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Exercise 3.2.2. Let {F;}ic7 be a filtration on a probability space (£2, F,P), and let X be a
univariate random variable on this space. Set X; := E(X|F;). Show that (Q, F, P, (Ft)ieT, (Xt)teT)

is a martingale.

Answer. It suffices to show that E(X;|Fs) = X, namely E(E(X|F)|Fs) = E(X|F,) for
all s < t. Given the property of a filtration that F; C F; for any s < t, it holds a.s., by
Proposition 3.1.3 - 5.

Exercise 3.2.3. Consider 7 = N and a sequence (X,,)nen of independent and real valued
random variables satisfying E(X,) = 0. Set ¥, := > %, X;. Show that (¥;);en and the

natural filtration define a martingale.

Answer. Let (F,)nen be the natural filtration generated by (Yy)nen. Since Y, =377 | X,
for m < n, B(Yy|Fn) = 377_ E(X;|Fm), by the linearity of conditional expectation (Proposi-
tion 3.1.3 - 1). For j < m, X; is F,-measurable, and therefore E(X;|F,,) = X; (Proposition
3.1.3 - 2). For m < j < n, on the other hand, E(X;|F,,) = E(X;) = 0, since X is indepen-
dent of F, (Proposition 3.1.3 - 6). Thus, E(Y,|Fy) = Y5 E(X;|Fn) = 270, Xj = Yo,
which means (2, F, P, (Fn)nen, (Yn)nen) is a martingale.

Exercise 3.2.4. Show that the standard 1-dimensional Brownian motion is a martingale.
Answer. The standard 1-dimensional Brownian motion (Q, F, P, (F;)ie7, (Bi)ie) satisfies:
(i) Bo =0 a.s.
(ii) For any 0 < s < ¢, By — B, the difference of the variable at time s and at time t, is
independent of Fj.
(iii) For any 0 < s < ¢, B; — By is a Gaussian random variable with mean 0 and variance
t — s, namely N(0, t — s).

What we need to show is E(B|Fs) = Bs for s < t, but by the linearity, E(B|Fs) = E(Bs|Fs)+
E(B; — Bs|Fs). Then the first term becomes B because of its Fs-measurablity while the second
term becomes the mean value 0 of the random variable By — By (iii), by the property of
independence (ii). Therefore, E(B|Fs) = E(Bs|Fs) + E(B; — Bs|Fs) = Bs+ 0 = Bs, as needed.



Exercise 3.2.6. Let (0, F,P,{F;:}icr,, (Bt)icr, ) be the standard 1-dimensional Brownian
motion. Show that the new process defined by X; := B? is a submartingale, but that the

process defined by X; := B? — t is a martingale.

Answer. To utilize the property of the standard 1-dimensional Brownian motion, we de-
compose B into Bf = (Bs+ (B, — By))? = B2+2B,(B; — By)+ (B; — B,)?. When X; = B2,

for s < t, using the property as we did in the previous exercise,
E(Xt’]'-S) = E(Bt2|]:8) = E(BE‘IS) + 2BSE(Bt - Bs,-}—S) + E((Bt - BS)2|~FS) = Bg + (t - 3)>

where for the last term we used another expression of variance Var(B; — Bs) = E((B; —
Bs)?) — E(B; — Bs)? and the property of the standard 1-dimensional Brownian motion that
E(B; — Bs) = 0, Var(B; — Bs) =t — s. Since s < t, E(B?Fs) = B2 + (t — s) > B? = X,.
Thus, when X; = B?, (0, F, P, {F: }icr, , (X¢)icr, ) is a submartingale.

When X; = B? —t, using the above result, E(X;|Fs) = E(B? —t|F;) = B2 —s = X, for s < t,
which shows (Q, F, P, {Fi}ier., , (Xt)ier, ) is a martingale.



