < ∞

}
.

Note however that we simply write ∥ f ∥ and not more precise notation ∥ f ∥2. If f , g ∈ L2(Rn), then the product
f g is integrable because of Hölder inequality, see Theorem 2.6.10.

Remark 3.1.3. For any K ∈ Rn, the function Rn ∋ X 7→ exp(−iK · X) ∈ C does not belong to L2(Rn). On the
other hand, if φ ∈ D(Rn) or if φ ∈ S(Rn), then the function

Rn ∋ X 7→
∫
Rn

exp(−iK · X)φ(K)dK ∈ C

belong to L2(Rn).

Let us recall some useful inequalities valid in any Hilbert space: For any f , g ∈ H one has

|⟨ f , g⟩| ≤ ∥ f ∥∥g∥ Schwarz inequality, (3.1.2)

∥ f + g∥ ≤ ∥ f ∥ + ∥g∥ triangle inequality, (3.1.3)

∥ f + g∥2 ≤ 2∥ f ∥2 + 2∥g∥2, (3.1.4)∣∣∣∥ f ∥ − ∥g∥∣∣∣ ≤ ∥ f − g∥. (3.1.5)

Exercise 3.1.4. Prove these inequalities. You can get some inspiration from [Am, p. 3-4].

There exist two natural notions of convergences inH .

Definition 3.1.5 (Strong and weak convergence). Let ( f j) j∈N be a sequence inH .

1. The sequence is strongly convergent to f∞ ∈ H if lim j→∞ ∥ f j − f∞∥ = 0. In this case, we write
s− lim j→∞ f j = f∞,

2. The sequence is weakly convergent to f∞ ∈ H if for any g ∈ H one has lim j→∞⟨g, f j − f∞⟩ = 0. In this
case, we write w− lim j→∞ f j = f∞.

Exercise 3.1.6. In the Hilbert space ℓ2(N), consider the sequence ( f j) j∈N given by f j(k) = δ jk, meaning
f j(k) = 1 if j = k and f j(k) = 0 if j , k. Show that this sequence weakly converges to 0 but does not converge
strongly. More generally, let {e j} j∈N be an orthonormal basis of an infinite dimensional Hilbert space. Show
that w− lim j→∞ e j = 0, but that s− lim j→∞ e j does not exist.

Clearly, a strongly convergent sequence is also weakly convergent. The converse is not true. The next state-
ment provides the exact link between these two notions of convergence.

Lemma 3.1.7. Consider a sequence ( f j) j∈N ⊂ H . One has

s− lim
j→∞

f j = f∞ ⇐⇒ w− lim
j→∞

f j = f∞ and lim
j→∞
∥ f j∥ = ∥ f∞∥.
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Proof. Assume first that s− lim j→∞ f j = f∞. By Schwarz inequality one infers that for any g ∈ H :

|⟨g, f j − f∞⟩| ≤ ∥ f j − f∞∥∥g∥ → 0 as j→ ∞,

which means that w− lim j→∞ f j = f∞. In addition, by (3.1.5) one also gets∣∣∣∥ f j∥ − ∥ f∞∥
∣∣∣ ≤ ∥ f j − f∞∥ → 0 as j→ ∞,

and thus lim j→∞ ∥ f j∥ = ∥ f∞∥.

For the reverse implication, observe first that

∥ f j − f∞∥2 = ∥ f j∥
2 + ∥ f∞∥2 − ⟨ f j, f∞⟩ − ⟨ f∞, f j⟩. (3.1.6)

If w− limn→∞ f j = f∞ and lim j→∞ ∥ f j∥ = ∥ f∞∥, then the right-hand side of (3.1.6) converges to ∥ f∞∥2+∥ f∞∥2−
∥ f∞∥2 − ∥ f∞∥2 = 0, so that s− lim j→∞ f j = f∞. □

Let us also note that if s− lim j→∞ f j = f∞ and s− lim j→∞ g j = g∞ then one has

lim
j→∞
⟨ f j, g j⟩ = ⟨ f∞, g∞⟩

by a simple application of Schwarz inequality. In the next definition, we introduce the notion of subspace of
a Hilbert space.

Definition 3.1.8 (Subspace, closed subspace). A subspaceM of a Hilbert spaceH is a linear subset ofH , or
more precisely ∀ f , g ∈ M and λ ∈ C one has f + λg ∈ M. The subspaceM is closed if whenever a sequence
( f j) j∈N ⊂ M converges to f∞ ∈ H , then f∞ ∈ M. In other words, a closed space contains its limit points.

Note that ifM is closed, thenM is a Hilbert space in itself, with the scalar product and norm inherited from
H . For the next examples, we recall that f , g ∈ H are said to be orthogonal if ⟨ f , g⟩ = 0. In this case, we
write f⊥g.

Examples 3.1.9. 1. If f1, . . . , f j ∈ H , then Vect( f1, . . . , f j) is the closed vector space generated by the
linear combinations of f1, . . . f j. Vect( f1, . . . , f j) is a closed subspace.

2. The sets D(Rn) or S(Rn) are subspaces of L2(Rn), but they are not closed. Their closure is equal to
L2(Rn) itself. For that reason, we say that these subspaces are dense in L2(Rn).

3. IfM is a subset ofH , then
M⊥ := { f ∈ H | ⟨ f , g⟩ = 0,∀g ∈ M} (3.1.7)

is a closed subspace ofH .

Exercise 3.1.10. Check that in the above example the setM⊥ is a closed subspace of H . The subspaceM⊥

is called the orthocomplement ofM inH .

Let us be more precise about the notion of dense subset: A subsetM in a Hilbert spaceH (or more generally
in a normed space) is dense inH if for any f ∈ H and any ε > 0 there exists g ∈ M with ∥ f − g∥ ≤ ε.

Exercise 3.1.11. Check that a subspaceM ⊂ H is dense inH if and only ifM⊥ = {0}.

The following result is important in the setting of Hilbert spaces. Its proof is not complicated but a little bit
long, we thus refer to [Am, Prop. 1.7].
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Proposition 3.1.12 (Projection Theorem). LetM be a closed subspace of a Hilbert space H . Then, for any
f ∈ H there exist a unique f1 ∈ M and a unique f2 ∈ M⊥ such that f = f1 + f2.

Let us close this section with the so-called Riesz Lemma. For that purpose, recall first that the dualH∗ of the
Hilbert space H consists in the set of all bounded linear functionals on H , i.e. H∗ consists in all mappings
φ : H → C satisfying for any f , g ∈ H and λ ∈ C

1. φ( f + λg) = φ( f ) + λφ(g), (linearity)

2. |φ( f )| ≤ c∥ f ∥, (boundedness)

where c is a constant independent of f . One then sets

∥φ∥H∗ := sup
0, f∈H

|φ( f )|
∥ f ∥

.

Clearly, if g ∈ H , then g defines an element φg of H∗ by setting φg( f ) := ⟨g, f ⟩. Indeed φg is linear and one
has

∥φg∥H∗ := sup
0, f∈H

1
∥ f ∥
|⟨g, f ⟩| ≤ sup

0, f∈H

1
∥ f ∥
∥g∥∥ f ∥ = ∥g∥.

In fact, note that ∥φg∥H∗ = ∥g∥ since 1
∥g∥φg(g) = 1

∥g∥∥g∥
2 = ∥g∥.

The following statement shows that any element φ ∈ H∗ can be obtained from an element g ∈ H . It corre-
sponds thus to a converse of the previous construction.

Lemma 3.1.13 (Riesz Lemma). For any φ ∈ H∗, there exists a unique g ∈ H such that for any f ∈ H

φ( f ) = ⟨g, f ⟩.

In addition, g satisfies ∥φ∥H∗ = ∥g∥.

Since the proof is quite standard, we only sketch it and leave the details to any motivated student (you ?), see
also [Am, Prop. 1.8].

Sketch of the proof. If φ ≡ 0, then one can set g := 0 and observe trivially that φ = φg.

If φ , 0, let us first define M := { f ∈ H | φ( f ) = 0} and observe that M is a subspace of H . One also
observes thatM , H since otherwise φ ≡ 0. Thus, let h ∈ H such that φ(h) , 0 and decompose h = h1 + h2
with h1 ∈ M and h2 ∈ M

⊥ by Proposition 3.1.12. One infers then that φ(h2) = φ(h) , 0.

