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Since generally a map in a group is not commutative, I will denote multi-
plying an equation by an element ¢ from the right by /- ¢ and from the left by

/e

Exercise 1.1.3.

Let G be a group.

1. In this part we want to show that the identity element of a group is unique.
To do this, let us assume that the group has two identities e1,es € G,
e1 # ez. From the property of the identity element, and the inverse, for a
random element a € G

el = aa”!

€g = aa” !
from which e; = es, which is in contradiction with the initial assumption
(e1 # e3), so there is only one identity element.

2. In this part, first we want to show that the inverse of the identity element
is itself. By the definition of the inverse, an element multiplied by its
inverse is the identity element

which means that the inverse of the identity is itself.

Next, we want to show that a = (a=!)~! for Va € G. From the definition
of inverse



so we indeed get back the initial element if we take its inverse two times
(for any element of the group).

Then, we want to prove that (ab)™! = b~'a~!. Using the definition of
inverse again, and that the map is associative

(ab)™' =b7ta? /ab-
(ab)(ab)™' =ab-b'a”

Since we got an identity by applying operations that do not change the
solution of the equation, we have proven that (ab)~! = b"ta~1.

Finally, we want to prove that the inverse of any element of the group is
unique. To do this, let us assume that a € G has two inverse (a=1); and

(@™ 1)
e=a(a )y /(@)
(aMa ( ) = (aMa(a™"),
(a2

so the two inverse are the same, so the inverse is uniqe.

In this part we want to prove that if ab = ac or ba = ca, then b = ¢. If
ab = ac, using the inverse and associativity

ab = ac

atab=a"tac

b=rc.
Similarly, if ba = ca, then
ba = ca
baa" ' = caa”"
b=c.

Thus, if ab = ac or ba = ca, then b = c.

Exercise 1.2.2.

In this exercise we want to prove that ~ is an equivalence relation.
Let G be a group and a,b € G. The ~ is an equivalence relation if it satisfies
the following three properties

1.

a~ a,

2. if a ~ b, then b ~ a,

3.

if a ~band b~ ¢, then a ~ c.



Now let us prove that all three of these are satisfied. From the definition, a ~ b
if 3¢ € G so that a = cbc™!. Using this,

1. For c =e, a = eae™ !, thus a ~ a.

2. If a ~ b, then (using that ¢~! is also an element of G

a = chc! /- c
ac = cb Jch
clac=1b

(e Hale™H) ™ =b
thus b ~ a.
3. Let a,b,¢c,dy,ds € G, a= dlbdfl7 and b = dgcdgl. From this one has

a = dibd;* = dy(docdy t)dy?
a = (didy)e(dy i)
a = (dldg)c(dgdl)_l.

If di,ds € G, then dids € G, thus a ~ c.

Since all three conditions are satisfied, ~ is an equivalence relation.

Exercise 1.2.10.

1. In this part we want to show that G is a normal subgroup if and only if

for any a € G we have g,[a] = [a]g,. To prove this we need to show that
Golal = lalg, if Go is a normal subgroup, and Gy is a normal subgroup if
Go [a] = [a]Go'

If Gy is a normal subgroup, then Va € G, aGoa~! = Gy, so

aGoa™! = Gy /-a
aGo = Goa
Go [a‘] = [a]Go’
S0 @, la] = [a]g, if Go is a normal subgroup.

If Gy is a subgroup and for any a € G we have g,[a] = [a]g,, then

Go [a’] = [a]Go
aGo = Gpa /-at
CLG()G_1 = GO
for any a € G, which means that Gy is a normal subgroups if ¢, [a] = [a]g, -

These mean that G is a normal subgroup if and only if for any a € G we
have ¢, [a] = [a]q,-



2. In this part, we first want to show that [a]g,[blg, := [ab]g, defines a
product on the equivalence classes. For this, we have to show if this
product is meaningful, that is, if [a]g, = [@']¢, and [blg, = [V]g, (for
a,a’,b,b € G), then [ablg, = [a'V]q,, in other words, if the newly defined
map ([a]g,[blG, := [ablg,) is independent of the element we choose from
the equivalence class. Otherwise the product of two equivalence classes
could be more than one equivalence class (depending on which element
we choose from the equivalence class), which is not something we want.
To prove this, first recall that [a]g, = [d']lg, <= Goa = Goa' and
bla, = [V]g, <= Gob = Gob'. From these

[ablc, = Go(ab) = (Goa)b = (Goa')b
using the results of the previous section
(Goa')b = (d'Go)b = ' (Gob) = d'(Gol') = (d'Go)b' = (God" )b/ = Go(a'V') = [a'V]g,

thus it is true that [ablg, = [a'V]q, if [a]e, = [¢']c, and [bla, = [V]G,, SO
the product we defined is meaningful.

