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INTRODUCTION TO STOCHASTIC CALCULUS 082210678
Exercise 1.1.13 (Classical probability distributions). Recall the definition of a few classical probability distri-
butions, and recast them in the framework and with the terminology introduced above. For example, consider
the Bernoulli distribution, the binomial distribution, the Poisson distribution, the uniform distribution, the
exponential distribution, etc.
BERNOULLI DISTRIBUTION (parameter pe [0.11)
Consider a Proba.b’ll'l-l:\a, space (-n-,T,]f:P> and a measurable Space @\ s 8) = (4o, 1}, P({O;l})), where P({0,1}) is the
power set of Lo,1},
A random varisble X with o Bernouwlli distribution is @ measwrable function from (O, F) to (N, £)  which means that
for any, AeP(fo, ﬁ), {‘05 -Q\ Kw)e A-'S = X_1<A) € F. Observe also that X ()= P({o,1}).
The wrrespond%n% induced Proba\:’-l’-{:\a measure is the map Mx : P({0,1}) — 0,13 defined by for any A€ P(fo.1¥)

Mx) = P({wen|Xwiead) = P(x(A) =P (X <A)
Also, the corresponding probability mass function is the function py : P(f0,1%) — {o, p.1-p. 1] by Px(x) = ’IP(x“({x}))J which in
detail, px ({eh)=0, p(f1))=p, px (0D =1-p, and Px({21D =1 for o particular pe [0,1].

BINOMIAL DISTRIBUTION (parameter n€ Zy, pelo,11)

Consider a Pv‘obo.b'\\ﬂ:\a, space Ln-:T;TP) and a measurable Space (N, 8))\0\(\{\1[\: £0,1,..,n%, and € = P(L),

A randem variable X with a pinomial distribution is a measwrable function from (O, F) +o (i, 8), which means that
for any Acho...n fuen|XweAT= XA e F. Also, x()=fo,...,nY.

The corresPonclin% induced Probab‘-l’.{:\é measure is the map My : {0, 1,..,"1‘_( —> [0,1] defined 55 for any AC {Orl:---:"}_,

MxA) = P({wen|Xwrea)) = P(x(A) =P (X <A)

Also, the corresponding probabi lity mass function is the function px :P(10,1,.0) > [0,1] defined by px(x) = TP(X“‘({::}))] Which
satisty Px(::) = % P C1-p"™™ for a particular pelo.11,

POISSON DISTRIBUTION  (parameter Ac R,)
Consider a Pwro\oub’n\'t{:\é space (N, F,P) and o measurable Space (N, &))w\r\erg N=7Z. and €= P(1).
A random variable X with a Poisson distribution is a measwrable function from (O, F) o (N, £)  which means that
forany AeZ foen|XwleaATs XA e T, Also, x() = B,
The corresPondin% induced Proba.\p'-l'-{:\a measure is the map Mx : Z, = [0,1] defined by for any Ac P(A),
ux ) =P{wen|Xweal) = P(x(A) =P (X cA)
Also, the corresponding probability mass function is the function px : P()— [0,1] defined by Px(x) = ’P(x*l({x}))) which
satisty Px(x) = i—, 2e~> for a particular A€ Ry |

UNIFORM DISTRIBUTION (parameter a< b n [R)

Consider a probability space (o, F,P) and o measurable Space (N, g))wh‘m AzR, g=0;,

A random varicble X with a uniform distribution is a measwrable function from (O, F) o (N, €) , which means that
for any A€ 0y Jwen|Xweaf=s XA eF,

The corresponding induced probability measure is the map Mx : R —2 [0,1] defined by for any Ac O,

AxA) =P{wen|Xweal) = P(x'(A) =P (X <A) o

Also, the corres ponding probability density function is fhe funchion Ty : R = [0,00) that sakisties Ty (x) = ‘:4 A
for aparticular abeR withb>a, which correlates with +4he induced probability measure as [y (A)=_fA Tix G d | AEG‘B. .

s <Fer M&oxg b

EXPONENTIAL DISTRIBUTION  (perameter A € Ry)
Consider a probability space (N, F,P) and a measurable space (N, &) where AzR, £20y,
A random variable X with an exponertial distribution is @ measwrable function from (-, F) +o I, £)  which means that
forany A€ 0 fugn|XweAf=s XA e F.
The corresponding induced probability measure is the map Mx iR  — [0,1] defined by for any A eo—tb)
ax@)=P{wen|Xwenl) = P(x(A) =P (X <A)
Also, the corresponding probabi lity density function is the function Ty : R = [0,00) fhat sakisties T, (x) =

{)\e'“"', for x20,
for @ parti cular 9\etR+) which correlates with the induced probability measure as fix (A)=J‘A TixGadx, A€y,

0o ,Hrx<o
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