For arbitrary f ∈ H one can consider the element f − φ( f )
φ(h2) h2 ∈ H and observe that φ

(
f − φ( f )

φ(h2) h2
)
= 0. One

deduces that f − φ( f )
φ(h2) h2 belongs toM, and since h2 ∈ M

⊥ one infers that

φ( f ) =
φ(h2)
∥h2∥2

⟨h2, f ⟩.

One can thus set g := φ(h2)
∥h2∥2

h2 ∈ H and easily obtain the remaining parts of the statement. □

As a consequence of the previous statement, one often identifiesH∗ withH itself.

Exercise 3.1.14. Check that this identification is not linear but anti-linear.
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3.2 Bounded linear operators

First of all, let us recall that a linear map B between two complex vector spacesM andN satisfies B( f +λg) =
B f + λBg for all f , g ∈ M and λ ∈ C.

Definition 3.2.1 (Bounded linear operators). A map B : H → H is a bounded linear operator if B : H → H
is a linear map, and if there exists c > 0 such that ∥B f ∥ ≤ c∥ f ∥ for all f ∈ H . The set of all bounded linear
operators onH is denoted by B(H).

Note that the set of bounded linear operators is sometimes denoted by L(H). For any B ∈ B(H), one sets

∥B∥ := inf{c > 0 | ∥B f ∥ ≤ c∥ f ∥ ∀ f ∈ H}

= sup
0, f∈H

∥B f ∥
∥ f ∥

. (3.2.1)

and call it the norm of B. Observe that the same notation is used for the norm of an element ofH and for the
norm of an element of B(H), but this does not lead to any confusion.

Examples 3.2.2. 1) IfH = Cn, check that any square matrix A ∈ Mn(C) defines a bounded linear operator.

2) IfH = L2(Rn) and m : Rn → C is a continuous and bounded function, heck that the multiplication operator
M defined by [M f ](X) := m(X) f (X) for any f ∈ H and X ∈ Rn, defines a bounded linear operator onH .

Exercise 3.2.3. LetM1,M2 be two dense subspaces ofH , and let B ∈ B(H). Show that

∥B∥ = sup
f∈M1,g∈M2 with ∥ f ∥=∥g∥=1

|⟨ f , Bg⟩|. (3.2.2)

Exercise 3.2.4. Show that B(H) is a normed algebra, namely it is an algebra with a norm satisfying the
inequality

∥AB∥ ≤ ∥A∥∥B∥ (3.2.3)

for any A, B ∈ B(H).

An additional structure can be added to B(H): an involution.

Lemma 3.2.5. For any B ∈ B(H), there exists a unique B∗ ∈ B(H) satisfying for any f , g ∈ H:

⟨B∗ f , g⟩ := ⟨ f , Bg⟩. (3.2.4)

The operator B∗ is called the adjoint of B

Exercise 3.2.6. LetH = L2(Rn) and let φ ∈ L∞(Rn) be an essentially bounded function defined on Rn. We set
Mφ for the operator of multiplication by φ, namely [Mφ f ](X) := φ(X) f (X) for all f ∈ H and a.e. X ∈ Rn.
Check that the adjoint of Mφ is given by the operator Mφ, the multiplication operator by the function φ (the
complex conjugated function of φ).

Exercise 3.2.7. For any B ∈ B(H) show that:

1. B∗ is uniquely defined by (3.2.4) and satisfies B∗ ∈ B(H) with ∥B∗∥ = ∥B∥. The existence can be proved
with Riesz lemma,

2. (B∗)∗ = B,

3. ∥B∗B∥ = ∥B∥2,
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4. If A ∈ B(H), then (AB)∗ = B∗A∗.

Remark 3.2.8. A complete normed algebra endowed with an involution for which the property 3. holds is
called a C∗-algebra. In particular B(H) is a C∗-algebra. Such algebras have a well-developed and deep
theory, see for example [Mu]. However, we shall not go further in this direction in this course.

Exercise 3.2.9. Find out the correct norm on Mn(C) (the set of n × n matrices) which makes Mn(C) a C∗-
algebra. Note that if B = (b jk)n

j,k=1, the matrix B∗ is given by B∗ = (bk j)n
j,k=1.

We have already considered two distinct topologies on H , namely the strong and the weak topology. On
B(H) there exist several topologies, but we shall consider only three of them.

Definition 3.2.10 (Convergence in B(H)). Consider a sequence (B j) j∈N ⊂ B(H), and let B∞ ∈ B(H).

1. This sequence is is uniformly convergent to B∞ if lim j→∞ ∥B j − B∞∥ = 0,

2. This sequence is strongly convergent to B∞ if for any f ∈ H one has lim j→∞ ∥(B j − B∞) f ∥ = 0,

3. This sequence is weakly convergent to B∞ if for any f , g ∈ H one has lim j→∞⟨g, (B j − B∞) f ⟩ = 0.

In these cases, one writes respectively u − lim j→∞ B j = B∞, s − lim j→∞ B j = B∞ and w − lim j→∞ B j = B∞.

Clearly, uniform convergence implies strong convergence, and strong convergence implies weak convergence.
The reverse statements are not true. Note that if (B j) j∈N ⊂ B(H) is weakly convergent, then the sequence
(B∗j) j∈N of its adjoint operators is also weakly convergent. However, the same statement does not hold for a
strongly convergent sequence. Finally, we shall not prove but often use that B(H) is also weakly and strongly
closed. In other words, any weakly (or strongly) Cauchy sequence in B(H) converges in B(H).

Exercise 3.2.11. Exhibit an example of a strongly convergent sequence of bounded operators which is not
convergent in norm. Exhibit a sequence of bounded operators which is weakly convergent but not strongly
convergent.

Exercise 3.2.12. Let (A j) j∈N ⊂ B(H) and (B j) j∈N ⊂ B(H) be two strongly convergent sequence in B(H),
with limits A∞ and B∞ respectively. Show that the sequence (A jB j) j∈N is strongly convergent to the element
A∞B∞.

Let us now move to the notion of invertibility, similar to the invertibility of a matrix.

Definition 3.2.13 (Invertibility, bounded invertibility). An operator B ∈ B(H) is invertible if the equation
B f = 0 only admits the solution f = 0 (injectivity condition). In such a case, there exists a linear map
B−1 : Ran(B) → H which satisfies B−1B f = f for any f ∈ H , and BB−1g = g for any g ∈ Ran(B). If B is
invertible and Ran(B) = H , then B−1 ∈ B(H) and B is said to be invertible inB(H) (or boundedly invertible).

Note that the two conditions B invertible and Ran(B) = H imply B−1 ∈ B(H) is a consequence of the Closed
graph Theorem. However, if Ran(B) , H , the operator B−1 might not be bounded, as shown in the following
exercise.

Exercise 3.2.14. In the Hilbert space H = L2(R), consider the bounded operator of multiplication M by the
function m : R→ R with m(x) = tanh(x), namely [M f ](x) = tanh(x) f (x) for any f ∈ H and any x ∈ R. Show
that the inverse of M is given by the operator M−1 defined by [M−1 f ](x) := 1

tanh(x) f (x) but that this operator is
not a bounded operator. In other words, show that there is no c < ∞ such that ∥M−1 f ∥ ≤ c∥ f ∥ for all f ∈ H .
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In the sequel, we shall use the notation 1 ∈ B(H) for the operator defined on any f ∈ H by 1 f = f , and
0 ∈ B(H) for the operator defined by 0 f = 0.

The next statement is very useful in applications, and holds in a much more general context. Its proof is
classical and can be found in every textbook.

Lemma 3.2.15 (Neumann series). If B ∈ B(H) and ∥B∥ < 1, then the operator (1 − B) is invertible in B(H),
with

(1 − B)−1 =

∞∑
n=0

Bn,

and with
∥∥∥(1 − B)−1

∥∥∥ ≤ (1 − ∥B∥)−1. The series converges in the uniform norm of B(H).

Note that we have used the identity B0 = 1.

