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The random variables defined by Z; := tBy;; for t > 0 and Zy = 0 define a natural Brownian motion.
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Definition 2.4.1 (1-dimensional Brownian motion). A Stochastic process (2, F,P,(F)ier, . (By)ez,) taking
values in R is a 1-dimensional Brownian motion if

1. By=0a.s.,
2. Forany 0 < s < t the random variable B, — By is independent of F,

3. For any 0 < s < t the random variable B; — By is a Gaussian random variable N(0,1 — s).

Proposition 2.4.4. Let (Q, F, P, (F)er.. (B)ier, ) be a 1-dimensional Brownian motion. Then

1. By=0a.s.,

2. For every 0 < t; <ty < --- < ty, the N-dimensional vector B := (B,‘,B,:..,HBW)I is a Gaussian
vector with B(B) = 0,

3 B(BBy)=tAs.
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