Next, we want to show that this operation defines a group. Fistly, let
us check if the operation is stable on this group. Since (by definition) if
a,b € G, then ab € G, and since every element of G is in an equivalence
class, [ab]g, also exists, thus the operation defined for the quotient group
is stable.

Next, let’s check if this map has the three basic properties from Definition
1.1.1.

i) Associativity:

(laao[blay)lclay = labla, e, = [(ab)cla,
[a], ([Blaolcla,) = [ala, [bela, = [a(b)]a,

which are equal because of associativity of the map of G

ii) Existence of an identity element. This identity element is indeed
Go = Goe = [€]g,, since

[e}Go [a’]Go = [ea}Go = [a]Go'
iii) Existence of an inverse. If the inverse is defined as [a](_;i = [a " Yg,,
then

[a]Go [a‘ ]Go = [a‘a‘

so it is indeed the inverse.

Since every condition is satisfied, the quotient group is indeed a group.

Finally, we want to show that if G is finite and if Gy is a normal subgroup
of G, then |G/Gy| = l'go‘l.

Let G be a finite group with |G| = N and Gy its subgroup with |Go| = n. By
definition, two elements (a and b) of G are right conjugated (b ~" a) if 3¢ € Gy
so that b = ca.




Let the elements of the subset be Gy = {¢1 = e, g2, 93, ..., gn }. Based on the
definition of right conjugation, the equivalence class containing a can be given as
[a)le, = {ag1 = a,ag2,ags,...,ag,}. Since a set cannot contain duplicates, and
a group is stable to its map (i.e. Vag; € G), every equivalence class has exactly
n elements. Since every element is contained by exactly 1 equivalence class
(Definition 1.2.3.), the number of equivalence classes is given by N/n. Since the
elements of the factor group are the equivalence classes, the number of elements
of the factor group is
N _ |G|

|G /Go| = number of equivalence classes = — =
n |G0|

which is what we wanted to prove.

Exercise 1.2.12.

In this exercise we want to prove that the center Z(G) of a group G is an Abelian
and normal subgroup of G.

First let us check if Z(G) is a group. To do this, we have to check if the
inverse of any element of Z(G) is also included in Z(G), i.e. ifa € Z = a™1 € Z.
For this let’s check if a=! commutes with Vb € G

a 'b=ba"! /-a
atba=0b
atab=10
b=1b

so the inverse of any element of Z(G) is included in Z(G).
It also has to be checked if the map of G is stable on Z. Let a,b € Z, for Vc € G
one has

(ab)e = a(be) = a(cb) = (ac)b = (ca)b = c(ab)

so the map of G is indeed stable on Z.
From these, we can see that Z(G) is indeed a group.

Finally, we have to check if Z is Abelian and a normal subgroup of G. Since
any element of Z commutes with any element of G and Z C G, the elements of
Z commute with each other, thus Z is Abelian. This property also implies that
for any a € Z and ¢ € G,

1

cac™t = ace™?

=a=>cZc =2
so Z is normal.

Therefore, the center Z(G) of a group G is an Abelian and normal subgroup
of G.

Exercise 1.2.15.

1. In this part we want to prove that if G and G’ are two groups and ¢ :
G — G’ is a homomorphism, then the identity element of G is mapped to
the identity of G" and that ¢(a=!) = ¢(a) .



From the definition of homomorphism, for Va € G

Plaeg) = ¢(a)p(eq)
#(a) = p(a)p(ea).

Since ¢(a) € G, ¢(e@) must be eqr. Using this

e = dlec) = plaa™") = p(a)p(a™)
eqr = pla)pla™)

where ¢(a~!) must be the inverse of ¢(a) to satisfy the equation for Va €
G. Thus, ¢(eg) = eg and ¢(a™!) = ¢(a)~L.