3.3 Special classes of bounded linear operators

In this section we provide information on some subsets of B(H). We start with some operators which will
play an important role in the sequel.

Definition 3.3.1 (Self-adjoint operator). An operator B ∈ B(H) is called self-adjoint or Hermitian if B∗ = B,
or equivalently if for any f , g ∈ H one has

⟨ f , Bg⟩ = ⟨B f , g⟩. (3.3.1)

For these operators the computation of their norm can be simplified (see also Exercise 3.2.3) :

Exercise 3.3.2. If B ∈ B(H) is self-adjoint and ifM is a dense subspace inH , show that

∥B∥ = sup
f∈M, ∥ f ∥=1

|⟨ f , B f ⟩|. (3.3.2)

Exercise 3.3.3. In the framework of multiplication operators introduced in Exercise 3.2.6, show that Mφ is a
self-adjoint operator if and only if φ is a real valued function.

A special set of self-adjoint operators is provided by the set of orthogonal projections:

Definition 3.3.4 (Projection). An element P ∈ B(H) is an orthogonal projection if P = P2 = P∗.

It not difficult to check that there is a one-to-one correspondence between the set of closed subspaces of H
and the set of orthogonal projections in B(H). Indeed, any orthogonal projection P defines a closed subspace
M := PH . Conversely by taking the projection Theorem (Proposition 3.1.12) into account one infers that for
any closed subspaceM one can define an orthogonal projection P with PH =M.

Remark 3.3.5. IfH = L2(Rn), we can often think about a projection as a characteristic function. Indeed, ifΩ
is a closed subset of Rn and if χΩ denotes the characteristic on the subset Ω, then the multiplication operator
MχΩ defines an orthogonal projection, see Exercise 3.2.6 for the notation. In this case, the closed subspace
M associated with this projection is the set of f ∈ L2(Rn) such that supp( f ) ⊂ Ω. In other words, the closed
subspaceM correspond to L2(Ω), seen as a subspace of L2(Rn).
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Observe that if P,Q are two orthogonal projections, the products PQ and QP are not orthogonal projections
in general. In the sequel, we might simply say projection instead of orthogonal projection. However, let us
stress that in other contexts a projection is often an operator P satisfying only the relation P2 = P. We gather
in the next exercise some easy relations between orthogonal projections and the underlying closed subspaces.
For that purpose we use the notation PM, PN for the orthogonal projections on the closed subspacesM and
N ofH .

Exercise 3.3.6. Show the following relations:

1. If PMPN = PNPM, then PMPN is a projection and the associated closed subspace isM∩N ,

2. IfM ⊂ N , then PMPN = PNPM = PM,

3. IfM⊥N , then PMPN = PNPM = 0, and PM⊕N = PM + PN ,

4. If PMPN = 0, thenM⊥N .

Let us now consider unitary operators, and then more general isometries and partial isometries. For that
purpose, we recall that 1 denotes the identify operator in B(H).

Definition 3.3.7 (Unitary operator). An element U ∈ B(H) is a unitary operator if UU∗ = 1 and if U∗U = 1.

Let us emphasize that if H is of infinite dimension, then the two conditions UU∗ = 1 and U∗U = 1 are
not equivalent. For H = Cn and when U ∈ Mn(C), then these two conditions are equivalent. In the general
situation, note that if U is unitary, then U is invertible in B(H) with U−1 = U∗. Indeed, observe first that
U f = 0 implies f = U∗(U f ) = U∗0 = 0. Secondly, for any g ∈ H , one has g = U(U∗g), and thus
Ran(U) = H . Finally, the equality U−1 = U∗ follows from the unicity of the inverse.

More generally, one sets:

Definition 3.3.8 (Isometry). An element V ∈ B(H) is called an isometry if the equality

V∗V = 1 (3.3.3)

holds.

Clearly, a unitary operator is an instance of an isometry. For isometries the following properties can easily be
obtained.

Proposition 3.3.9. a) Let V ∈ B(H) be an isometry. Then

1. V preserves the scalar product, namely ⟨V f ,Vg⟩ = ⟨ f , g⟩ for any f , g ∈ H ,

2. V preserves the norm, namely ∥V f ∥ = ∥ f ∥ for any f ∈ H ,

3. IfH , {0} then ∥V∥ = 1,

4. VV∗ is the projection on Ran(V),

5. V is invertible (in the sense of Definition 3.2.13),

6. The adjoint V∗ satisfies V∗ f = V−1 f if f ∈ Ran(V), and V∗g = 0 if g⊥Ran(V).

b) An element W ∈ B(H) is an isometry if and only if ∥W f ∥ = ∥ f ∥ for all f ∈ H .

Exercise 3.3.10. Provide a proof for the previous proposition (as well as the proof of the next proposition).

More generally one can still set:
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Definition 3.3.11 (Partial isometry). An element W ∈ B(H) is called a partial isometry if the following
equality holds:

W∗W = P (3.3.4)

with P an orthogonal projection.

Again, unitary operators or isometries are special examples of partial isometries. As before the following
properties of partial isometries can be easily proved.

Proposition 3.3.12. Let W ∈ B(H) be a partial isometry as defined in (3.3.4). Then

1. One has WP = W and ⟨W f ,Wg⟩ = ⟨P f , Pg⟩ for any f , g ∈ H ,

2. If P , 0 then ∥W∥ = 1,

3. Q := WW∗ is the projection on Ran(W), and QW = W .

For a partial isometry W one usually calls initial set projection the projection defined by P := W∗W and by
final set projection the projection defined by Q := WW∗.

Let us now introduce a last subset of bounded operators, namely the ideal of compact operators. For that
purpose, consider first any family {g j, h j}

N
j=1 ⊂ H and for any f ∈ H one sets

A f ≡
( N∑

j=1

|h j⟩⟨g j|

)
f :=

N∑
j=1

⟨g j, f ⟩h j. (3.3.5)

Then A ∈ B(H), and Ran(A) ⊂ Vect(h1, . . . , hN). Such an operator A is called a finite rank operator, and the
notation used is called the bra-ket notation. In fact, any operator B ∈ B(H) with dim

(
Ran(B)

)
< ∞ is a finite

rank operator.

Exercise 3.3.13. For the operator A defined in (3.3.5), give an upper estimate for ∥A∥ and compute A∗.

Definition 3.3.14 (Compact operator). An element B ∈ B(H) is a compact operator if there exists a family
{A j} j∈N of finite rank operators such that lim j→∞ ∥B− A j∥ = 0. The set of all compact operators is denoted by
K(H).

Exercise 3.3.15. Check that a projection P is a compact operator if and only if PH is of finite dimension.

The following proposition contains some basic properties ofK(H). Its proof can be obtained by playing with
families of finite rank operators.

Proposition 3.3.16. The following properties hold:

1. B ∈ K(H)⇐⇒ B∗ ∈ K(H),

2. K(H) is a ∗-algebra, complete for the norm ∥ · ∥,

3. If B ∈ K(H) and A ∈ B(H), then AB and BA belong to K(H).

As a consequence, K(H) is a C∗-algebra and an ideal of B(H). In fact, compact operators have the nice
property of improving some convergences, as shown in the next statement.

Proposition 3.3.17. Let K ∈ K(H)).

1. If { f j} j∈N ⊂ H is a weakly convergent sequence with limit f∞ ∈ H , then the sequence {K f j} j∈N strongly
converges to K f∞,
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2. If the sequence {B j} j∈N ⊂ B(H) strongly converges to B∞ ∈ B(H), then the sequences {B jK} j∈N and
{KB∗j} j∈N converge in norm to B∞K and KB∗∞, respectively.

3.4 Vector valued functions and operator valued functions

Instead of function defined on (a, b) and with value in R, in C, or in Cn, it is natural to consider more generally
vector valued functions φ : (a, b)→ H , namely functions taking values in an arbitrary Hilbert space. Various
notions of continuity and differentiability can then be defined, as for example:

Definition 3.4.1 (Continuity and differentiability of vector valued functions). Let I := (a, b) with a < b and
consider a vector-valued function φ : I → H .

