For X a hom. M.C. we set

T;.= min Xn =j} (for a fixed j, the first time to reach J) (first possage time,
fi; (0 == P (T; =n[Xe=1) (first possnge  probability)
=:Pi(T; =n)
Def. /I\ stoate | €S is recurrent if Pi(Ti<oo) =41
and is transient otherwise . ‘
Thm. The stote 1 js recwrrent iff 2 p;i(n) =09 (%)
Remark : We Pro\/ec{ sth similar n Ct\r(;\T)'ier q  with 2 genexating fmcﬁons,
PF. Let i,) €S, We set
Bt 0= “%N Pij (n) S_y‘ with pi; (o) = 38ij
Fiils) 2= 2 fi,;()s” with fij(o)= 0
Observe that
]Ci,j L5 ,: i) (1) :%f,‘,j (n) % =r§m'Fi (TJ =n)=[F; (TJ' <00)
So i is recwrrent iff fii =1. o
Thwm.
‘In o communicating class, all states are either recurrent or transient
at the same time.
'If S 4s finite, .3 recurrent state. (quite notural)
Lemma * V1,{€S, ond se€(-11], one has

P e =SmpdubiielEmls)

Proof of (x):
If i21, Bi ()= 1+ Fii()Tij (5) & Pri(s) = 1_,3”(9) Q
lim #Fii(s) = fi,i = Pi(Ti<00) |
s71

(fii =41 4ff 4 45 recurrent)
lim Tii(s) =2 Pii(n), and with O we finish the proof. m]
S71 NEN




Romdom walk on 7%

Consider Z"( 2%y, the symmetric walk 1s & Moorkov chain with S= ¢
{'_o( if x~y X~y & they have ® common ed&
0 otkerw«%se & Ix- yl1-~Zl(X Y| = 1

Thm. Polya’ thm

For d=1o0r 2, any state 1s recurreny

For d>»3, oany state 45 tromsient (lost +n dimension)
A generalization of first time passage
Def. For any AcS, the hitting time H* 4s defined by

HA = inf.{m>0lXn €A}

Remork : H? takes values {0, -, 0o} (mfgbﬁ-‘-"‘ioo)
The h«tt«vg probobility s the prob of reaching A starting at 1

i = Pi (H*<00) mo firte time.
Thm. Set WA= (h})ies, then h* 4s the mintmal non-negative solution of

(PR 4f 1€A
with K a vectori "minimal’ means 4f X =(Xi)jes 45 another solution
¥ then V4eS:h}<X;
Def. The mean hitting times K% := E; (H?)
with the convention Ki=00 4f IP(HA=00)>0
Thm. If K*=(K})ies then K? 4s the minimal solution of
K"\—_- 0 if 1€A
'Y 14 (BKA); i {&€A
Classificotion of states
Thm. Suppose Xo=4 and define Vi =[{n>1[Xn=1} €NU{o0}
(the number of subsequent visits to <)
Then Vi has o geomemo distribution
Pi (Vi =v) = (I-Fi0) i
with fii = Pi (Ti<oo) = Pi(Xn=1 for some )
In porticular, PiVi=ooy=1 if fii=1(& 4 45 recurrent)
[Pi(Vi<oo)=1 4f 4 4s tromsient

"



. Def.
1)Mean recurrence time u; for the stute 4 s
i =B (Ti)= Z_mfiiom) = mPi(Ti =n) -if 4 15 recurrent
s =S ok 1f 1 45 transtent
DIf 4 4s recwrrent and w; =00, then 4 4s vull;
L Mi < 09, them 4 4s positive (or ron-null)
3)The period di for the stute 1 4s defind by N7 apericic Serges
di = ged {n pi,i () >0} with ged =3Y€\?'Cest common divisor BA DR
Ifdi=1, the state s apeviodic, while <f di>1 then 4t’s periodic,
HIf 4 4s recurrent, positive and operiodic, then
1 s colled engodic.
Thm. These properties are shared in omy commumicoting class.
Corollaary : If the chatn 4s irreducible. and 4f one (and then all) state s
recurrent, then P(Xn=7 for some m>1) =1
independently of the Anitial state.
Def. Let X be a Markov chain, with tromsition motrix P
A vector m = (7t;i)ies 4s on (mmnﬁﬂggsmwﬁon 4
)7 20 ond ;gn_;=i ;
An=nR 2> n=al" lregod n as a line vector)
| Thm. If X 4s -rreducible, Iinvariont distribution m© -f

1]/
(1

//

ol states are pasdt'iw, recwrrent, ond then \7/5
V'fes: nf:’/ﬂ ' N /J’/ :
The 4nvardant distribution 4s unique. Flva

i Thm. (corvergence to egudllibrivm)

Suppose X 4s drreducible, each state 4s engodic, then

V’i/jGS’ i (n) i Y 1




Def. A stochastic motr{x f=@74‘,j)4,jeg and o distyibution }\=(/\i)ies 13
in detodled bolance Af
V44€S: Nipij = Ajpii G
An Arreducthle M . c. X with transision matrix T
and invoriance distribution =TI 1s reversible K in equilibriwn 1f
VYi,j€S: Tipiy =T pii (%
Remaoark.
TT=TIP 4s a 9lobal equillibrium; on the other hand,
(X 45 o local eq/,d”dbrium, the flow 4w 1 dir ection 15 equal to
the flow in the othev divection. In addition (x%) for VY 4,j
then A=Tl and =TT, AL
Rondom wolk on finite grophs @RV"M@
A gragh G=(V.E) with wveV. then wu~v iff Je=w, v eE
The didegree of ueV d(w =[{v~u}l
If G 4s finite then one has I d(w) =2|E]
Thm.
A rordom walk on o finite connected graph G=(V,E)
1s am drreducible Markov chain with unique -nvardent distribution

_ dWw)
Tv= 2|E|




