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Introduction 
In our lectures, we have encountered several Bayesian estimators such as the posterior mean, 

𝑋𝑋� = 𝜙𝜙∗(𝑌𝑌), with 𝜙𝜙∗:ℝ𝑁𝑁𝑥𝑥 → ℝ𝑁𝑁𝑦𝑦 defined by 𝜙𝜙∗(𝑦𝑦) = ∫ 𝑥𝑥𝜋𝜋𝑋𝑋(𝑥𝑥|𝑦𝑦)𝑑𝑑𝑥𝑥ℝ𝑁𝑁𝑥𝑥 , 

and the maximum a posteriori estimator (MAP). Here, we will briefly discuss another estimator which 
replaces the generally nonlinear conditional expectation (posterior mean). 

Motivation 
The minimum variance unbiased estimator (MVUE) is the optimal estimator for a given problem. 
However, finding this requires full knowledge of the probability density function (PDF) of the 
underlying process, which we rarely have in practise. 

Instead, we restrict the estimator to be linear and seek the best linear unbiased estimator (BLUE). By 
definition, the BLUE is the unbiased linear estimator with the least variance. Unlike the MVUE, finding 
the BLUE only requires knowledge of the first two moments (mean and variance) of the PDF. 

Model 
Our standard forward model is 𝑌𝑌 = ℎ(𝑋𝑋) + 𝜀𝜀, where we assume that the model errors 𝜀𝜀 are centred 
(𝔼𝔼[𝜀𝜀] = 0) and independent of 𝑋𝑋. No further assumptions about 𝑋𝑋 or 𝜀𝜀 are required. 

We postulate a linear estimator of the form 𝑋𝑋� = 𝐴𝐴𝑌𝑌 + 𝑏𝑏 , where 𝐴𝐴 ∈ ℝ𝑁𝑁𝑥𝑥×𝑁𝑁𝑦𝑦  and 𝑏𝑏 ∈ ℝ𝑁𝑁𝑥𝑥  are 

determined by minimising the variance 𝔼𝔼 ��𝑋𝑋 − 𝑋𝑋��2�. (This is the definition of the BLUE.) 

Derivation 
Without taking the expectation value yet, we have 

�𝑋𝑋 − 𝑋𝑋��2 = �𝑋𝑋 − (𝐴𝐴𝑌𝑌 + 𝑏𝑏)�𝑇𝑇�𝑋𝑋 − (𝐴𝐴𝑌𝑌 + 𝑏𝑏)�  

= ∑ �𝑥𝑥𝑗𝑗2 − 𝑥𝑥𝑗𝑗(𝐴𝐴𝑌𝑌 + 𝑏𝑏)𝑗𝑗 − (𝐴𝐴𝑌𝑌 + 𝑏𝑏)𝑗𝑗𝑥𝑥𝑗𝑗 + (𝐴𝐴𝑌𝑌 + 𝑏𝑏)𝑗𝑗(𝐴𝐴𝑌𝑌 + 𝑏𝑏)𝑗𝑗�𝑗𝑗   

= ∑ �𝑥𝑥𝑗𝑗2 − 𝑥𝑥𝑗𝑗𝑏𝑏𝑗𝑗 − 𝑥𝑥𝑗𝑗 ∑ 𝑎𝑎𝑗𝑗𝑗𝑗𝑦𝑦𝑗𝑗𝑗𝑗 − ∑ 𝑎𝑎𝑗𝑗𝑗𝑗𝑦𝑦𝑗𝑗𝑥𝑥𝑗𝑗𝑗𝑗 − 𝑏𝑏𝑗𝑗𝑥𝑥𝑗𝑗 + �∑ 𝑎𝑎𝑗𝑗𝑗𝑗𝑦𝑦𝑗𝑗𝑗𝑗 + 𝑏𝑏𝑗𝑗��∑ 𝑎𝑎𝑗𝑗𝑗𝑗𝑦𝑦𝑗𝑗𝑗𝑗 + 𝑏𝑏𝑗𝑗��𝑗𝑗   