1. φ is strongly continuous on I if for any t ∈ I one has limε→0 ∥φ(t + ε) − φ(t)∥ = 0,

2. φ is weakly continuous on I if for any t ∈ I and any g ∈ H one has

lim
ε→0

〈
g, φ(t + ε) − φ(t)

〉
= 0,

3. φ is strongly differentiable on I if there exists another vector-valued function φ′ : I → H such that for
any t ∈ I one has

lim
ε→0

∥∥∥ 1
ε

(
φ(t + ε) − φ(t)

)
− φ′(t)

∥∥∥ = 0,

4. φ is weakly differentiable Weakly differentiable on I if there exists another vector-valued function φ′ :
I → H such that for any t ∈ I and g ∈ H one has

lim
ε→0

〈
g, 1

ε

(
φ(t + ε) − φ(t)

)
− φ′(t)

〉
= 0,

The map φ′ is called the strong derivative, respectively the weak derivative, of φ.

Note that functions from (a, b) toH define a vector space, but the multiplication of two such functions is not
defined (one can not multiply to elements ofH). It is thus not an algebra.

Similarly, we can consider operator valued functions Ψ : (a, b) → B(H) and define various notions of conti-
nuity and differentiability. For example, for the continuity one can set:

Definition 3.4.2 (Continuity of operator valued functions). Let I := (a, b) with a < b and consider a vector-
valued function Ψ : I → B(H).

1. The map Ψ is continuous in norm on I if for all t ∈ I

lim
ε→0

∥∥∥Ψ(t + ε) − Ψ(t)
∥∥∥ = 0,

2. The map Ψ is strongly continuous on I if for any f ∈ H and all t ∈ I

lim
ε→0

∥∥∥Ψ(t + ε) f − Ψ(t) f
∥∥∥ = 0,

3. The map Ψ is weakly continuous on I if for any f , g ∈ H and all t ∈ I

lim
ε→0

〈
g,

(
Ψ(t + ε) − Ψ(t)

)
f
〉
= 0.
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One writes respectively u− limε→0Ψ(t+ ε) = Ψ(t), s− limε→0Ψ(t+ ε) = Ψ(t) and w− limε→0Ψ(t+ ε) = Ψ(t).

The same type of definition holds for the differentiability. Note also that such functions from (a, b) to B(H)
define an algebra, since Ψ(t)Φ(t) corresponds to the product in B(H), for any Ψ,Φ : (a, b) → B(H) and for
any t ∈ (a, b).

For functions φ : (a, b) → H or Ψ : (a, b) → B(H) one can define Riemann type’s integrals, by considering
finer partitions of the interval (a, b). The convergence of these sums can be defined with the different notions of
continuity recalled above. Usually, the strong convergence is the one considered, but for Ψ : (a, b) → B(H)
the uniform convergence of the Riemann sums is also interesting for the applications. Note that

∫ n
a φ(t) dt

corresponds to an element ofH , while
∫ b

a Ψ(t)dt corresponds to an element of B(H).

Let us conclude this section by mentioning a few useful results for integrals of vector valued functions or of
operator valued functions:

Proposition 3.4.3. For φ, φ1, φ2 : (a, b)→ H and for λ ∈ C

1.
∫ b

a

(
φ1(t) + λφ2(t)

)
dt =

∫ b
a φ1(t)dt + λ

∫ b
a φ2(t)dt,

2.
∥∥∥∥ ∫ b

a φ(t)dt
∥∥∥∥ ≤ ∫ b

a ∥φ(t)∥dt,

whenever these integrals exist. The same results hold for Ψ,Ψ1,Ψ2 : (a, b) → B(H) replacing φ, φ1, φ2, and
also whenever these integrals exist.

3.5 Unbounded and self-adjoint operators

In this section, we define an extension of the notion of bounded linear operators. Obviously, the following
definitions and results are also valid for bounded linear operators.

Definition 3.5.1 (Linear operator). A linear operator onH is a pair
(
A,D(A)

)
, whereD(A) is a subspace ofH

and A is a linear map fromD(A) toH . D(A) is called the domain of A. One says that the operator
(
A,D(A)

)
is densely defined ifD(A) is dense inH .

Note that one often just says the linear operator A, but that its domain D(A) is implicitly taken into account.
For such an operator, its range Ran(A) is defined by

Ran(A) := AD(A) = { f ∈ H | f = Ag for some g ∈ D(A)}.

In addition, one defines the kernel Ker(A) of A by

Ker(A) := { f ∈ D(A) | A f = 0}.

Let us also stress that the sum A + B for two linear operators is a priori only defined on the subspaceD(A) ∩
D(B), and that the product AB is a priori defined only on the subspace { f ∈ D(B) | B f ∈ D(A)}. These two
sets can be very small.

Example 3.5.2. Let H := L2(R) and consider the operator X defined by [X f ](x) = x f (x) for any x ∈ R.
Clearly, D(X) = { f ∈ H |

∫
R
|x f (x)|2 dx < ∞} ⊊ H . In addition, by considering the family of functions

{ fy}y∈R ⊂ D(X) with fy(x) := 1 in x ∈ [y, y+ 1] and fy(x) = 0 if x < [y, y+ 1], one easily observes that ∥ fy∥ = 1
but supy∈R ∥X fy∥ = ∞, which can be compared with (3.2.1). As a consequence, the linear operator X can not
be bounded.
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Clearly, a linear operator A can be defined on several domains. For example the operator X of the previous
example is well-defined on the Schwartz space S(R), or on the set Cc(R) of continuous functions on R with
bounded support, or on the spaceD(X) mentioned in the previous example. More generally, one has:

Definition 3.5.3 (Extension, restriction). For any pair of linear operators
(
A,D(A)

)
and

(
B,D(B)

)
satisfying

D(A) ⊂ D(B) and A f = B f for all f ∈ D(A), one says that
(
B,D(B)

)
is an extension of

(
A,D(A)

)
to D(B),

or that
(
A,D(A)

)
is the restriction of

(
B,D(B)

)
toD(A).

Let us now note that if
(
A,D(A)

)
is densely defined and if there exists c ∈ R such that ∥A f ∥ ≤ c∥ f ∥ for all

f ∈ D(A), then there exists a natural continuous extension A of A with D(A) = H . This extension satisfies
A ∈ B(H) with ∥A∥ ≤ c, and is called the closure of the operator A.

Exercise 3.5.4. Work on the details of this extension.

If there is no c > 0 such that ∥A f ∥ ≤ c∥ f ∥ for all f ∈ D(A), then the linear operator A is unbounded. In this
case, some extensions are more convenient than others.

Definition 3.5.5 (Closed operator). An linear operator
(
A,D(A)

)
is closed if for any sequence { fn}n∈N ⊂ D(A)

with s− limn→∞ fn = f∞ ∈ H and such that {A fn}n∈N is strongly Cauchy, then one has f∞ ∈ D(A) and
s− limn→∞ A fn = A f∞.

Let us now come back to the notion of the adjoint of an operator. This concept is slightly more subtle for
unbounded operators than in the bounded case.

Definition 3.5.6 (Adjoint operator). Let
(
A,D(A)

)
be a densely defined linear operator onH . The adjoint A∗

of A is the operator defined by

D(A∗) :=
{
f ∈ H | ∃ f ∗ ∈ H with ⟨ f ∗, g⟩ = ⟨ f , Ag⟩ for all g ∈ D(A)

}
and A∗ f := f ∗ for all f ∈ D(A∗).

Let us note that the density ofD(A) is necessary to ensure that A∗ is well defined. Indeed, if f ∗1 , f ∗2 satisfy for
all g ∈ D(A)

⟨ f ∗1 , g⟩ = ⟨ f , Ag⟩ = ⟨ f ∗2 , g⟩,

then ⟨ f ∗1 − f ∗2 , g⟩ = 0 for all g ∈ D(A), and this equality implies f ∗1 = f ∗2 only ifD(A) is dense inH . Note also
that once

(
A∗,D(A∗)

)
is defined, one has

⟨A∗ f , g⟩ = ⟨ f , Ag⟩ ∀ f ∈ D(A∗) and ∀g ∈ D(A).

Some relations between A and its adjoint A∗ are gathered in the following lemma.

