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The aim of this report is to outline the proof of existence and uniqueness of conditional
expectation. Such a proof is given in Theorem 4.1 of [Bal] and in Appendix A6 of [Mik], but
some notions from measure-theory are assumed by both. We shall therefore first recall these
notions, and then outline in slightly more detail how they are used to prove the existence of
conditional expectation.

First, we recall some definitions regarding how two measures defined on the same measurable
space may relate to each other

Definition 1. Let (2, F) be a measurable space, and let p,v be two measures on this space.

(a) If there exists an F-measurable function f:§Q — [0,+oco] such that

V(A):[Afdu for all Ac F,

then we say v has density f with respect to p. In that case, f is also known as the Radon-
Nikodym derivative of v with respect to i, and we write f = S—Z.

(b) If every p-null set is also a v-null set, we say that v is absolutely continuous with respect to
u, and we write v < .

An important result about measures with densities is that the integrals work in the way one
would expect:

Proposition 2. Let (2, F) be a measurable space, and let p,v be two measures on this space.
Suppose that v has density f with respect to . Then the v-integral is given by

fgdwfgfdu,

where g can be any positive F-measurable function Q — [0,+00], or any v-integrable function

Q- R.

Proof. The proof is by a standard approximation argument: When g is an indicator-function 1 4
where A € F, the result is clear, since

fﬂAdV:V(A):fAfdM:fﬂAfdM-

The result then follows for simple functions by linearity, for positive measurable functions by
approximating from below by simple functions and applying the monotone convergence theo-
rem, and for general integrable functions by considering the difference of two positive integrable
functions. O



Let us remark that if v has a density f with respect to u, then it is easy to see that v < u;
for if A e F is a p-null set, then we have

v(A)= [ fau= [ fradu=o,

since f14 =0 p-a.e.. In fact, in the case where p and v are both finite measures (e.g. probability
measures), the converse also holds:

Theorem 3 (Radon-Nikodym Theorem). Let (2, F) be a measurable space, and let p,v be two
finite measures on this space. If v < u, then there exists an F-measurable function f : Q —
[0, +00] such that

V(A) = fA fdu  forall AeF.
Proving this theorem in full is quite a bit outside our scope, but let us briefly sketch out the
main ideas (for a full proof, see any textbook on measure-theory. [Tho| was consulted for this

outline, but beware that it is in Danish). The key idea is to consider the continuous functional
¢ on the Hilbert-space L?(, F, u+v) given by

ngng

(of course, one has to actually show that this is in fact continuous). The Riesz representation
theorem then says that there exists a function f € L2(Q, F, u+v) such that ¢(g) = (g, f) for any
geL*(Q,F,pu+v), in other words

fgdv=(g,f>=fgfd(/i+1/)=fgfdwfg?dl/- (1)

One can then show that f(w) in fact takes real values in the interval [0,1) for p-a.a w (and
therefore also for v-a.a. w, since v <« p). Now, define two measures on (2, F) by

mi(A)= [ (-Dav. ma(4)= [ fdu,

for any A € F. Then applying (1) with g = 14 (which is an element of L?(Q,F, pu+v) since p+v
is a finite measure), we see that mj = my. From this we can conclude that gives the required

f
1-f
density (after modifying it on a null-set to be sure it only takes on real, non-negative values),
since for any A € F, Proposition 2 implies

/;%du: Aﬁdmg
1
:/;xﬁdml
1—
:Al_jidl/
:fAldV:V(A).

Another remark on Definition 1 is that we called g—; “the” Radon-Nikodym-derivative. This
language use is justified by the folllowing uniqueness-result:

Proposition 4. Let (Q,F) be a measurable space, and let y and v be two finite measures on
this space. If v has two densities f and g with respect to i, then f =g p-a.e.



