Nagoya University, G30 program Spring 2019
Calculus II: Midterm Instructor : Serge Richard

Exercise 1 For a function f : R® — R sufficiently differentiable; give the definilion of the Hessian

matriz and its main property.

Exercise 2 Consider the function ¢ : Ry x Ry — Ry x Ry defined by o(z,y) == (zy, L). Compute its

Jacobian matriz and its Jacobian determinant.

Exercise 3 For the following functions, compute their gradient:

f:R3> (zy,z) —»e™ +3y+1 €R, g:R*"> (z1,...,2p) —

Exercise 4 Consider the function f: R? = R defined by f(z,y) = zev.

(i) Compute its Taylor expansion around (0,0) of order 2 (a polynomial expression of degree 2) with

an expression for the remainder term,

(ii) Compute its Taylor expression around (0,0) of order 3, without providing any information on the

remainder term.
Exercise 5 Consider the function f : R? = R defined by f(z,y) = 6zy® — 22° — 3y*.
(i) Determine the critical point(s) of f in R2,

(i) For each of the point(s) found in (i), determine if the point corresponds to a local mazimum, a
local minimum, or a saddle point. Justify your answer and try to go as far as possible in your

analysis.
Exercise 6 Consider a function f : R — R of class C2, let ¢ be a real number, and set
F:R25R by F(z,t)=f(z—ct).
(i) Show that F satisfies the equation —O02F — c?02F =0, with O}F = 0;(0,F),
(ii) Show that the function R? > (z,t) > f(z +ct) €ER satisfies the same equation,

(iii) Consider a second function g : R — R also of class C?, and define the function G : R? — R by

z+4-ct
Gla, ) = % / slrjdr+ %(f(x bot) + fla—ct).

—ct

Compute G(z,0), [0;G)(z,0) and 0?G — c?02G. What do you conclude ?
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