. In this part we want to prove that the kernel of ¢ defined as ker(¢) :=
{a € G|¢(a) = e} is a normal subgroup of G.

Let a,b € ker(¢), meaning ¢(a) = ¢(b) = ee. Using the property of
homomorphism

d(ab) = ¢(a)o(b) = eqreqr = eqr — ab € ker(¢)
e = Pleg) = plaa™") = ¢(a)p(a™!) = p(a™')  — a7 € ker(¢)
since this means ker(¢) is stable to the map of G and includes the inverse
of all of its elements, ker(¢) is a subgroup.

For any a € ker(¢) and ¢ € G,

dlcac™) = glca)dlc™) = d(e)o(a)plec™) = dlA)d(c™) = D(OB(e)] " = e

since this means that cac™! is also an element of ker(¢), ker(¢) is normal.

From these, we can conclude that ker(¢) is a normal subgroup of G.

. In this part we want to prove that the quotient group G / ker(¢) is isomor-

phic to ¢(G) through the isomorphism ¢ defined as ¢([a]ier (¢)) = d(a)
for any a € G.

Firstly, let us check that %5 is indeed a map, i.e. if an equivalence class is
mapped to the same element regardless of which element we choose within
the equivalence class. Otherwise, an equivalence class would be mapped
to more than one element, which would mean that ¢ is not a map. If a;
and ay are in the same equivalence class, then theres exists b € ker(¢)
such that as = ba;. From this

P(az) = dp(bar) = ¢(b)¢p(a1) = ecrd(a1) = ¢(a1)
so every equivalence class is mapped to only one element, thus 5 is indeed

a map.

Next, let us check if (E is a homomorphism

(b([a]kcr(gb) [b]kcr ) g([ab]kcr(gf) ) (b(ab)
O([alker()) S ([Dlier(s)) = D(a)$(b) = ¢(ab)



since ¢ is a homomorphism. This means that 5 is indeed a homomorphism
(it indeed preserves the structure of a group).

Finally, we will prove that 5 is an isomorphism, that is, a bijective homo-
morphism.

First we will prove that it is injective, using proof by contradiction. Let
us assume that Ja,b € G such that ¢(a) = ¢(b), but a is not in the
same equivalence class as b (in other words, that two different equivalence
classes are mapped to the same element <= 5 is not injective). This
means that if b = ca for some ¢ € G, then ¢ ¢ ker(¢). But then we have

$(b) = d(ca) = ¢(c)p(a) = d(c)¢(b)

from which ¢(c) = egr = ¢ € ker(¢), but this is a contradiction, so 5 is
injective.

Next, we proove that ¢7 is surjective. Since % maps to ¢(G), and any
element of an equivalence class is mapped to the same element, when the
equivalence class itself is mapped to that particular element, the image did
not become smaller (basically we replaced every element that was mapped

to the same element with one element), so quS is surjective.
Since qg is both injective and surjective, it is bijective. Therefore, G/ ker(¢)
is isomorphic to ¢(G) through the isomorphism ¢.

4. In this part we want to prove that if Gy is a subgroup of G, then ¢(Gy)
is a subgroup of G'.

If a,a=',b € Gy, then ab € Gy, so

¢(ab) = ¢(a)p(b) = the product of two elements of ¢(Gp) is in ¢(Gp) = the map is stable
eqr = dleg) = ¢plaa™t) = ¢(a)p(a™") = the inverse of ¢(a) is also included in ¢(Gyp)

from these if Gy is a subgroup of G, then ¢(Gp) is a subgroup of G'.

Exercise 1.3.5.

In this exercise, first we want to prove that N x, H is a group, and then that
N is a normal subgroup of N x H.

To prove that N X, H is a group, let us check if the three basic properties of a
group hold

1. Associativity:

[(n1, h1)(n2, hao)l(n3, hs) = (n1[Y(h1)](n2), hiha)(ns, hs)
= (m[Y(h)](n2)[¥(h1h2)](n3), hihahs)
(n1, ha)[(n2, ha)(ns, hs)] = (n1, ha)(n2[1(ha)](n3), hahs)
= (n1[1(h1)](n2[p(h2)](n3)), hihahs)
= (na[i(h1)](n2) - [ (h1)]([Y(h2)](n3)), hihahs)
= (n1[1(h1)](n2) - [Y(h1h2)](n3), hihahs)



since 1(h1) = ¢ is an automorphism and since v is a homomorphism

(which means that 1 (h1hs) = ¥(h1)Y(ha), from which [¢(hihs)](n) =

[ (h1)]([(h2)](n))). These mean that [(n1, h1)(n2, ha)](n3, hs) = (n1, h1)[(n2, ha)(ns, hs)],
so the map is associative.