Lemma 3.5.7. Let
(
A,D(A)

)
be a densely defined linear operator onH . Then

1. One has Ker(A∗) = Ran(A)⊥,

2. If
(
B,D(B)

)
is an extension of

(
A,D(A)

)
, then

(
A∗,D(A∗)

)
is an extension of

(
B∗,D(B∗)

)
.

Proof. 1. Let f ∈ Ker(A∗), i.e. f ∈ D(A∗) and A∗ f = 0. Then, for all g ∈ D(A), one has

0 = ⟨A∗ f , g⟩ = ⟨ f , Ag⟩

meaning that f ∈ Ran(A)⊥. Conversely, if f ∈ Ran(A)⊥, then for all g ∈ D(A) one has

⟨ f , Ag⟩ = 0 = ⟨0, g⟩
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meaning that f ∈ D(A∗) and A∗ f = 0, by the definition of the adjoint of A.

2. Consider f ∈ D(B∗) and observe that ⟨B∗ f , g⟩ = ⟨ f , Bg⟩ for any g ∈ D(B). Since
(
B,D(B)

)
is an extension

of
(
A,D(A)

)
, one infers that ⟨B∗ f , g⟩ = ⟨ f , Ag⟩ for any g ∈ D(A). Now, this equality means that f ∈ D(A∗)

and that A∗ f = B∗ f , or more explicitly that A∗ is defined on the domain of B∗ and coincide with this operator
on this domain. This means precisely that

(
A∗,D(A∗)

)
is an extension of

(
B∗,D(B∗)

)
. □

Let us now introduce the analogue of the bounded self-adjoint operators but in the unbounded setting. These
operators play a key role in quantum mechanics and their study is very well developed.

Definition 3.5.8 (Self-adjoint). A densely defined linear operator
(
A,D(A)

)
is self-adjoint if D(A∗) = D(A)

and A∗ f = A f for all f ∈ D(A).

Note that a self-adjoint operator is always closed (more generally any adjoint
(
A∗,D(A∗)

)
is closed). Recall

also that in the bounded case, a self-adjoint operator was characterized by the equality

⟨A f , g⟩ = ⟨ f , Ag⟩ (3.5.1)

for any f , g ∈ H . In the unbounded case, such an equality still holds if f , g ∈ D(A). However, let us
emphasize that (3.5.1) does not completely characterize a self-adjoint operator. In fact, a densely defined
operator

(
A,D(A)

)
satisfying (3.5.1) is called a symmetric operator, and self-adjoint operators are special

instances of symmetric operators (but not all symmetric operators are self-adjoint). In fact, for a symmetric
operator the adjoint operator

(
A∗,D(A∗)

)
is an extension of

(
A,D(A)

)
, but the equality of these two operators

holds only if
(
A,D(A)

)
is self-adjoint. The theory of extension of symmetric operators is rich and nice: some

of them admit no self-adjoint extension while others admit a unique self-adjoint extension, others admit a finite
family of self-adjoint extensions, while some admit an infinite number of families of self-adjoint extensions.
They can be characterized and classified. Note finally that for any symmetric operator the scalar ⟨ f , A f ⟩ is
real for any f ∈ D(A).

3.6 Resolvent and spectrum

We come now to the important notion of the spectrum of an operator. As already mentioned in the previous
section we shall often speak about a linear operator A, its domain D(A) being implicitly taken into account.
Recall also that the notion of a closed linear operator has been introduced in Definition 3.5.5.

The notion of the inverse of a bounded linear operator has already been introduced in Definition 3.2.13. By
analogy we say that any linear operator A is invertible if Ker(A) = {0}. In this case, the inverse A−1 gives a
bijection from Ran(A) onto D(A). More precisely D(A−1) = Ran(A) and Ran(A−1) = D(A). It can then be
checked that if A is closed and invertible, then A−1 is also closed. Note also if A is closed and if Ran(A) = H
then A−1 ∈ B(H), in which case one says that A is boundedly invertible or invertible in B(H).

The next definition provides the generalization to the notion of eigenvalues familiar for matrices.

Definition 3.6.1 (Resolvent set, spectrum). For a closed linear operator A its resolvent set ρ(A) is defined by

ρ(A) :=
{
z ∈ C | (A − z) is invertible in B(H)

}
=
{
z ∈ C | Ker(A − z) = {0} and Ran(A − z) = H

}
.

For z ∈ ρ(A) the operator (A − z)−1 ∈ B(H) is called the resolvent of A at the point z. The spectrum σ(A) of
A is defined as the complement of ρ(A) in C, i.e.

σ(A) := C \ ρ(A). (3.6.1)
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Exercise 3.6.2. In the framework of Exercise 3.2.6, namely H = L2(Rn), φ ∈ L∞(Rn), and Mφ the operator
of multiplication by φ, determine the spectrum of Mφ.

The following statement summarized several properties of the resolvent set and of the resolvent of a closed
linear operator.

Proposition 3.6.3. Let A be a closed linear operator on a Hilbert spaceH . Then

1. The resolvent set ρ(A) is an open subset of C,

2. If z1, z2 ∈ ρ(A) then the first resolvent equation holds, namely

(A − z1)−1 − (A − z2)−1 = (z1 − z2)(A − z1)−1(A − z2)−1 (3.6.2)

3. If z1, z2 ∈ ρ(A) then the operators (A − z1)−1 and (A − z2)−1 commute.

Exercise 3.6.4. Provide the proof of the previous proposition.

As a consequence of the previous proposition, the spectrum of a closed linear operator is always closed. In
particular, z ∈ σ(A) if A − z is not invertible or if Ran(A − z) , H . The first situation corresponds to the
definition of an eigenvalue:

Definition 3.6.5 (Eigenvalue and eigenfunction). For a closed linear operator A, a value z ∈ C is an eigen-
value of A if there exists f ∈ D(A), f , 0, such that A f = z f . In such a case, the element f is called an
eigenfunction or an eigenvector of A associated with the eigenvalue z. The dimension of the vector space
generated by all eigenfunctions associated with an eigenvalue z is called the multiplicity of z. The set of all
eigenvalues of A is denoted by σp(A).

Exercise 3.6.6. Show that σp(A) ⊂ σ(A).

Exercise 3.6.7. Provide some examples of multiplication operators having eigenvalues. Can you state a
general condition for a multiplication operator to have eigenvalues ?

Let us still provide two properties of the spectrum of an operator in the special cases of a bounded operator or
of a self-adjoint operator.

Exercise 3.6.8. By using the Neumann series, show that for any B ∈ B(H) its spectrum is contained in the
ball in the complex plane of center 0 and of radius ∥B∥.

Theorem 3.6.9. Let A be a self-adjoint operator inH .

1. Any eigenvalue of A is real,

2. More generally, the spectrum of A is real, i.e. σ(A) ⊂ R,

3. Eigenvectors associated with different eigenvalues are orthogonal to one another.

Proof. a) Assume that there exists z ∈ C and f ∈ D(A), f , 0 such that A f = z f . Then one has

z∥ f ∥2 = ⟨ f , z f ⟩ = ⟨ f , A f ⟩ = ⟨A f , f ⟩ = ⟨z f , f ⟩ = z∥ f ∥2.

Since ∥ f ∥ , 0, one deduces that z ∈ R.

b) Let us consider z = λ + iε with λ, ε ∈ R and ε , 0, and show that z ∈ ρ(A). Indeed, for any f ∈ D(A) one
has

∥(A − z) f ∥2 = ∥(A − λ) f − iε f ∥2
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=
〈
(A − λ) f − iε f , (A − λ) f − iε f

〉
= ∥(A − λ) f ∥2 + ε2∥ f ∥2.

It follows that ∥(A − z) f ∥ ≥ |ε|∥ f ∥, and thus A − z is invertible.

Now, for any for any g ∈ Ran(A − z) let us observe that

∥g∥ =
∥∥∥(A − z)(A − z)−1g

∥∥∥ ≥ |ε|∥∥∥(A − z)−1g
∥∥∥.

