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Exercise 1 Consider the parametric curve in R3 defined by [0, 1] 3 t 7→
(
et,
√

2 t, e−t
)
∈ R3 and compute

the length of this curve ( it could be useful to remember that cosh(t) = (et + e−t)/2 ).

Exercise 2 Consider the map

f : R2 3 (x, y) 7→ x4 − 2xy + 2y2 − 1 ∈ R.

(i) Show that the implicit function theorem can be applied at the point (1, 1) ∈ R2,

(ii) Compute the tangent at the point (1, 1) of the curve of equation f(x, y) = 0, and determine the

position of this curve with respect to the tangent line at this point.

Exercise 3 Compute:

(i) the curve integral of f : R3 3 (x, y, z) 7→ (x, zy, xz−y) ∈ R3 along the curve defined by the segment

between (0, 0, 0) and (1, 2, 3),

(ii) the curve integral of f : R2 3 (x, y) = (3x2y+2x+y3, x3 +3xy2−2y) ∈ R2 along the curve defined

by the parabola of equation y = x2 from the point (0, 0) to the point (1, 1),

(iii) the integral
∫∫

Ω(x− y)dxdy with Ω the subset of R2 defined by the three lines of equation x = 0,

y = x+ 2, and y = −x,

(iv) the integral
∫∫∫

Ω z dx dy dz with Ω the interior of the upper half of the ball centered at 0 and of

radius 1, namely Ω =
{

(x, y, z) ∈ R3 | x2 + y2 + z2 ≤ 1 and z ≥ 0
}

.

Exercise 4 Consider the right half-sphere centered at the origin and of radius 2 (y ≥ 0). Consider

also the function Ψ : R3 → R3 defined by Ψ(x, y, z) = (x, z,−y). State Stokes’ theorem and verify its

validity on this example.

Exercise 5 The aim of this exercise is to show that the area of a surface is independent of its parametriza-

tion. Let Ω be a subset of R2 and let f : Ω→ R3 be a parametric surface of class C1, namely

Ω 3 (x, y) 7→ f(x, y) =

(
f1(x,y)
f2(x,y)
f3(x,y)

)
∈ R3.

Let also D ⊂ R2 and φ : D → Ω, be a diffeomorphism of class C1, namely

D 3 (s, t) 7→ φ(s, t) =
(
φ1(s,t)
φ2(s,t)

)
∈ Ω

is bijective, continuously differentiable with a continuously differentiable inverse.

(i) Write the expression for the area of f(Ω),

(ii) Compute ∂
∂s

(
f(φ(s, t))

)
and ∂

∂t

(
f(φ(s, t))

)
, and ∂

∂s

(
f(φ(s, t))

)
× ∂

∂t

(
f(φ(s, t))

)
,

(iii) With the expressions obtained above, write the expression for the area of the surface f
(
φ(D)

)
and

compare it with the expression for the area of f(Ω).
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