Remmder | e
(2.7.P) a probahl«ty 9pace P X .Q—>IR a raytdom Va.r-table> B
Fx: R-> [0.1] 4ts distribution fumction, Fx(x)=IP(X<€%)5 SR
E(X®) k-moment 5 var (x)=E(X*)-E(X)*5 cov(XY)=E(XY)- EOEY
Mx:I=>R moment gererating function, Mx(t)= lE(e"") -(f abSolutely com)eryent
Markov + Jensen's: ineguality S
Def. The characteristic function @y of a_rv. X o
By R>C, ¢x (1) = E(®) = IE(cosctx))+|IE(sm<tX>) e
_Note that E(le®™D=E)=JimFe(x)=1 o
. Px always exists since the carres'ponhy mtegra( B
s always absohcte@ convergent. N
Remark . o
I Mx(t) ex'tsts for lt|<K then ¢x W= Mlx(lt)
But ¢y exists even 4f Mx does not e'xqst o
E.g. For the Counchy distribution, ¢x(t) = el B
Thm. If E(X%) ex«sts for ol ksN<oo, then =
B M OE z: (|t)"ﬂ:'(X")+o(t") |

,Note fe o(t"') 4f hmig-’- O;feO(t”) 4f tN 1S bow/\ded near 9(zero)

>0 tVN

Propertfles ,
DIF 0bER, Puxep =Py at)
2K XY ‘1‘V\d€1767\de’ﬂt D4y (£) = @x (‘t)*¢y (t) o
3) ¢y determines uniquely Fx, but the link s always smple
 Howexer +f X 4s obsolutely continuous, then I
fe )=l e ™ omdt L




| VIl The madn himit theorem

[5 When we soy sth converges, e howe to so:y m whmh serse. 4t convege,s
Low of large numbers o
| If we throw o die many times, the averaje W-llt convege to35
] Def A sequence 2,Z,7Z, " of romdom voriobles R
~ converges 1n mean sq,uare tothe rv. 2o . .
1 W E(Ze-Ze® =0 IR
i We write Zn_—"Zoo N meon square
| Thim. Meo squou’e low of lwge vumbers

Let X, X., & sequence of wdependent v,
__ Beach with meon u ond variance o* (same), . .
 then the averoge of the first . m of X; Sat'lsf'le's |

7o (Xy+ Xz +- "’Xn)‘-‘&’,u mn._meon squm’e

Set Sp= ZX«,then S B

"”cbmié::gence' e in meon ’Asqaaré

CE(HSw) =% 'n,u =M and

[E(('n. Sn /Ag Var('nSn) "n: Var(Sn.)-—"
Kema'rk Tbecause of 1ndependence o
XM arv. with E0 “,M and var(X) 0, then X=u

; Amther type of convergence : |

,Def Llet Z,,Z,, - be a sequence of r.v. It

| . Converges In probo«b'll'ltg if

4 Ve>0, PUZn~Zool 2€) 2250

- We write Zn 2227, 4n probobility.

Ginéoo
= 0

Pro?os«‘m sy, G ' vecker)
I Zn 2 7 in meom sq,mre_ then ZnB2%> 7, dn. Pfobabthty
, A,The converse 4s mot true.




,Lemm(Chebyshev S Qo P
I Xods arv. wﬂ!x IE(X )<Oo R
then PUxi > x) < EX )fonmy,zcélki‘ e

Etooff - ] T
By Markov’s 1'neq,ual’i@ 0 X2, Epe) -
T WxeR P PERY, PUXIZx) PO x) < B2 o

l’-roo]C of . proposition . . ' E—

Comsider X:= Zn- Zoo, them and ¢ any €0, then
E(za?

lP(lZn Zoa,>€)<">(,zh"2u‘$€) < € L
PUZn" Zool>£) 20 omek , o

N-200 a) ly\éOO

- Zn = 4075 AN MeEON sq,mre <-> E((Zn - Zw)

Zo 2% 7, in Wobo.bd«tg OPUZZal>0) 2,
Exercise: Let Zn be discrete r.v. for nEN+ S
Consider P(Zn=0) =l-5% and P(Zn=n)=mn
_ Show tkout Zn 2250 in vrobahh’gy bodr not An mean square. .




|

_ Remark Chebyshev s mequahty OJSo reowl s

| Central limit thm’s motivation - =

i We shall_work with standardized version of o,
| 7o SaEGW _Swomp _ Se-mp _.

; Def/\ Seq;wame Z\,Zz., - of T.V. tend

: Keﬁafk The central limit thm 15 a. week oowerge_m»
1 since the morma| distribution has o point of oHsoanhwmy

PUX-EI3x) €222

If Xi, Xa, - o mdepende,nt and. 4d,@nt4callj d1str1buted V.
_ wdwith_meon w_ omd variance ¢°#0 |
__Then Sn=X, +:+Xn~num

But what obout the dﬁ‘erem S~ fn,u,?

7va=r<s..) mrz, .' GJ_ .

) Thm (Centml it theorem)

let X, Xa, - be mde,pe,ndwt rmif\-d 4den:t1cal/y ol1str4buteal rv
_with  mean J ond _yorionce 6*#o .
Let Sn= ZXj ond Z, = S"—“'K

 Then VX ER, P(Zo< %) "‘"??, ,Z; =e T Ay Gefor sormal distibato
S . with porsameter (0.1)

_converges in distribugion (or week@) %f 0 Zeo %ﬂ(we write Zﬁ%&
A P(Za s %) P22 P(Zoo < x) VX EC,

C={xERIFz, 4s continmous ot x}

Remork If ZnT25 Zoo dn probobility, then 7, 2227,
_The comverse #fis false. 4n 3eneml but ot always . S
_ But 4f Zu s constont then Z, 1227, in Prbbebjhiyézn%zw




 Thm. (Continwdty theovew) . . . . .
C let 2,Zy, be o sequence of romdom voriobles with chavacteristic ¢,
Then Zp 2228 7 W P &) 2255 B, (1) for au teER . .. .

. (pointwise._ com/e)yence) o

' New version of the low of lorge. vwombers s
- Let XXz, be dndependent v.v. which o ,4dent1cody ohstr‘ibutea!
_ond with_mean . (voriance could mot_exist) (u<oo)
Then nSn""""’,u An probobility e e
Indeed set Un= ‘nSn then — ' ,w S

¢Uu%*) (¢(—t)) (1+|—.,r,u+o(t)) LETN elf/‘- ¢ (.,;)
=>¢u ®) =25 g, 1) pointwise v .
&l 22, (constant) & Un 222 i pmba;nhty .o
me of oo,ntml hmt tkm R o o
o "‘Ui
L IE(U.) var(u ) = vw—(X.-f,u) var(X )= 0‘ -
_Then ¢, (4) =[EGe™?™ = (exp(nt 5 4 Z U; ))

= E(exptit gz )" ¢u( 4-> “(1+ : (v &re +o(t‘))n
L4 normal dist ribat |
(1’ + (tl)) “—”o 6 = ¢N(00 n :

- =$¢Z” (“7) ‘V\.->00 ¢N(0|) vt : : R
oz, o N@© 1) 4n probalmhty [ -




