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Summary of the Ornstein-Uhlenbeck process

A. Stationery property

The Ornstein-Uhlenbeck process Ye is the Gaussian process with mean
ElY.J=0 and if it starts with Yo = 0, +the covariance iy of the form :
CO\/ (Ys,\ﬂ_) = %‘_ e—(bS)(“l - e—23> , for & S‘t

However, if the s+<ercmg_ point Yo is Gaussian with mean 0 and

variance 12, we have E[Y{:] = 0 and the covariance is of the form :

—(£-5s)
Cov(Ys, Ya) = jie : , for s<t
We can see that the covariance only &epemls on the difference of time.
This means that if we shift this process Y¢ to Yesa , where a>0 | the process

will still have the same distribution. This is called a S+a+ionevg, P"°Pe"{3-

B. As an Ito integral

We can write the Ovnstein- Uhlenbeck process as,
t
Y{.' = Q—t OCSJBS 5 ‘tzo
with mean O and the Covariance,

s
ELYtYs] - e—t -S J’o elu du - jz(e—(t—s)_ e—({:+s)) — ji e~({—5)<1“ 8_2S> s SJC,

We can also start the process at Y,

, o Gaussian random variable of mean 0
i,

Q.Y\d voriance —Z w\AePehden{ of the E)rouuy\'\OW\ motion Bt . T\'\e PTOCESS then

takes the ‘Fova

Ye= Yoot + gt J:es 4B

S’mce Yo and the 1to 'm+eca,ra.l are indepen&en{: loxa_ Q.SS\A.MP‘\‘,'\OV\)JC\I\QV\
E[Y’c\\/s-} - -Ize—t-s N :li(&—(t—s)_ oSy 2 43e~(+-s3 Cset
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C. As a stochastic differential equation

For the Tto '\n{:e%rqi of the Ornstein-Uhlenbeck process in the
previous section,

— -t rt
Ny = Yoe ™+ ¢ [T 4B,
note that this process is an explicit function of 1, and of the Ito process
% _
Xe= Yo L e*dBs . So, we have Yo = F(E,X¢) with fk,x)=¢ t , and this

is not in an ex?\'\ cit function of ¥ and By so the I4o's formula is not directly
applicable .

Since 94§ = e—t) 31153 =0, and of = —f) we get from Ito's formula for Tto processes,
SF(E,X0) = 24P (h, Xe) dxer (Do §(k, %) + 3 37F (k%) €¥) dt
dYe = ¥ A% + (—ft, X))+ 0) dt
dYe = et dXy — Yo dt = 4By — Y. dt
This differential <quation is n fact has a wice 'erev-Prt{:qu'\on *the drift
is posikive if Y4 <0 and ne gative if Ye 70 and proportional to the posikion.
This is the mechanism that ensures the process to not venture too far from
0 and is e_venkmal\\& stot ionery.
We can also add two porameters for the volatility and the Ari{t)
dYp = —kYedt + odBy , keR, o70
and the solution for this stochastic differential equation is,

4
Yy = Yo e Yy e'N"JO e e dB

Note that if K< O, the solution doesrt converge to a S\Laﬂonera_
distriloution.
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