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Proposition 4.4.4. Let B := (Q, F,P, (F1)i=0, (B)1>0) be the standard 1-dimensional Brownian motion, and
let f : R? — R be continuous and with ,f, 0. f, and 8>f (second derivative with respect to its space variable)
also continuous. Then the following equality holds:
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f@.B) = 0,0)+ fo [0x/1(s, B;)dB, + fo {10:£1(s, By + 3162 f1(s, By} ds, @42)

Exercise 4.4.6. By considering the function f(t, x) = tx?, write an expression (as simple as possible) for the
It6 integral fot sBsdBy, see also [12, Example 7.3.2].
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Exercise 4.4.7 (The 1t6 exponential). Consider the function f(t, x) = e*~2* and show that
3
fo f(s,Bs)dB; = f(1, B;) - f(0,0).

Observe that for the usual exponential function one has fot e*ds = e’ — ¥, and for this reason the function f
is sometimes called the Itd exponential.
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Exercise 4.4.8. Set f(t, x) := ele-30)H0x for ¢ € R and o > 0, and consider the process X; := f(t, B;). Show

that . .
X,=X0+cszds+a'f X,dB;.
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