Equivalently, it means for all g ∈ Ran(A − z), one has∥∥∥(A − z)−1g
∥∥∥ ≤ 1
|ε|
∥g∥. (3.6.3)

Let us finally observe that Ran(A − z) is dense inH . Indeed, by Lemma 3.5.7 one has

Ran(A − z)⊥ = Ker
(
(A − z)∗

)
= Ker(A∗ − z) = Ker(A − z) = {0}

since all eigenvalues of A are real. Thus, the operator (A− z)−1 is defined on the dense domain Ran(A− z) and
satisfies the estimate (3.6.3). As explained just before the Exercise 3.5.4, it means that (A − z)−1 continuously
extends to an element of B(H), and therefore z ∈ ρ(A).

c) Assume that A f = λ f and that Ag = µg with λ, µ ∈ R and λ , µ, and f , g ∈ D(A), with f , 0 and g , 0.
Then

λ⟨ f , g⟩ = ⟨A f , g⟩ = ⟨ f , Ag⟩ = µ⟨ f , g⟩,

which implies that ⟨ f , g⟩ = 0, or in other words that f and g are orthogonal. □

3.7 Examples of self-adjoint operators

In this section we briefly present some examples of self-adjoint operators which often appear in the literature.
Most of them are related to quantum mechanics. Indeed, any physical system is described with such an
operator. Self-adjoint operators are the natural generalization of Hermitian matrices. Obviously, the following
list of examples is only very partial, and many other operators should be considered as well. This material is
standard and can be found for example in the books [Am] and [Te].

Recall firstly that operators of multiplication have been introduced in Exercise 3.2.6 and that some of their
properties have been studied in Exercises 3.2.14, 3.3.3, 3.6.2, and 3.6.7. We summarize below the main
information about these operators, with an emphasize when they are self-adjoint. Note that several notations
are used for the multiplication operator defined by a function φ, as for example Mφ, φ(X), or φ(Q).

For any measurable complex function φ on Rn, the multiplication operator φ(X) on L2(Rn) is defined by

[φ(X) f ](X) = φ(X) f (X) ∀X ∈ Rn

for any

f ∈ D
(
φ(X)

)
:=

{
g ∈ L2(Rn) |

∫
Rn
|φ(X)|2|g(X)|2dX < ∞

}
.

Clearly, φ(X) belongs to B
(
L2(Rn)

)
if and only if φ ∈ L∞(Rn), and in this case D

(
φ(X)

)
= L2(Rn) and

∥φ(X)∥ = ∥φ∥∞, see Definition 2.6.14 for the space L∞(Rn) and for the norm ∥ · ∥∞.
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If φ ∈ L∞(Rn), one easily observes that φ(X)∗ = φ(X), and thus φ(X) is self-adjoint if and only if φ is a real
function. If φ is real but does not belong to L∞(Rn), one can show that

(
φ(X),D

(
φ(X)

))
defines a self-adjoint

operator in L2(Rn), see also [Pe, Example 5.1.15]. For example, for any j ∈ {1, . . . , n} the operator X j defined
by [X j f ](X) = x j f (X) is a self-adjoint operator with domain D(X j). Note that the n operators (X1, . . . ,Xn)
are often referred to as the position operators in L2(Rn). More generally, for any multi-index α ∈ Nn one also
sets

Xα = Xα1
1 . . .Xαn

n

and this expression defines a self-adjoint operator on its natural domain. Other useful multiplication operators
are defined for any s > 0 by the functions

Rn ∋ X 7→ ⟨X⟩s :=
(
1 +

n∑
j=1

x2
j

)s/2
∈ R.

The corresponding operators
(
⟨X⟩s,Hs(Rn)

)
, with

Hs(Rn) :=
{
f ∈ L2(Rn) | ⟨X⟩s f ∈ L2(Rn)

}
=

{
f ∈ L2(Rn) |

∫
Rn
⟨X⟩2s| f (X)|2dX < ∞

}
,

are again self-adjoint operators on L2(Rn). Note that one usually callsHs(Rn) the weighted Hilbert space with
weight s since it is naturally a Hilbert space with the scalar product ⟨ f , g⟩s :=

∫
Rn f (X)g(X)⟨X⟩2sdX.

We shall now introduce a new type of operators on L2(Rn), the differential operators. For that purpose, recall
that the Fourier transform has been introduced in (1.5.1), namely

[F f ](ξ) ≡ f̂ (ξ) :=
1

(2π)n/2

∫
Rn

e−iξ·X f (X)dX,

for any f ∈ L1(Rn) ∩ L2(Rn) and ξ ∈ Rn. In addition, it has been mentioned in Theorem 1.5.2 that F extends
to a bijective map from L2(Rn) to itself. In fact, F is a unitary operator, as defined in Definition 3.3.7.

Let us use again the multi-index notation and set for any α ∈ Nn

(−i∂)α = (−i∂1)α1 . . . (−i∂n)αn = (−i)|α|∂α1
1 . . . ∂αn

n

with |α| = α1+ · · ·+αn. With this notation at hand, and as already mentioned in (1.5.4) the following relations
hold for any f in the Schwartz space S(Rn) and any α ∈ Nn:

F (−i∂)α f = XαF f ,

or equivalently (−i∂)α f = F ∗XαF f . Thus, keeping these relations in mind, one defines for any for any α ∈ Nn

the operator
(
(−i∂)α,D

(
(−i∂)α

))
, where

f ∈ D
(
(−i∂)α

)
⇐⇒ F f ∈ D

(
Xα)⇐⇒ f ∈ F ∗D

(
Xα).

In particular, for j ∈ {1, . . . , n}we can consider the self-adjoint operator D j := F ∗X jF with domain F ∗D(X j).
Similarly, for any s > 0, one also defines the operator ⟨D⟩s := F ∗⟨X⟩sF with domain

H s(Rn) :=
{
f ∈ L2(Rn) | ⟨X⟩sF f ∈ L2(Rn)

}
≡

{
f ∈ L2(Rn) | ⟨X⟩s f̂ ∈ L2(Rn)

}
. (3.7.1)

Note that the space H s(Rn) is called the Sobolev space of order s, and the operators (D1, . . . ,Dn) are usually
called the momentum operators2.

2In physics textbooks, the position operators are often denoted by (Q1, . . . ,Qn) while (P1, . . . ,Pn) denote the momentum operators.
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Exercise 3.7.1. Show that the following relations hold on the Schwartz space S(Rn): [iX j,Xk] = 0 = [D j,Dk]
for any j, k ∈ {1, . . . , d} while [iD j,Xk] = 1δ jk.

We can now introduce the usual Laplace operator −∆ acting on any f ∈ S(Rn) as

− ∆ f = −
n∑

j=1

∂2
j f =

n∑
j=1

(−i∂ j)2 f =
n∑

j=1

D2
j f . (3.7.2)

This operator admits a self-adjoint extension with domainH2(Rn), i.e.
(
−∆,H2(Rn)

)
is a self-adjoint operator

in L2(Rn). However, let us stress that the expression (3.7.2) is not valid (pointwise) on all the elements of the
domainH2(Rn). On the other hand, one has −∆ = F ∗X2F , with X2 =

∑n
j=1 X2

j , from which one easily infers
that σ(−∆) = [0,∞). Indeed, this follows from the content of Exercise 3.6.2 together with the invariance of
the spectrum through the conjugation by a unitary operator.

More generally, for any measurable function φ on Rn let us now set φ(D) ≡ φ(P) := F ∗φ(X)F , with domain
D

(
φ(D)

)
=

{
f ∈ L2(Rn) | f̂ ∈ D

(
φ(X)

)}
, and as before this operator is self-adjoint in L2(Rn) if φ is real valued.

Then, if one defines the convolution of two (suitable) functions on Rn as in (1.5.2), namely

[k ∗ f ](X) =
1

(2π)d/2

∫
Rn

k(Y) f (X − Y)dY

and if one takes the equality ǧ ∗ f = F ∗(g f̂ ) into account, one infers that the operator φ(D) corresponds to a
convolution operator, namely

φ(D) f = φ̌ ∗ f . (3.7.3)

Obviously, the meaning of such an equality depends on the class of functions f and φ considered.

