X Continuous time Morkov chain
astate space. countable
Constder X = {XW)[t20}, with X(¢): _Q——>S A,

>wnple space
' | Def. Xs o continuous time Maxkov chodn Af -t satifies the Markov condition
I i T Tl N S Ty 71k T
P(X Ctan) = inet| X o) =0, X ) =017, X ) =in) = PX o) =ina| X tn) =in)
A There’s mo analogue for the tromsition madrix R
because there’s mo matwral ynit time,
Def.V4,4€S and st we set (the transision probability)
P.h) (5,8): = P(Xt) =41X(s) =1)
= [P(X(t-5) =] X(0) =4) =+ Pi,; (4-5)
Prop. If homogeneous {P@) =Py = (P@Di,;[t 203 15 a semdi-group. Indeed one has

NP =1 ;
2P ()20, 54 Pij (1)=1  (stochastic property)
3)Psit =Ds Pt (Chapman - Holmogorov)

Def. The semi-group s standard 4f lim Pij (t) = 8ij for any 44 (continudty)
Remoark: This continwity ot O 4dmplies the same continuity at any 120, since 3
Thm. Let {Pylsser be a standard stochastic semd-group,
Then 3G=4{9:;)
Vi Prut) Sggiteio () W#]
2) Pii @W=1+g:,; t)+o(t) Vi
3)0< gy; <09 Af 1#9
029ii 2~
Remark : Think about f:t—>1-vT, then if we take the Taylor’s exponsion
P = [-o0t
The matrix G 4s called the generater of {P¢}
Formally, one has G = |im % -+ (Pc -1)
Def. The semi-group 4s umform i Puith) =2 1 undformly 4n 1,
(=P.; ) 2> 0)




Thw . {Ps} 4s wniform ff sup{-gi,i} <o
Thm. Let {Ps} be o wuniform stochastic semi-group with generator G.
Then 4t's the wnigue solution to
* forward equation Pr = P+G
* backward equation P = G Py
wAith Po=1.
Remark : a big difference with discrete time -
~If {Ps} 4s stondard, Vt20: Pii() >0
' Either Vt>0: Pij ($)>05 or Vt>0:Fij () =0 (Lévy dichatomy)
Def. X 4s 4rreducible 1f V14€S, 3t>0: Pij () >0
Def. Vector T = (Ti)ies 4s o stationary distribution 4f
Mi»0 & Ti=| 8% T=TPVt>0 (Tis arow vector)
Remark: If {F-t} is voniform and T =TT Py then
0=TiPt =TIP+tG =TTG = TT €ker G
Thm. Let X be drreducible with transision semi-group P
DI AT stationory distribution, then T is wnigque
pindi 0P vl =TTl rasitie2i00
2If 73T, then Pij(t) =0 as t—=>09 Vi,j (spread on oll possible states)
Remark. This implies 4f the states ove finite then 3T, er—2-wilcaw:
or 2) will cause o contrudictory




- Wiener Process = Brownion Motion

Recall the vondom work 4P
Sn= posision of Parﬁcle at time n
' S,:{S"-' +1 WTtk prob. ¢
Spa -1 with prob. g
| Sh=S. +X, +X, ++X, with X; d4drv.
Properties
N Time homogeneity :
Sm-So 0md Smin-Sn have the same distribution.
Z)Independer\t increment
| Sni=Sm ond Spz = Smy are Andep. if (mi,nJINme,n.] =
- Let X ={X®)[£20} with X#): Q>R (4D WHener process)
Def.For fixed weQ, the set {X(t.w)lt>0} 4s called a sample path.
; or [XWI(W), 45 a function of t
Def. X 4s called a Gowssion process 4f
V't = (6, ta, . ) the fomily (X4, X(tn) has the multivariote
normal distribution N (u(), X @) with meam vector m(4)
ord covariont matrin V (t). Y QhE(X(ﬁ’)
NV = E((Xi- B 0a)(X; - E(X2))
Def. Wiener process W =<{W)|t>0} starting at W(0) =w €R
s o Gaussiom process such that
DW has Andependent ncrement
AW (s+t)-W(s) s distriputed as N (0,¢* )
with Vst >0 and fixed o> €R
3)The sample poths of W are continuous
‘W s called  standard if w=0.0*=1
‘W has Markov property, momely V4. <t:<ts < <tn,
P(X@n) €% X (4) =%, -+, X En) 2 %0 ) = P IX (40) € %] X Gns) = X))
*cov (W), W) =0 min{s.t} (aunto covariance)
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Suppose W 4s standord and W(s)=x <K
Thenne W(t) s d’is‘tribv(ted oS ‘Nx, t-s) .fOY tys
e, Fityls ) =PWE) <yIW(s) s x) has density

| i S (_M)
fltyls.x) ] exp S50

Observe that f 1s solution of
Bftie 14055 (Forward)

at — = ayz diff. eq.
_aiz--'__a.if. (Bagkward
s~ 2 ox* \diff eg.

+ boundavy conditjons
Question: Can we find a process for more genera| equations?
Let D={D)It20} be a process sotisfymy
1) Continwous Sample Pcd:h
PP+ -DW>e[ D) =x) = 0(h) VE>O0
HE(D&+h-DD,[D®)=x) = ath, ) h+olh)
HE ([D+h)-DWT| D) =x) = b (t, x)h+ 0 (h)
wHth o= dnstantamens drift, b = instantaneous varionce
(b ave given by the physics)
I we set f(.yls.x) =Dy P(D)<y]P(s)=x) Jche*nf satisfies

oA _% (@t yf) ++ aa;, (beyf) e

ot
-g{—:—a(slx)%-—;b(s,x)%% (b.e)

W4ener process: a=0.b=0° (=1 4f normal)
Wiener process with drift+ a=wm, b=¢"
Orstein-Uhlenbeck process * a(t, x)=-px. b=¢*




