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Exercise 6.1.4 Show that Brownianmotionhasthetimehomogeneon
Markovproperty

First recall the definitionof 1 1 Brownianmotion

Astochastic process B R F P Ft Bt takingvalues in IR
is a 1 D Brownianmotion if
1 B 0 a s

2 Forany 0 s Ct therandomvariableBy Bs
isindependentofFs

3 Forany0 sat the randomvariableBt Bsis a
GaussianrandomvariableNCO t s

ConsidergCBHforsometime t and boundedfunctiong and a
random variable W that is Ps measurable for sat

Wehave
E g Bt W E g BstBEE WI

Since Bt Bg N 0 t s andis independentofB as stated in
2 and 3



Efg B Y w E fg Bsty W dy

Fiddh fr E g Bstg w e 7 dy
Fs

Thus theconditionalexpectationofg Bt givenFs is
E g Bt IF E g Bs Y IFs

EYY g Bs 4 I since 

Yis independentofFs
S g Bsty

e 2 5
dy

V24 s
RH S is a functionof t sandBonly it doesnot depend onFs
It implies that E g BH IFs E g Bt Bs

Since it depends on t s one has
E g Bt Its E g Bt Bs E g Bt s Bo

This can also bewrittenas bytaking g 14
IP BtEA Fs IP Bt s EA Bo

Hence thestandard Brownianmotionhas thetimehomogeneous
Markov property seedef 6.1 2
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