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Proposition 7.6.1. ([1], pg. 68)

For the Black-Scholes model and for a payoff given by h(x) ≤ C(1 + |x|α) for some C, α > 0. Then,

the function P is given by

P (t, x) =
e−r(T−t)

√
2π

∫ ∞

−∞
h(xe(r−σ2/2)(T−t)+σ

√
T−tz)e−z2/2dz.

In a European call option (with the strike price K), P (t, x) is given by

P (t, x) =
e−r(T−t)

√
2π

∫ ∞

−∞

(
xe(r−σ2/2)(T−t)+σ

√
T−tz −K

)+
e−z2/2dz (1)

=
e−r(T−t)

√
2π

∫ ∞

d0(T−t,x)

(
xe(r−σ2/2)(T−t)+σ

√
T−tz −K

)
e−z2/2dz.

Since the integrand in Equation 1 vanishes if z ≤ d0(T − t, x) with

d0(t, x) :=
1

σ
√
t

(
− ln(x/K)− (r − σ2/2)t

)
.

Based on ([1], pg. 67), if we set

Φ(y) :=
1√
2π

∫ y

−∞
e−z2/2dz, d1(t, x) = −d0(t, x) + σ

√
t, d2(t, x) = −d0(t, x).

Then, one would obtain

P (t, x) = xΦ(d1(T − t, x))−Ke−r(T−t)Φ(d2(T − t, x)). (2)

Moreover, one can also obtain

H1
t = [∂xP ](t, St) = Φ(d1(T − t, St)). (3)
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Lemma 1

If we set ϕ := Φ′, the relation between the density function ϕ at d1 and d2 is given by

xϕ(d1(t, x)) = Ke−rtϕ(d2(t, x)). (4)

Proof:

First, let us consider d22 − d21

d22 − d21 = (d2 − d1)(d2 + d1)

=
(
−σ

√
t
)(

2d1 − σ
√
t
)

=
(
−σ

√
t
)(

2

(
1

σ
√
t

(
ln(x/K) + (r + σ2/2)t

))
− σ

√
t

)
= −2 ln(x/K)− 2rt.

From the definition of the density function ϕ(y) = 1√
2π
e−y2/2, one has

ϕ(d2)

ϕ(d1)
= e(d

2
1−d22)/2

=
xert

K

=⇒ xϕ(d1(t, x)) = Ke−rtϕ(d2(t, x)).

Exercise 7.6.2. ([1], pg. 68)

Check these expressions, based on the definitions given in the previous section.

Γ(t, x) =
ϕ(d1(T − t, x))

xσ
√
T − t

,

Θ(t, x) = −xϕ(d1(T − t, x))σ

2
√
T − t

− rxe−r(T−t)ϕ(d2(T − t, x)),

ρ(t, x) = x(T − t)e−r(T−t)Φ(d2(T − t, x)),

Vega(t, x) = x
√
T − tϕ(d1(T − t, x)).
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Let us calculate Γ(t, x),Θ(t, x), ρ(t, x), and Vega(t, x) by using Equation (2), (3), and Lemma

1

Γ(t, x) = [∂2
xP ](t, x)

= ∂x(Φ(d1(T − t, x)))

=
∂(d1(T − t, x))

∂x
ϕ(d1(T − t, x))

= −∂(d0(T − t, x))

∂x
ϕ(d1(T − t, x))

=
ϕ(d1(T − t, x))

xσ
√
T − t

,

Θ(t, x) = [∂tP ](t, x)

= −∂(d1(T − t, x))

∂(T − t)
xϕ(d1(T − t, x))− rKe−r(T−t)Φ(d2(T − t, x))

+Ke−r(T−t)∂(d2(T − t, x))

∂(T − t)
ϕ(d2(T − t, x))

= −∂(d1(T − t, x))

∂(T − t)
xϕ(d1(T − t, x))− rKe−r(T−t)Φ(d2(T − t, x))

+ x

(
∂(d1(T − t, x))

∂(T − t)
− σ

2
√
T − t

)
ϕ(d1(T − t, x)) (by Lemma 1)

= −xϕ(d1(T − t, x))σ

2
√
T − t

− rKe−r(T−t)Φ(d2(T − t, x)),

ρ(t, x) = [∂rP ](t, x)

=
∂(d1(T − t, x))

∂r
xϕ(d1(T − t, x)) +K(T − t)e−r(T−t)Φ(d2(T − t, x))

−Ke−r(T−t)∂(d2(T − t, x))

∂r
ϕ(d2(T − t, x))

= −∂(d0(T − t, x))

∂r
xϕ(d1(T − t, x)) +K(T − t)e−r(T−t)Φ(d2(T − t, x))

+
∂(d0(T − t, x))

∂r
xϕ(d1(T − t, x)) (by Lemma 1)

= K(T − t)e−r(T−t)Φ(d2(T − t, x)),

Vega(t, x) = [∂σP ](t, x)

=
∂(d1(T − t, x))

∂σ
xϕ(d1(T − t, x))−Ke−r(T−t)∂(d2(T − t, x))

∂σ
ϕ(d2(T − t, x))

=
∂(d1(T − t, x))

∂r
xϕ(d1(T − t, x))−

(
∂(d1(T − t, x))

∂r
−
√
T − t

)
xϕ(d1(T − t, x)) (by Lemma 1)

= x
√
T − tϕ(d1(T − t, x)).
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