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Exercise 6.1.1 In case f(x, ξ) = f(ξ). We have

[Op(f)u](x) =
1

(2π)d

!

Rd

!

!Rd

ei(x−y)·ηf(η)u(y)dydη

=
1

(2π)
d
2

!

!Rd

eixηf(η)
1

(2π)
d
2

!

Rd

e−iyηu(y)dydη

= [F∗f(X)Fu](x)

= [f(D)u](x).

In case f(x, ξ) = f(x), we have

[Op(f)u](x) =
1

(2π)d

!

Rd

!

!Rd

ei(x−y)·ηf

"
x+ y

2

#
u(y)dydη

=
1

(2π)
d
2

!

Rd

eixηĝx(η)dη

= [F∗Fgx](x)

= gx(x)

= f(x)u(x)

= [f(X)u](x)

where gx(y) = f
$
x+y
2

%
u(y).

Exercise 6.1.2 For u ∈ H, we have

[Op(f)u](z) =
1

(2π)d

!

Ξ

[(F−1
Ξ f)(x) ·W (x)u](z)dx

=
1

(2π)d

!

Ξ

(F−1
Ξ f)(x)e−i(x

2
+z)ξu(x+ z)dx

=
1

(2π)2d

!

Ξ

!

Ξ

ei(yξ−xη)f(y)e−i(x
2
+z)ξu(z + x)dxdy

=
1

(2π)d

!

Rd

!

Ξ

δ
&
y − x

2
− z

'
f(y)e−ixηu(x+ z)dxdy

=
1

(2π)d

!

Rd

!

!Rd

f

"
x′ + z

2
, η

#
e−i(x′−z)ηu(x′)dx′dη
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where x′ = x+ z, which coincides with (6.1.1).

Op(f ◦ g) = 1

(2π)d

!

Ξ

(F−1
Ξ (f ◦ g))(x)W (x)dx

=
1

(2π)d

!

Ξ

1

(2π)d

!

Ξ

eiσ(x,y)(f ◦ g)(y)dyW (x)dx

=
1

(2π)2d

!

Ξ

!

Ξ

eiσ(x,y)
4d

(2π)2d

!

Ξ

!

Ξ

e−2iσ(y−z,y−w)f(z)g(w)W (x)dzdwdydx

=
4d

(2π)4d

!

Ξ

!

Ξ

!

Ξ

!

Ξ

eiσ(x,y)e−2iσ(y−z,y−w)f(z)g(w)W (x)dzdwdydx.

On the other hand,

Op(f)Op(g) =
1

(2π)d

!

Ξ

(F−1
Ξ f)(x)W (x)dx

1

(2π)d

!

Ξ

(F−1
Ξ g)(y)W (y)dy

=
1

(2π)4d

!

Ξ

!

Ξ

eiσ(x,z)f(z)dzW (x)dx

!

Ξ

!

Ξ

eiσ(y,w)g(w)dwW (y)dy

=
1

(2π)4d

!

Ξ

!

Ξ

!

Ξ

!

Ξ

eiσ(x,z)eiσ(y,w)f(z)g(w)W (x)W (y)dzdxdwdy

=
4d

(2π)4d

!

Ξ

!

Ξ

!

Ξ

!

Ξ

eiσ(x
′−2y′,z)e2iσ(y

′,w)f(z)g(w)eiσ(x
′−2y′,y′)W (x′)dx′dy′dzdw

where x′ = x+ y, y′ = y
2
(the absolute value of corresponding Jacobian is 4d), and we used

the relation W (x)W (y) = e
i
2
σ(x,y)W (x+ y). Moreover, we also have

eiσ(x
′−2y′,z)e2iσ(y

′,w)eiσ(x
′−2y′,y′) = eiσ(x

′−2y′,z+y′)e2iσ(y
′,w)

= eiσ(x
′,z+y′)+iσ(−2y′,z+y′)e2iσ(y

′,w)

= eiσ(x
′,z+y′)e−2iσ(y′,z+y′−w)

= eiσ(x
′,y′′)e−2iσ(y′′−z,y′′−w)

where y′′ = y′ + z. So we get

Op(f)Op(g) =
4d

(2π)4d

!