= ∑ �𝑥𝑥𝑗𝑗2 − 2𝑏𝑏𝑗𝑗𝑥𝑥𝑗𝑗 − 2∑ 𝑥𝑥𝑗𝑗𝑎𝑎𝑗𝑗𝑗𝑗𝑦𝑦𝑗𝑗𝑗𝑗 + 𝑏𝑏𝑗𝑗2 + 2∑ 𝑎𝑎𝑗𝑗𝑗𝑗𝑦𝑦𝑗𝑗𝑏𝑏𝑗𝑗𝑗𝑗 + ∑ 𝑎𝑎𝑗𝑗𝑗𝑗𝑎𝑎𝑗𝑗𝑗𝑗𝑦𝑦𝑗𝑗𝑦𝑦𝑗𝑗𝑗𝑗,𝑗𝑗 �𝑗𝑗   

We assume that all 𝑎𝑎𝑗𝑗𝑗𝑗  and 𝑏𝑏𝑗𝑗 are independent variables. Since our goal is to minimise this expression, 
we set every partial derivative with respect to 𝑎𝑎𝑗𝑗𝑗𝑗  and 𝑏𝑏𝑗𝑗 to zero: 

𝜕𝜕
𝜕𝜕𝑎𝑎𝑗𝑗𝑗𝑗

�𝑋𝑋 − 𝑋𝑋��2 = −2𝑥𝑥𝑗𝑗𝑦𝑦𝑗𝑗 + 2𝑏𝑏𝑗𝑗𝑦𝑦𝑗𝑗 + 2∑ 𝑎𝑎𝑗𝑗𝑗𝑗𝑦𝑦𝑗𝑗𝑦𝑦𝑗𝑗𝑗𝑗 = 0,   ∀ 𝑗𝑗 ∈ 𝑁𝑁𝑋𝑋 , 𝑖𝑖 ∈ 𝑁𝑁𝑌𝑌  

𝜕𝜕
𝜕𝜕𝑏𝑏𝑗𝑗

�𝑋𝑋 − 𝑋𝑋��2 = −2𝑥𝑥𝑗𝑗 + 2𝑏𝑏𝑗𝑗 + 2∑ 𝑎𝑎𝑗𝑗𝑗𝑗𝑦𝑦𝑗𝑗𝑗𝑗 = 0,   ∀ 𝑗𝑗 ∈ 𝑁𝑁𝑋𝑋  

Expressing these equations in matrix form and taking the expectation value, we have 

−2𝔼𝔼[𝑋𝑋𝑌𝑌𝑇𝑇] + 2𝑏𝑏𝔼𝔼[𝑌𝑌𝑇𝑇] + 2𝐴𝐴𝔼𝔼[𝑌𝑌𝑌𝑌𝑇𝑇] = 0  

−2𝔼𝔼[𝑋𝑋] + 2𝑏𝑏 + 2𝐴𝐴𝔼𝔼[𝑌𝑌] = 0  



The second equation implies that 𝑏𝑏 = �̅�𝑥 − 𝐴𝐴𝑦𝑦�, with �̅�𝑥 = 𝔼𝔼[𝑋𝑋] and 𝑦𝑦� = 𝔼𝔼[𝑌𝑌] = 𝔼𝔼[ℎ(𝑋𝑋)]. Substituting 
this into the first equation, dividing by 2 and using 𝔼𝔼[𝑌𝑌𝑇𝑇] = 𝑦𝑦�𝑇𝑇, we get 

0 = 𝐴𝐴𝔼𝔼[𝑌𝑌𝑌𝑌𝑇𝑇] − 𝔼𝔼[𝑋𝑋𝑌𝑌𝑇𝑇] + (�̅�𝑥 − 𝐴𝐴𝑦𝑦�)𝔼𝔼[𝑌𝑌𝑇𝑇] = 𝐴𝐴(𝔼𝔼[𝑌𝑌𝑌𝑌𝑇𝑇] − 𝑦𝑦�𝑦𝑦�𝑇𝑇) − (𝔼𝔼[𝑋𝑋𝑌𝑌𝑇𝑇] − �̅�𝑥𝑦𝑦�𝑇𝑇)  