2. Existence of identity element
(n,h)(en,en) = (n[¢(h)](en), hen) = (nen, h) = (n, h),

so there exists an inverse, namely (ex,ep).

Note that [10(h)](en) = en, since (k) is an automorphism on N, which is
a bijective homomorphism from N to itself, and we have seen in Exercise
1.2.15. that a homomorphism maps the identity of the domain to the
identity of the codomain (and the domain and the codomain are the same
in this case, so ey is mapped to itself).

3. Existence of inverse

(n, h)(n, 1) ~F = (n, W) ([ ()] (n™1), k™Y = (nfp(W)([W (R H)](n ™)), Rh™)

= (nn"Yen) = (en,en),
so there exists an inverse given by (n,h)~! = ([ (R~ 1)](n~1), A 71).

Since all three basic properties of a group are satisfied, N x, H is indeed a
group.

Next, let us see if N is a normal subgroup of N x, H. First let us identify N
with {(n,em)|n € N}. If (no,en) € {(n,em)|n € N} (which is the group we
identified N with) and (n,h) € N x, H,

(n, h)(no, er)(n, ) ™" = (n[(h)](no), W) ([W(R~H))(n™"),h™")
= ([ (M) (no) [ (W[ (h™H](n ™), hh™") = (nlih(h))(no)n ™", em).
Since ¢ is an automorphism, [t)(h)](ng) € N, and thus n[¢(h)](no)n~! € N

too. Therefore, (nft)(h)](no)n~t,en) € {(n,en)|n € N}, which means that N
is a normal subgroup of N x, H.

Exercise 1.5.2.

In this exercise we want to prove that (T'(n), 1) is a normal subgroup of E(n),
and that E(n) is isomorphic to the semi-direct product of T'(n) x R(n).

First let us check if (T'(n),1) is a normal subgroup of E(n). Let a € T(n),
(b,B) € E(n). For (a,1) € (T'(n),1) we have

(b, B)(a,1)(b,B)™* = (b+ Ba,B)(~B~'b,B™') = (b+ Ba+ B(—B~'b), BB™)
= (b+ Ba—"b,1) = (Ba,1) € (T(n),1)
thus (T'(n), 1) is indeed a normal subgroup of E(n).

Next let us see if E(n) is isomorphic to the semi-direct product of T'(n) x R(n).
Let N(n) = (T(n),1) and H(n) = (0, R(n)). Observe that

e N(n) < E(n) (from the previous part of this exercise)



e N(n)NH(n)={(0,1)} =eg
e if be T(n), B € R(n), then
(0,1)(0,B) =(b+1-0,1B) = (b,B)

so any element of E(n) can be obtained as a product of one-one element
from N(n) and H(n).

These properties imply that F(n) is the inner semi-direct product of N(n) and

Exercise 1.5.6.

In this exercise we want to prove that (T'(4),1) is a normal subgroup of P, and
that P is isomorphic to the semi-direct product of T'(4) x L.

First let us check if (T'(4), 1) is a normal subgroup of P. Let a € T'(4), (b, A) € P.
For (a,1) € (T'(a),1) we have

(b,A)(a,1)(b,A)™" = (b+ Aa, A)(=A" 0, A7) = (b+ Aa + A(—A'b), AATY)
=(b+Aa—b,1)=(Aa,1) € (T(4),1)

thus (7°(4),1) is indeed a normal subgroup of P.
Next let us see if P is isomorphic to the semi-direct product of T'(4) x L. Let
N =(T(4),1) and H = (0, L). Observe that

e N < P (from the previous part of this exercise)
e NNH={(0,1)} =ep
e ifbeT(4), A €L, then
(b,1)(0,A) = (b+1-0,A) = (b,A)

so any element of P can be obtained as a product of one-one element from
N and H.

These properties imply that P is the inner semi-direct product of N and H.



