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Exercise 5.1.5. Consider the It6 process of the form X; = X, + fot V,dBs + fg D, ds. The

quadratic variation of X; is given by

t
(X, = / VZds.
0
By using the previous statement, check that this can also be expressed as

t
(X = X7 — X2 — 2/ X, dX,.
0

Proof. By the Proposition 5.1.4, if f: R; x R, — R is C''-function in ¢ and C? in x, then

X0 = £6 X0 + [ 0aflw, X)Xt [ {100f100 X+ H0R102 0w, X,)

for all s < t. In this equation, we substitute f(¢, ) = 2%, Then since [0.f](t, z) =
2z, [0uf](t, ) = 0, [92f](t, x) = 2, we get

Xt2 = f(tv Xt)
= s %0+ [0l X axa [ {01 X0+ 0L, X du
= X242 /t X, dX, + /t(vu)%zu.

Thus, by taking s = 0, we get

t t
[X]t:/ Vfds:XZ—Xg—z/ X, dX,.
0 0

Exercise 5.1.6. Consider the It6 process satisfying
1
dXt = Xt dBt + §Xt dt, XO = Zo,

and assume that X; > 0 for all ¢ > 0. By applying Proposition 5.1.4 to the function

t — In(X;), show that one solution of this equation is X; = zge’.



Proof. We consider substituting f(¢, ) = In(x) in the equation of the Proposition 5.1.4.
Since [8tf](ta .%‘) =0, [aa:f](ta J)) = %7 [a2f](t7 $) = _m%’ we have

T

h’l(Xt) = f(t, Xt)

t

t
= 0.0+ [ asl(e X ax+ [ {0166, X0 + E0P R X s
1 t
= In(Xy) —I—/O st —/Ods
t
—l—/ 1<XdB+1XdS)—;
0 s
+/t dBs + ds> —%
0

= In(zo) + B: (Bo =0),

where in the fourth equality we used the relation by which the It6 process is given. The

resulting equation can easily be solved by taking the exponential of both sides and we get
X, = zpePf.
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