= 𝐴𝐴𝑃𝑃𝑦𝑦𝑦𝑦 − 𝑃𝑃𝑥𝑥𝑦𝑦 , since by definition the cross-covariance matrix is 

𝑃𝑃𝑥𝑥𝑦𝑦 = 𝔼𝔼[(𝑋𝑋 − �̅�𝑥)(𝑌𝑌 − 𝑦𝑦�)𝑇𝑇] = 𝔼𝔼[𝑋𝑋𝑌𝑌𝑇𝑇] − �̅�𝑥𝑦𝑦�𝑇𝑇. 

Therefore, 𝐴𝐴 = 𝑃𝑃𝑥𝑥𝑦𝑦�𝑃𝑃𝑦𝑦𝑦𝑦�
−1

 and 𝑏𝑏 = �̅�𝑥 − 𝐴𝐴𝑦𝑦� = �̅�𝑥 − 𝑃𝑃𝑥𝑥𝑦𝑦�𝑃𝑃𝑦𝑦𝑦𝑦�
−1𝑦𝑦� . 

Substituting these back into the original expression for the estimator gives  

𝑋𝑋� = 𝐴𝐴𝑌𝑌 + 𝑏𝑏 = 𝑃𝑃𝑥𝑥𝑦𝑦�𝑃𝑃𝑦𝑦𝑦𝑦�
−1𝑌𝑌 + �̅�𝑥 − 𝑃𝑃𝑥𝑥𝑦𝑦�𝑃𝑃𝑦𝑦𝑦𝑦�

−1𝑦𝑦� = �̅�𝑥 + 𝑃𝑃𝑥𝑥𝑦𝑦�𝑃𝑃𝑦𝑦𝑦𝑦�
−1(𝑌𝑌 − 𝑦𝑦�). This is the BLUE. 

𝑋𝑋� = �̅�𝑥 + 𝑃𝑃𝑥𝑥𝑦𝑦�𝑃𝑃𝑦𝑦𝑦𝑦�
−1(𝑌𝑌 − 𝑦𝑦�) 

Unbiased 
We will briefly prove that the estimator we have found is indeed unbiased: 

𝔼𝔼�𝑋𝑋�� = 𝔼𝔼 ��̅�𝑥 + 𝑃𝑃𝑥𝑥𝑦𝑦�𝑃𝑃𝑦𝑦𝑦𝑦�
−1(𝑌𝑌 − 𝑦𝑦�)� = 𝔼𝔼[�̅�𝑥] + 𝑃𝑃𝑥𝑥𝑦𝑦�𝑃𝑃𝑦𝑦𝑦𝑦�

−1𝔼𝔼[𝑌𝑌 − 𝑦𝑦�]  

= �̅�𝑥 + 𝑃𝑃𝑥𝑥𝑦𝑦�𝑃𝑃𝑦𝑦𝑦𝑦�
−1�𝔼𝔼[𝑌𝑌] − 𝔼𝔼�𝔼𝔼[𝑌𝑌]�� = �̅�𝑥 , which is the definition of an unbiased estimator. 

Note that this proof did not depend on our assumption that the model errors are centred. 

Kalman Mean 
Since we assumed in our model 𝑌𝑌 = ℎ(𝑋𝑋) + 𝜀𝜀 that 𝑋𝑋 and 𝜀𝜀 were independent, it follows that 𝑃𝑃𝑦𝑦𝑦𝑦 =
𝑃𝑃ℎℎ + 𝑅𝑅, where 𝑃𝑃ℎℎ and 𝑅𝑅 are the covariance matrices of ℎ(𝑋𝑋) and 𝜀𝜀 respectively. So, 

𝑋𝑋� = �̅�𝑥 + 𝑃𝑃𝑥𝑥𝑦𝑦(𝑃𝑃ℎℎ + 𝑅𝑅)−1(𝑌𝑌 − 𝑦𝑦�). 

