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On conditional expectation and Lp -spaces

Exercise 3.1.5 (®). In the framework of the previous proposition and for univariate random variables, show
that the map X — E(X|G) is a bounded linear map from LP(Q, F,P) to LP(Q, G,P) with a norm smaller or
equal to 1, for any p > 1. More explicitly, show the linearity and that E(|[E(X|G)IP) < E(|X|P). In the proof,
use Jensen’s inequality for the function x — |x|P.

Recallirg  ghe  proposition:

Proposition 3.1.3. Let X, X 1. X? be random variables on (Q, F,P) taking values in a standard measurable
space (A, E), and assume that these random variables belong to L'(Q, F,P). Let G be a o-subalgebra of F,
and let a,B € R.

1. E(eX' +BX°|G) = E(aX'|G) + E(BX*|G),

2. If X is G-measurable, then E(X|G) = X,

3. If X > 0a.s., then E(X|G) > 0 a.s.,

4. If W is an univariate bounded and G-measurable random variable, then E(WX|G) = WE(X|G) a.s.,
5. If G’ is another o-subalgebra of F satisfying G C G', then E(E(X|G")|G) = E(X|G) a.s.,
6.

. If X is independent of G, then E(X|G) = E(X) a.s., where E(X) can be considered as a constant random
variable,

7. If X is univariate and ¢ : R — R is a convex lower semi-continuous function, then

E(e(X)|G) = ¢(E(X|G)). (Jensen’s inequality)
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