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Exercise 2.4.16

We write @ : Q 5z — 7, € Q(C()), and we prove that ® is a homeomorphism.

& is continuous:

Let {xx}ren be a net converging a point « € €. Since the topology of Q(C(R2)) is weak™ topology, we
have 7., — 7, since for all f € C(Q2), f(zx) = f(z). So ® is continuous.

® is bijective:

If z1, 25 € Q are distinct point, by Urisohn’s lemma there is a function f € C(2) such that f(z1) =0
and f(zg) = 1. Therefore ®(z1) # ®(x2). To show surjectivity of ®, we take 7 € Q(C(€2)). Then ker (1)
become a proper C* subalgebra of C(€), and ker (1) separates points of €2. Because we can find some
function f € C(€2) such that f(x1) # f(x2) for some distinet point x1, 25 € Q. And we take g = f —7(f),
g belongs to ker (7) and g(z1) # g(x2). By Stone-Weierstrass Theorem, there is a point = € € such that
f(z) =0 for all f € ker (7). Applying this for g, we have

0=(f=7(M(2) = f(z) = 7(f)(z) = f(z) = 7(]).

So, f(z) =7(f) for all f € C(Q) i.e. T=P(x).
As a result, we prove that ® is continuous and bijective on . Since € is compact, ®(£2) is compact and
for any closed subset F' C Q, (®~1)71(F) = ®(F) is closed because  is Hausdorff and @ is continuous.
Therefore ®~! is also continuous.

O
Exercise 3.1.12
G: locally compact group, f € C.(G),x € G, p: left Haar measure on G. By the definition of the

modular function, we have

u(Ex) = A@)u(E)
for any Borel set £ C GG, and by the definition of the left Haar measure, we also have
p(zE) = p(E).

So, by translating y to 'y we have

[ fay)duty) = [ 1) duty).
G G
And by translating y to yz~!, the measure x is changed

p(Ex) = Ale)u(B).



Since the modular function A is a homomorphism, we have

/ F () duly / 1y u(y) = Adz) ! /G £(9) diu(y)

Finally, if we define A\(E) := u(E~!), then X is a right Haar measure and d\(x) = Az~

dp(z=t) = Az~ Hd\(z7 1) = A(z~Y)dp(r), and therefore we have

/A‘1 ™) duly) /f‘ldu‘1 /f ) dp(y

Ydu(z). So



