
Given (
1

𝑎
)

𝑛

− (
1

𝑏
)

𝑛

= 1 − 𝛼 , 1 ≤ 𝑎 < 𝑏, 𝑛 > 1 & 𝑛 ∈ 𝐍 and 0 < α < 1, we have 𝐼𝑛𝑓(𝑏 − 𝑎) = 𝛼−
1
𝑛 − 1 

𝑃𝑟𝑜𝑜𝑓:  

 (
1

𝑎
)

𝑛

− (
1

𝑏
)

𝑛

= 1 − 𝛼 ⇔  b = (−1 + 𝛼 + 𝑎−𝑛)−
1
n 

If 
d(𝑏 − 𝑎)

d𝑎
> 0 ∀𝑎 ≥ 1, 𝑎 → 1+ will leads the infimun of 𝑏 − 𝑎 which equals to (−1 + 𝛼 + 1−𝑛)

1
n − 1 = 𝛼−

1
𝑛 − 1 

d(𝑏 − 𝑎)

d𝑎
= −

1

𝑛
(−1 + 𝛼 + 𝑎−𝑛)−

1+𝑛
𝑛  ⋅ (−𝑛)𝛼−𝑛−1 − 1 

      = (−1 + 𝛼 + 𝑎−𝑛)−
1+𝑛

𝑛 ⋅ (𝑎𝑛)−
1+𝑛

𝑛 − 1 

      = ((−1 + 𝛼)𝑎𝑛 + 1)
−

1+𝑛
𝑛 − 1 

Given 0 < α < 1, a ≥ 1 and n > 1, (−1 + 𝛼)𝑎𝑛 ≤ 0 ⇒ (−1 + 𝛼)𝑎𝑛 + 1 ≤ 1 

For b to be real, one should have 𝑎−𝑛 > 1 − 𝛼 ⇔ 𝑎𝑛(−1 + 𝛼) > −1 

⇒ (−1 + 𝛼)𝑎𝑛 + 1 ∈ (0,1) ⇒ ((−1 + 𝛼)𝑎𝑛 + 1)
−

1+𝑛
𝑛 > 1 ⇒ ((−1 + 𝛼)𝑎𝑛 + 1)

−
1+𝑛

𝑛 − 1 =
d(𝑏 − 𝑎)

d𝑎
> 0 |𝑏 𝑖𝑠 𝑟𝑒𝑎𝑙. 

⇒ Interval length is minimized when 𝑎 → 1+, thus 𝐼𝑛𝑓(𝑏 − 𝑎) = 𝛼−
1

𝑛 − 1 

 

 

  