If we now assume that the observation operator is linear, i.e. ℎ(𝑋𝑋) = 𝐻𝐻𝑋𝑋  for some matrix 𝐻𝐻 ∈
ℝ𝑁𝑁𝑦𝑦×𝑁𝑁𝑥𝑥, then 𝑃𝑃𝑥𝑥𝑦𝑦 = 𝑃𝑃𝑥𝑥𝑥𝑥𝐻𝐻𝑇𝑇, 𝑃𝑃ℎℎ = 𝐻𝐻𝑃𝑃𝑥𝑥𝑥𝑥𝐻𝐻𝑇𝑇 and 𝑦𝑦� = 𝐻𝐻�̅�𝑥. Using these values, we see that the BLUE 
reduces to the Kalman estimate for the mean: 

𝑋𝑋� = �̅�𝑥 + 𝑃𝑃𝑥𝑥𝑦𝑦(𝑃𝑃ℎℎ + 𝑅𝑅)−1(𝑌𝑌 − 𝑦𝑦�) = �̅�𝑥 + 𝑃𝑃𝑥𝑥𝑥𝑥𝐻𝐻𝑇𝑇(𝐻𝐻𝑃𝑃𝑥𝑥𝑥𝑥𝐻𝐻𝑇𝑇 + 𝑅𝑅)−1(𝑌𝑌 −𝐻𝐻�̅�𝑥)  

(In the lectures, this expression was written as �̅�𝑥 − 𝑝𝑝𝐻𝐻𝑇𝑇(𝐻𝐻𝑝𝑝𝐻𝐻𝑇𝑇 + 𝑅𝑅)−1(𝐻𝐻�̅�𝑥 − 𝑌𝑌), where 𝑝𝑝 = 𝑃𝑃𝑥𝑥𝑥𝑥 is 
the covariance matrix of 𝑋𝑋 and the minus sign has been absorbed into the second pair of brackets.) 

We originally derived the Kalman mean under the assumption that both 𝑋𝑋 and 𝜀𝜀 were Gaussian, but 
here we see that those assumptions were unnecessary. 

Gauss-Markov Theorem 
“The ordinary least squares estimator (OLSE) has the lowest sampling variance within the class of 
linear unbiased estimators, if the errors in the linear regression model are uncorrelated, have equal 
variances and expectation value of zero.” – Wikipedia 

Let us assume that our model satisfies the conditions of the Gauss-Markov Theorem. It is easy to see 
the equivalence between the OLSE and the BLUE in this case. By definition, the BLUE is found by 

minimising the variance 𝔼𝔼 ��𝑋𝑋 − 𝑋𝑋��2�, while the OLSE is found by minimising the sum of squared 

residuals (SSR) ∑ �𝑋𝑋𝑛𝑛 − 𝑋𝑋�𝑛𝑛�2𝑁𝑁
𝑛𝑛=1 , where 𝑋𝑋𝑛𝑛 is the value of 𝑋𝑋 at time 𝑛𝑛. 



Under these assumptions, 𝔼𝔼 ��𝑋𝑋 − 𝑋𝑋��2� = ∑ ‖𝑋𝑋𝑛𝑛−𝑋𝑋�𝑛𝑛‖2𝑁𝑁
𝑛𝑛=1

𝑁𝑁
.  

Clearly, minimising the SSR (for the OLSE) is equivalent to minimising the variance (for the BLUE). The 
only difference is in the framing of the problem. However, this will not necessarily be the case for a 
model that does not satisfy these conditions. 

Conclusion 
We have used the framework introduced in the lectures to derive an expression for the BLUE, 
expanding on the explanation provided in the textbook by Reich and Cotter, and discussed two special 
cases where the BLUE reduces to the more familiar Kalman estimate or the OLSE. 
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