Nagoya University, G30 program Spring 2017
Calculus II: Midterm Instructor : Serge Richard

Exercise 1 Consider the spiral in. R? defined by the function
f:R >t~ (cos(2t),sin(2t),3t) € R
Compute the length of this curve between t =1 and t = 3.

Exercise 2 For a function f : R — R, give the definition of “f is differentiable at X € R"”. What
is the derivative of f at X ?

Exercise 3 (Cylindrical coordinates) Consider the map ® : [0,00) x [0,27) x R — R? with
®(r,0,z) := (rcos(f),rsin(h), z).

Compute the Jacobian matriz corresponding to this function, and the corresponding Jacobian determi-

nant. Is the Jacobian matriz symmetric ?

Exercise 4 Consider the function f : R> = R defined by f(z,y) =z — y>.
(i) Sketch the k-level sets of this function for k = —-2,-1,0,1,2,

(i1) Compute the gradient Vf of f, and represent the vector field (z,y) — [V f](z,y) on the drawing

of question (i), i.e. at any (z,y) € R? draw an arrow corresponding to the vector [V f](z,y),

(iii) What do you observe when you compare the k-level sets and the gradient.

Exercise 5 The aim of this exercise is to determine some local mazimal value of the function f : R? —
R defined by
fla,y) = 3zy — 32> —y°

on the domain Q := [—1,1] x [=1,1]. For that purpose,
(1) Determine the critical point(s) of f in €,
(2) Compute the Hessian matriz of f at the critical point(s),

(3) Determine the sign of the eigenvalues of the Hessian matriz at the critical point(s) (for that
purpose, you can use the indication mentioned in the reminder below) and discuss if each critical

point is a local minimum, a local mazimum or a saddle point,

(4) Determine the restriction of f on the edge of the square Q defined by y = —1, and determine the
local extrema(s) of f on this edge. Compare what you have found with the result obtained in (3).

Reminder: For a matrix A := (2Y) recall that Det(A) := ad — bc is the determinant of A and that
Tr(A) := a + d denotes the trace of A. If A\; and Ay denote the eigenvalues of a symmetric matrix A,
then one has A\j Ao = Det(A) and A\ + Ay = Tr(A).
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