Proof. We have
/ fdp = /gdu =v(€2) < oo,

which implies that the functions f, g and f - g are p-integrable, and in particular that

fA(f—g)du=fAfdu—ngdu:u(A)—u(A):o

for any A € F. In particular, taking A = {w e Q| f(w) > g(w)}, we get

f(f - g)Ladp= fA(f -9)du =0,
and therefore 14(f —g) =0, p-a.e., since Lo(f —g) >0. But then

0=p({we] (f(w)-g(w)la(w) >0}) = p({w e A| f(w) > g(w)}) = u(A),
so f < g p-a.e.. A similar argument shows that f > g p-a.e., so f =g p-a.e. O

As an aside, let us note that Theorem 3 and Proposition 4 in fact remain valid if 4 and v are
only o-finite (e.g. the Lebesgue-measure). We will not need this greater generality here, but note
that our definition of absolutely continuous random variables now has a different interpretation:
We defined X to be absolutely continuous if and only if the induced measure px had a density
with respect to the Lebesgue-measure A, which we now know holds if and only if ux < A. In
other words, X is absolutely continuous if and only if P(X € A) =0 for every Lebesgue-null set
A.

We are now ready to prove the existence and uniqueness (up to “almost surely”) of conditional
expectation. The following theorem is essentially “Definition and Theorem 4.1” of [Bal], though
we restrict ourselves only to integrable, rather than left semi-integrable, random variables (i.e. we
require that [ |X|dP = E[|X|] < o). This is also how [Mik] states the theorem in Appendix AG6.
Note also that unlike Baldi (but like Mikosch), we make a clear notational distinction between
the probability measure P on F and its restriction IP’|g to the o-subalgebra G. This distinction is
essential to understanding both the content and proof of the theorem.

Theorem 5. Let (Q,F,P) be a probability-space, and let X : Q - R be a P-integrable univariate
random variable. Let G ¢ F be a o-subalgebra. Then there erists a P|g-integrable univariate
random variable Y on (,G,P|g), such that for every G € G

[ vaplg= [ xap.
G G

Further, if Z is another random variable on (€2, Q,IE”|g) with the same property, then'Y = Z almost
surely (with respect to ]P’|g). It therefore makes sense to define the conditional expectation of X
given G as E[X| G] =Y.

Proof. Let us first prove the theorem in the case X > 0. Define a measure p on (2,G) by
Q)= f XdP,
wméG)= |,

for G € G. Clearly p < Plg, for if G € G is a P|gnull set, then clearly P(G) = P|4(G) = 0, so
W(G) = [ XdP =0. The fact that X is P-integrable implies that s is a finite measure, since

,u(Q)z[XdP<oo.



PP|gis also clearly a finite measure (P|;(Q2) = P(2) = 1), so the hypotheses for the Radon-Nikodym
theorem are satisfied. We can therefore let Y be the Radon-Nikodym derivative:

__du

d(Plg)’

which by definition is a density of p with respect to IE”|g. This means in particular that Y is
P|;-integrable, since [, YdP|g= () < oo, and more to the point it means that for any G € G:

YdP|, - G:fxm,
[yapg-u@) - |

so Y is our required conditional expectation. Conversely, any Y satisfying the above equation
would be a density for y with respect to P|g, so the uniqueness follows from Proposition 4.
For the general case, we can decompose X as X = X* — X~ where

X" = X1 x50y, X" =-X1x<0-

Then X* and X~ are non-negative and P-integrable, so letting

pt(@) = [ xap, (@)= [ xap, (Geg),
we can apply the previous argument to see that
dp* dp”

- d(Plg)  d(Pl)

is a P|sintegrable random variable satisfying

[Lyalg=u (@) -u (@) = [ XaP,

for any G € G. Y thus gives us our required conditional expectation.

For the uniqueness, we note that Y* = Y1,y and Y~ = =Yy are conditional expec-
tations for the positive integrable random variables X* and X~ respectively. Therefore, by the
uniqueness in the positive case, any other conditional expectation Z would have Z* = Y* and
Z~ =Y P|s-almost surely, and thus

Z=7"-Z"=Y"-Y =Y P|g-almost surely.
O

As a final remark, note that a statement analogous to Theorem 5 also holds for multivariate
random variables, as one can simply apply the theorem to each component.
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