Some examples of functions φ (called h subsequently) which are often considered in the literature are the
functions defined by h(ξ) = ξ2, h(ξ) = |ξ| or h(ξ) =

√
1 + ξ2 − 1. In these cases, the operator h(D) = −∆

corresponds to the free Laplace operator, the operator h(D) = |D| is the relativistic Schrödinger operator
without mass, while the operator h(D) =

√
1 − ∆− 1 corresponds to the relativistic Schrödinger operator with

mass. In these three cases, one has σ
(
h(D)

)
= [0,∞) while σp

(
h(D)

)
= Ø, see Definition 3.6.5.

3.8 Spectral theorem

In this section, we provide one formulation of the spectral theorem. It is the generalization of the diagonaliza-
tion of Hermitian matrices. We firstly consider non-decreasing functions defined on R taking values in the set
P(H) of orthogonal projections on a Hilbert spaceH . Such functions were introduced in Section 3.4.

Definition 3.8.1 (Spectral family). A spectral family, or a resolution of the identity, is a family {Eλ}λ∈R of
orthogonal projections inH satisfying:

(i) The family is non-decreasing, i.e. EλEµ = Emin{λ,µ},

(ii) The family is strongly right continuous, i.e. Eλ = Eλ+0 = s − limε↘0 Eλ+ε,

(iii) s − limλ→−∞ Eλ = 0 and s − limλ→∞ Eλ = 1,

It is important to observe that the condition (i) implies that the elements of the families are commuting,
i.e. EλEµ = EµEλ. We also define the support of the spectral family Spectral support as the following subset
of R:

supp{Eλ} =
{
µ ∈ R | Eµ+ε − Eµ−ε , 0, ∀ε > 0

}
.
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Given such a family, one firstly defines

E
(
(a, b]

)
:= Eb − Ea, a, b ∈ R, (3.8.1)

and extends this definition to all sets V ∈ AB
3. As a consequence of the construction, note that

E
(⋃

k

Vk
)
=

∑
k

E(Vk) (3.8.2)

whenever {Vk} is a countable family of disjoint elements of AB. Thus, one ends up with a projection-valued
map E : AB → P(H) which satisfies E(Ø) = 0, E(R) = 1, E(V1)E(V2) = E(V1 ∩ V2) for any Borel sets
V1,V2. In addition,

E
(
(a, b)

)
= Eb−0 − Ea, E

(
[a, b]

)
= Eb − Ea−0,

where Eλ−0 := limε↘0 Eλ−ε, and therefore E
(
{a}

)
= Ea − Ea−0.

Definition 3.8.2 (Spectral measure). The map E : AB → P(H) defined by (3.8.1) is called the spectral
measure associated with the family {Eλ}λ∈R. This spectral measure is bounded from below if there exists
λ− ∈ R such that Eλ = 0 for all λ < λ−. Similarly, this spectral measure is bounded from above if there exists
λ+ ∈ R such that Eλ = 1 for all λ > λ+.

Let us note that for any spectral family {Eλ}λ∈R and any f ∈ H one can associate a measure4 m f on R which
satisfies

m f (V) = ∥E(V) f ∥2 = ⟨E(V) f , f ⟩ (3.8.3)

for any V ∈ AB. Note in particular that m f (R) = ∥ f ∥2.

Our next aim is to define integrals of the form ∫ b

a
φ(λ) E(dλ) (3.8.4)

for a continuous function φ : [a, b] → C and for any spectral family {Eλ}λ∈R. Such integrals can be defined
by considering a partition a = x0 < x1 < ... < xn = b of [a, b] and a collection {y j} with y j ∈ (x j−1, x j) and by
defining the operator

n∑
j=1

φ(y j)E
(
(x j−1, x j]

)
. (3.8.5)

It turns out that by considering finer and finer partitions of [a, b], the corresponding expression (3.8.5) strongly
converges to an element of B(H) which is independent of the successive choice of partitions. The resulting
operator is denoted by (3.8.4).

The following statement contains usual results which can be obtained in this context. The proof is not difficult,
but one has to deal with several partitions of intervals. We refer to [Am, Prop. 4.10] for a detailed proof.

Proposition 3.8.3 (Spectral integrals). Let {Eλ}λ∈R be a spectral family, let −∞ < a < b < ∞ and let
φ : [a, b]→ C be continuous. Then one has

3We denote by AB the set of all Borel sets on R, also called the Borel algebra. It consists of the collection of all sets obtained
from the open sets (or equivalently from closed sets) through the operations of countable union, countable intersection, and relative
complement.

4A measure on R is a map m : AB → [0,∞] satisfying the following m(Ø) = 0 and the countable additivity property, namely if
{V j}ȷ∈N ⊂ AB are pairwise disjoint, then m

(∑
j V j

)
=

∑
j m(V j).
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1.
∥∥∥∥∫ b

a φ(λ) E(dλ)
∥∥∥∥ = supµ∈[a,b]∩supp{Eλ} |φ(µ)|,

2.
(∫ b

a φ(λ) E(dλ)
)∗
=

∫ b
a φ(λ) E(dλ),

3. For any f ∈ H ,
∥∥∥∥∫ b

a φ(λ) E(dλ) f
∥∥∥∥2
=

∫ b
a |φ(λ)|2 m f (dλ),

4. If ψ : [a, b]→ C is continuous, then∫ b

a
φ(λ) E(dλ) ·

∫ b

a
ψ(λ) E(dλ) =

∫ b

a
φ(λ)ψ(λ) E(dλ).

Let us now observe that if the support supp{Eλ} is bounded, then one can consider∫ ∞

−∞

φ(λ) E(dλ) = s − lim
M→∞

∫ M

−M
φ(λ) E(dλ). (3.8.6)

Similarly, by taking property (iii) of the previous proposition into account, one observes that this limit can
also be taken if φ ∈ Cb(R). On the other hand, if φ is not bounded on R, the r.h.s. of (3.8.6) is not necessarily
well defined. In fact, if φ is not bounded on R and if supp{Eλ} is not bounded either, then the r.h.s. of (3.8.6)
is an unbounded operator and can only be defined on a dense domain ofH .

Lemma 3.8.4. Let φ : R→ C be continuous, and let us set

Dφ :=
{
f ∈ H |

∫ ∞

−∞

|φ(λ)|2 m f (dλ) < ∞
}
.

Then the pair
( ∫ ∞
−∞

φ(λ) E(dλ),Dφ

)
defines a closed linear operator onH . This operator is self-adjoint if and

only if φ is a real function.

The proof of this statement is not complicated, but use all the material introduced so far. It can be considered
as a challenging exercise to provide it.

A function φ of special interest is the function defined by the identity function id, namely id(λ) = λ.

Definition 3.8.5 (Self-adjoint operator associated with a spectral family). For any spectral family {Eλ}λ∈R, the
operator

( ∫ ∞
−∞

λE(dλ),Did
)

with

Did :=
{
f ∈ H |

∫ ∞

−∞

λ2 m f (dλ) < ∞
}

is called the self-adjoint operator associated with {Eλ}.

By this procedure, any spectral family defines a self-adjoint operator onH . The spectral Theorem corresponds
to the converse statement:

Theorem 3.8.6 (Spectral Theorem). With any self-adjoint operator (A,D(A)) on a Hilbert space H one
can associate a unique spectral family {Eλ}, called the spectral family of A, such that D(A) = Did and
A =

∫ ∞
−∞

λE(dλ).

In summary, there is a bijective correspondence between self-adjoint operators and spectral families. This
theorem extends the fact that any n × n hermitian matrix is diagonalizable. The proof of this theorem is not
trivial and is rather lengthy. In the sequel, we shall assume it, and state various consequences of this theorem.

Based on this one-to-one correspondence it is now natural to set the following definition:
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Definition 3.8.7 (Bounded functional calculus). Let A be a self-adjoint operator inH and {Eλ} be the corre-
sponding spectral family. For any bounded and continuous function φ : R→ C one sets φ(A) ∈ B(H) for the
operator defined by

φ(A) :=
∫ ∞

−∞

φ(λ) E(dλ). (3.8.7)

For the next statement, we set Cb(R) for the set of all continuous and bounded complex functions on R.

