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[et (A,D(A) be densely dejined. Prove that - (00 ker (AY) = Ran n=*

(b) If A< B then B*c A”
Proot

@+ I 1€ ker (A") then $€ D(A*) and A% =0 2> <1, Agd= (A"j,g‘): 0 ¥ge DAY = t€ Ran (A)*

. Recall that DAM) = {se X | Ipre W : (Moo= <j;Aq>}- and A%= 1" ¥$€D(AY)
T t€Ran(A) then <t Agy=0 Yg €D(A), We hove:
= te DAY and AT =0 = € ker(A*)
> ker (A¥) = Ran ()™
(b let t€ DB*) » <B%,q>= {4,8g> ¥q€D(®

Moreover, it A< B then (B, qY= {t,Aq) ¥g€ DAY D) 2 1€ DY) and Ay = B
¥

{3 Ag>= 0 = €0,9) ¥qED(A)
%

= { D(B*) < D(A*)

> B*< A” (A%is an extension of B*)
A= 8%  ¥ten®)

Let (A,D(A)) be a szh“od&oini operator (D(A) is dense in H)

Prove that it B=B8*€ BH) then (A+ B, D(A)) is a sclj"ad]om’r operator
Proc:

Be BH) implies hat D®I= A > D(A+B) = D(A) » D(B) = D(A)

+ I§ 1€ D(A+BY¥):

Suppose that 1*€ W suchthat <f, (A+B)gY = (t%,q>; = (A+8)"t  with t€ D((A+®)*)

2 {f*9r= (4, (MBlgy= <Ay + (5,BqY = {f,Aq) * <Bf,q7 Hg€ D(A) = (j;hq)- <]L B;,9>
= 1€ D(A*) = D(A) = D((A+8)*)< D(A)= D(A+B) '
“and * for Teo((m&))c D(A): P?f - Bt & Aj (A+R)% - Bf (A+B)¢ (A+8)4
Thus, we have just obtained : {D((MB) ) < D= DA+B)
(h+ Bs = (A+B)F ¥t€ D((A+8*)
+ It 1€ D)= D(A+B) .
(AP = <, (A*B)g) = {4,BgY 5 <t (A*B)g)= i, Agy + 4t Bg> = (At g + (BlgY = <(A+6)j 9
=5 $€ D((A+B)*)
= D(AB) € D((A*BF) =

From m and @), one has D((A+B)*) = D(A+B) (=D(M) ond (A 3‘)"5= (A+B)f  ¥5 € DA

::> (PH’B)* - (A+ 5) = (A+B) D(A+B)) y Or equi\/alen’rltj (A+ B; D(A)), is a Self ”Oldjoer OPCYG.*OI'



