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On Martingales

Definition 3.2.1 (Martingale, supermartingale, submartingale). For 7~ C R, a real valued stochastic process
(Q, F, P, (Fo)er, (My)ieq) satisfying M, € LY(Q, F,P) foranyt € T isa martingale if E(M;|¥5) = M for all
s < t. It is a supermartingale if E(M;|¥;) < M, or a submartingale if E(M,|¥;) > M.

Exercise 3.2.2. Let {F;};c5 be a filtration on a probability space (QQ,F ,P), and let X be a univariate ran-
dom variable on this space, with E(|X|) < oo. Set X; := B(X|F;). Show that (Q, F,P, (F)ier, Xp)ier) is a

martingale.
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Exercise 3.2.4. Show that the standard® 1-dimensional Brownian process is a martingale.
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Exercise 3.2.6. Let (QQ, F,P, (Fr)ier,, (Br)icr, ) be the standard 1-dimensional Brownian process. Show that
the new process defined by X, := Bt2 is a submartingale, but that the process defined by X; = Bt2 —tisa
martingale.
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Exercise 3.2.5. Let (Q,F,P, (Fi)ier,, (Br)ier, ) be the standard 1-dimensional Brownian process, and con-

sider the geometric Brownian process defined by S; := Sgexp (oB; + ut), witho > 0, u € R, and Sy € R an

arbitrary initial value. Show that this process is a martingale if and only if u = — %0‘2.
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Special thanks to my friend Tsunekawa Haruki, for helping me understand Martingales better. Without his help | would not have
been able to solve these exercises.