Proposition 3.8.8. a) For any φ ∈ Cb(R) one has

(i) φ(A) ∈ B(H) and ∥φ(A)∥ = supλ∈σ(A) |φ(λ)|,

(ii) φ(A)∗ = φ(A), and φ(A) is self-adjoint if and only if φ is real,

(iii) φ(A) is unitary if and only if |φ(λ)| = 1.

b) If φ ∈ C(R), then (3.8.7) defines a closed operator φ(A) with domain

D
(
φ(A)

)
=

{
f ∈ H |

∫ ∞

−∞

|φ(λ)|2 m f (dλ) < ∞
}
. (3.8.8)

In the point (iii) above, one can consider the function φt ∈ Cb(R) defined by φt(λ) := e−iλt for any fixed t ∈ R.
Then, if one sets Ut := φt(A) one first observes that UtUs = Ut+s. Indeed, one has

UtUs =

∫ ∞

−∞

eiλtE(dλ)
∫ ∞

−∞

e−iλsE(dλ) =
∫ ∞

−∞

e−iλte−iλsE(dλ)

=

∫ ∞

−∞

e−iλ(t+s)E(dλ) = Ut+s.

In addition, by an application of the dominated convergence theorem 2.5.2, one infers that the map R ∋ t 7→
Ut ∈ B(H) is strongly continuous. Indeed, since

∣∣∣e−iλ(t+ε) − e−iλt
∣∣∣2 ≤ 4 one has

∥Ut+ε f − Ut f ∥2 =
∫ ∞

−∞

∣∣∣e−iλ(t+ε) − e−iλt
∣∣∣2m f (dλ) → 0 as ε→ 0.

As a consequence, such a family {Ut}t∈R is called a strongly continuous unitary group. Note that since e−iλt =∑∞
k=0

(−iλt)k

k! one also infers that whenever A is a bounded operator

Ut =

∞∑
k=0

(−itA)k

k!
(3.8.9)

with a norm converging series. On the other hand, if A is not bounded, then this series converges on elements
f ∈ ∩∞k=0D(Ak). In particular, it converges strongly on elements of H which have bounded support with
respect to the corresponding spectral measure.

Let us now mention that the above construction is only one part of a one-to-one relation between strongly
continuous unitary groups and self-adjoint operators. The proof of the following statement can be found for
example in [Am, Prop. 5.1].

Theorem 3.8.9 (Stone’s Theorem). There exists a bijective correspondence between self-adjoint operators on
H and strongly continuous unitary groups on H . More precisely, if A is a self-adjoint operator on H , then
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{e−itA}t∈R is a strongly continuous unitary group, while if {Ut}t∈R is a strongly continuous unitary group, one
sets

D(A) :=
{
f ∈ H | ∃ s − lim

t→0

1
t

[Ut − 1] f
}

and for f ∈ D(A) one sets A f = s − limt→0
i
t [Ut − 1] f , and then

(
A,D(A)

)
is a self-adjoint operator.

Let us close with section with two important observations. First of all, the map φ 7→ φ(A) can be extended
from continuous and bounded φ to bounded and measurable functions φ. This extension can be realized by
considering integrals in the weak form. In particular, this extension is necessary for defining φ(A) whenever
φ is the characteristic function on some Borel set V .

The second observation is going to provide an alternative formula for φ(A) in terms of the unitary group
{e−itA}t∈R. Indeed, assume that the inverse Fourier transform φ̌ of φ belongs to L1(R), then the following
equality holds

φ(A) =
1
√

2π

∫ ∞

−∞

φ̌(t)e−itA dt. (3.8.10)

Indeed, observe that

⟨ f , φ(A) f ⟩ =
∫
R
φ(λ)m f (dλ) =

∫
R

m f (dλ)
1
√

2π

∫
R

e−iλtφ̌(t)dt.

By application of Fubini’s theorem 2.6.1 one can interchange the order of integrations and obtain

⟨ f , φ(A) f ⟩ =
1
√

2π

∫
R

dtφ̌(t)
∫
R

e−iλtm f (dλ)

=
1
√

2π

∫
R

dt φ̌(t)⟨ f , e−itA f ⟩ =
〈

f ,
1
√

2π

∫
R

dt φ̌(t)e−itA f
〉
,

and one gets (3.8.10) by applying the polarisation identity (3.1.1).

The theories we have developed in the three chapters of this course have applications in several fields, like
in physics, in engineering, in quantum mechanics, in quantum field theory, in chemistry, etc. What about
applications in your domain of interest ?
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C∞, 3
L1, 26
L∞, 28
Lp, 27
B(H), 35
D′(Rn), 4
D(Rn), 3
H , 31
S′(Rn), 12
S(Rn), 11
α-derivative, 6
ρ(A), 43
σ(A), 43
σp(A), 44

a.e., 19
Adjoint, 35, 42
Algebra, 4
Almost everywhere, 19
Anti-linear, 34

Banach space, 26
Borel set, 48
Boundary, 3
Bounded from above, 48
Bounded from below, 48
Bounded functional calculus, 50
Bounded linear operator, 35
Boundedly invertible, 36, 43
Bra-ket notation, 39

Cauchy sequence, 26
Cesaro summation, 9
Characteristic function, 18
Closed box, 16
Closed operator, 42
Closed set, 3
Closed subspace, 33

Closure, 3, 42
Compact operator, 39
Completeness, 26
Continuous in norm, 40
Continuous unitary group, 50
Convergence of distributions, 8
Convergence of test functions, 4
Convolution operator, 47
Countable additivity, 48
Covering, 16

Dense, 33
Differential operator, 46
Differentiation of a distribution, 6
Dirac delta distribution, 8
Dirichlet kernel, 9
Distribution, 4
Domain, 41
Dominated convergence theorem, 24
Dominating function, 24

Eigenfunction, 44
Eigenvalue, 44
Eigenvector, 44
Equivalence relation, 26
Essential infimum, 28
Essential supremum, 28
extension, 42

Fejér kernel, 9
Final set projection, 39
Finite rank operator, 39
First resolvent equation, 44
Fourier transform, 10
Fubini’s theorem, 25

Hölder inequality, 27
Heaviside function, 6
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Hilbert space, 31

Ideal, 4
In the sense of distribution, 6
Initial set projection, 39
Interior, 3
Invertible, 36, 43
Isometry, 38

Laplace operator, 47
Lebesgue integrable, 20
Lebesgue measurable function, 18
Lebesgue measurable partition, 20
Lebesgue outer measure, 16
Lesbesgue measurable, 17
Lesbesgue measure, 17
Lim inf, 19
Lim sup, 19
Linear operator, 41
Locally integrable, 5
Lower Riemann integra, 15
Lower Riemann sum, 14

Measure, 48
Minkowski’s inequality, 27
Momentum operator, 46
Multi-index, 2
Multiplication operator, 35–37, 44, 45
Multiplicity, 44

Neumann series, 37
Norm, 26, 35

Open set, 3
Operator valued function, 40
Order of a distribution, 5
Orthocomplement, 33
Orthogonal, 33
Orthogonal projection, 37

Parseval theorem, 11
Parseval-Plancherel identity, 11
Partial derivative, 2
Partial isometry, 39
Pointwise bounded, 19
Polarisation identity, 31
Position operator, 46

Principal value distribution, 7
Projection, 37

Reflexivity, 26
Regular distribution, 5
Regular partition, 14
Resolvent, 43
Resolvent set, 43
restriction, 42
Riemann integral, 15

Scalar product, 28
Schrödinger operator, 47
Schwartz function, 11
Schwartz space, 11
Schwarz inequality, 32
Self-adjoint, 37, 43
Separable, 31
Simple function, 18
Smooth function, 3
Sobolev space, 46
Spectral family, 47
Spectral measure, 48
Spectral theorem, 49
Spectrum, 43
Strong convergence, 32, 36
Strongly continuous, 40
Strongly differentiable, 40
Subspace, 33
Summability order, 9
Summable distribution, 9
Sup-norm, 4
Support of a function, 3
Symmetric, 43
Symmetry, 26

Tempered distribution, 12
Test functions, 3
Transitivity, 26
Triangle inequality, 32

Unbounded operator, 42
Uniform convergence, 36
Unitary operator, 38
Upper Riemann integral, 15
Upper Riemann sum, 14

Vector space, 4
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Vector valued function, 40

Weak convergence, 32, 36
Weakly continuous, 40
Weighted Hilbert space, 46
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