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Introduction to on Analytic ~ Algebrodc Approach to L-near Response Theory

1 Heuristic -ntroduction
- Ohm's Loaw : =% o -_'_!;= o E +OUER)

L conductivity

- External porameters, e.g. temperotwre, mogn. Field ...
+ Hewristicolly @ 4s very robust ogainst perturbodion ~MOCToscopic. quantity
Goal of LRT
. derive conductivity lows from wicroscopic model
- FelF TB, ) = Jperenlf. T.B) = Jeg kf. T. B)
(toylor) = Fe,nle=0o +§::| Ey -a%;JE,nle=o + o (IED
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vanishes as E—>0
1.1 Mqcroscopic model
- provides an explicit expression for Je
- quomtum mechowvics
Unpertwrbed systems
- H=H* on o Hilbert spoce’X
~~> H s periodic o " periodic en overage "
(disorder) curly, p
+ equibrillium stote ~~> S density operodor = [S.H] =0
~ e.q. § = Pr (Fermi projection) =1 g g3 (H),
g = (H), fr(E)= (1+e FH-E)
(Fermi-Diroc distribubion)
~~ Dynomical equation: Liouville eq,
few =-i[H,80] st =8 (k=1
- here: §(p) = & = const
* troce~per -umit- volume
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- current observable
A x, =i [Hx= g,
'Lpos{t{on operator
”A");rreq,n ‘=T(j.<§)
Perturbed system
- morally : Hg=H+E-X

- Liouwlle eq.
28 (t) =-i[He.8e ()], fe (to) =@
- current operotor : here

. . Vi
%XK = [HE/ xk] = JE,k =Jk
Net current current dev\s*«'ty
Je SVl )=T (S

Current +4n cnrrent An equilibr system
perterbed system oftén =0
=gk +o (IEN)
Kubo formula

* equilibrium state @ = Pg
2 Ojp=-i T (Pe [95PF.9nPe1)5 95 Pr=1[Xk.Pr]

1.2 Why 4nvolve algebras
Our motivotion
- provide general framework
- works on the oo'y\bi?vxw,xm ond cl'iss.r’rete fffi&"?m
H=-<L (-ivx)*+V H bounded operator

on L*(RY) on L3 (zHrecN
unbounde {

L* (&) 2= {¢:RY > €| [, dx b0’ oo}
f’(zd>'—={¢=zdr—>m%dlay(m% 09}
- CON Jeaf wHith disorder . e




Perdodic case

@
‘H= [L4 dk H(k) H(R) fi (R) = En (R)Pa (R
NN mobrix  (tight -binding)

periodic
v .
“TA) = [, dk Tr e (ALRY)
*Gyn = =i Jra dk Trgn (Pr ) D2k Pe (0, 2k, Pr()3)
Romdom cose
"H= (Hwlwesn, probobility space (Q,P). covoriance
Ty Huw Ty = Hipep
L tronslotion by y
: Assumptions on P (e.g. P 45 ergotic)

= TA) = [dP (Mo, Ay Vo) =<Wo, Aw Vo)
b with probability 1

1; ?=0

Vo (3r)e @) v ={ " T

= olso here :  same troce-per-unit-volume
Yy = Ty,
Both coses
“tons of similorities, common mathematical structures
y [ T
c3y, & i[%5,-]
T (38) 4s well-defined £ 43 -integrable

2 Primer on non-commutodive LF - spaces
- operator olgebras with -integrability properties
LP(RY) = {f: R?» C measuroble lllfllp==(rmd de |F0IP)Y <00} /,
- operotor olgebm (von Neumownn) A
2UA) ={AeMA[IAl:= (TUAIP) P <eo}




Derivotives o comwmutotors
Hyfothes«'s
{Xi o Xa} 45 o collection of Self-odjeiwt operodors
() Compoctible  with A:YASA - g¥*¥x A" ra A
(i) Compotible  with 77 T ("™ A™*%) = 7 (A)
(i) The Xk strongly commute (e-mX5 t‘:ﬁsx'L = e“sx" eﬁm)

Derivatives 9; on A:
XS A _=itXi _
;A = lim e” ’Aet A
+>0
Wﬁli\/es yvse 0
€"(A) ={A€eA| 2, o0 a'J‘Aef\, for all |kl+~+lka]sn?}
ditto on L' (A)

/“mit exists
~ AV s LA LT (A) (3. g AL () LT

3 LRT the anolytic ~algebraic woy
Hyspothesis 1 tight-binding setting
von Newnann olgebn A with finite troce (J(4) <)
3.1 wnperturbed system
Hypothesis 2
H=HeA (boanded)
e e AD gl Mz ™M At s X -dsomorphism on A, L7 (A)
~ Solution to Livowlle eq: €)= . (§)
solves @ (4) = =i [H, U], Pte) = P4 P (A
~ L -iLn, T en £P (M)
3.2 perturbed case
Hypothesis 3 £X,, ~, Xa3
(i)OomPataible with A3 (i) Compotible with J; (ili) Strongly commute
noively: Hes= H+E X
 better © He := o HEE X pe-itEX &
«f ‘\7(‘(:) 45 o wenk solution of i 94 W (0) "'ﬁg’\Tf (t) , "T',@) =¢’
then Pt) = e FEX Jr (t) solves 19y Y Gt = Hgaf o), Y@ = ¢

. ivalent in
}O\I’Q weokly equivalent es:rn of expectation



Adiabatic sw-itch{g
= slowly switch on gerturbotion, ramp speed ~» €
cE X~ S k) E-X
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Hypothesis 4
He (6) = Gee (8) HGe,e (01
G Gll=F +i [, dtse wE-X
"ot t=-00: system s ot equibrium
<t>T>0  system 45 fully perturbed
Current eperotors
Ja= Fi[H, X1 ==i [Xe,H] = -2¢ M
Hypothesis 5
He€e"(A), n21 =>4, €A
Teek (B ==i[Hee @) Xk]=Gee @ CILHXiD) Geg (D F
= YE:t (dk)
* Perturbed dyv\m-ics
o, ) = -i[He g (1), Pe (0], Pe (£,) = ©
s Pe b =af L (0) = Uee ($60) PUee (i ta)*
ngotkesis 6
Wwe, en Neot! (A N2 (A

Gi) [H.P] =0 (equillibrium)
34 Putting oll the pieces together
dee @ =T (Uee® Pay )TG3 P (£) =s!i_)@“ok§’,f (P e, L
=D Fe.e () well-defined