Ξ

!

Ξ

!

Ξ

!

Ξ

eiσ(x
′,y′′)e−2iσ(y′′−z,y′′−w)f(z)g(w)W (x′)dx′dy′′dzdw

= Op(f ◦ g).

Exercise 6.2.1

(f ◦11
2
1
g)(x; ξ) =

!

G

!

G

!

Ĝ

!

Ĝ

ξ(y)η(z)ζ(y − z)f

"
x+

1

2
(z − y); η

#
g
&
x+

z

2
; ζ
'
dydzdηdζ

= 4d
!

G

!

G

!

Ĝ

!

Ĝ

ξ(2(z′ − y′))η(2z′ − 2x)ζ(2x− 2y′)f(y′, η)g(z′, ζ)dy′dz′dηdζ

where y′ = x + 1
2
(z − y), z′ = x + z

2
. Note that ξ(x) corresponds to e−ixξ (x, ξ in

the index are elements of Rd, R̂d). So ξ(2(z′ − y′))η(2z′ − 2x)ζ(2x− 2y′) corresponds
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to e2i(z
′−y′)ξe−2i(z′−x)ηe−2i(x−y′)ζ . Recall that the Moyal product is defined as follows:

(f ◦ g)(x) = 4d

(2π)d

!

Ξ

!

Ξ

e−2iσ(x−y,x−z)f(y)g(z)dydz

To see the correspondence between f ◦11
2
1
g and f ◦ g, we need to see e−2iσ(x−y,x−z) =

e−2i{(y−z)ξ+(z−x)η+(x−y)ζ)} for x, y, z ∈ Ξ, which is confirmed by the following computation.

e−2iσ(x−y,x−z) = e−2i{σ(x,x)−σ(x,z)−σ(y,x)+σ(y,z)}

= e−2i{−(zξ−xζ)−(xη−yξ)+(zη−yζ)}

= e−2i{(y−z)ξ+(z−x)η+(x−y)ζ}.

As for the involution, we have

(f
◦11
21)(x; ξ) =

!

G

!

Ĝ

[ξη−1](y)f(x; η)dydη.

This integral corresponds to

1

(2π)d

!

Ξ

eiy(ξ−η)f(x, η)dydη =

!

Rd

δ(ξ − η)f(x, η)dη

= f(x, ξ)

= f ◦(x, ξ)

where (x, ξ) ∈ Ξ.

Exercise 7.2.1 By the following computation, we get the relation UA(y)Vξ = e−iyξVξU
A(y).

[VξU
A(y)u](x) = e−ixξ[UA(y)u](x) = e−ixξe−iy

" 1
0 A(x+sy)dsu(x+ y)

[UA(y)Vξu](x) = e−iy
" 1
0 A(x+sy)ds[Vξu](x+ y) = e−iy

" 1
0 A(x+sy)dse−i(x+y)ξu(x+ y)

Combining this with the relation UA(y)UA(z) = π[ωB(y, z)]UA(y + z) we get

WA(x)WA(y) = e−
i
2
xξVξU

A(x)e−
i
2
yηVηU

A(y)

= e−
i
2
(xξ+yη)VξU

A(x)VηU
A(y)

= e−
i
2
(xξ+yη)VξU

A(x)eiyηUA(y)Vη

= e−
i
2
(xξ−yη)Vξπ[ω

B(x, y)]UA(x+ y)Vη

= e−
i
2
(xξ−yη)π[ωB(x, y)]Vξe

−i(x+y)ηVηU
A(x+ y)

= e−
i
2
(xξ−yη)e−i(x+y)ηe

i
2
(x+y)(ξ+η)π[ωB(x, y)]e−

i
2
(x+y)(ξ+η)Vξ+ηU

A(x+ y)

= e
i
2
(−xη+yξ)π[ωB(x, y)]WA(x+ y)

= e
i
2
σ(x,y)π[ωB(x, y)]WA(x+ y).
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