Xl Markov Chodns
Modn Hdea:  the future depends on the present time but mot the post
Remauark
Consider o prob. place (9, %, P) and yandom Vm’mbes on 1t
toking values An . countable set S={ij}jen (sStode spoce)
le. X028 st Xnlip)eF
it B & sequence of ..
Def. A sequence X = (XnJnen of rV. 45 called a Markov chain «f
it hos the Markov ?Voperty, naomely *
" (Xnﬂ = |V\1‘| ,Xo lo, X, = 'i.|, Xn :fn) = IP(XV\H = i\m.; l Xn = in)
for all neN.
X 45 homogeneous  if
P (Xt =91Xa=1) = PXe=7]Xo =4) for omy nEN.
(independence m m)
§  Exoomples: Bronchmg process, Chapter 9
1D vomdom walk, Chapter 10
Poisson process,  Chapter 1
For X o homogeneous Markov chatn, we define
- transition medrix. 2= (#15)15es
w1 th Pij = P(Xy=1]Xo=4)  (from 4 to §)
*ndtial d1strnbutnovx A=(Aj)jes
wAth /\J P (Xo= j)
Lemma

. — robability mass
2§20, Z A =1 4

distribution  function)

DP 4s a stochastic madrix, namely
prs20 ond T pij=1
Thm: Let A=(p)jes be o 4nitial distribution,
and let P be o stochastic matrix. Harkoy
Then & sequence X =(Xn)nen 45 0 homogeneous chain with initiel
distribution N and transition motrix £ Hff
[AOSEI G e ) = e /\io Pi},,i‘. P'{,/.‘, PM’V, (%



An opparently stronger property :

Thm (extended Markov property)
Let X be o Markov chain, and fix M >g
Call H any event depemdmg on Xo, =, X n-i
d Fe ¥ ¥, i Xnﬂ ks
Then [P (F] Xn=i, H) = IP(FIXn=1)

iden of the proof -

,P(Fixn‘-‘]/ H): ’F(F/ X\\zi/H)

[F(xn =y, H)

then substitute (x) into it, oand everything obout H will be cancelled.
Def. Let X be o # hosmogeneous Markov chain and neN*  We set

pi; () = PXn=)]Xo=1) which eonsist o matrix P .(n)

\/\/e call it the n- Sﬁe[) transition matrix.

REP T & 0 Bl e 3

We also C(efme P (0) =§';,j = (ly :;j
Thm. (ChopmeroM%ozov equation)

YV, mEN: Plh+m) =T P (m)

S pij (ntm) = .>__ Pik (m) Py (&)

Proof. (for m>0)

Pi; (n+m) = P(Xmen = [ Xo =i) =k§5‘ PXmen=j [ Xm=k, Xo =) P (Xm =k Xe =i)

= 2 P Xmen = | Xen =k) P (X =k | Xe =i)
keS
/\hd O\l7yea\Yt«Y\'t Whﬂ/\ = Z—S IP (Xv\ "J ’)(O k) 'P (Xm:k ’ Xo=i)
ke
m=0. keS P, (m) PKJ (n)

Remark if B 1S L Stochastic matrix. of size NxN,
then 1 is always an eigen Volue.

e A )

S =7 > 1 1

Incfeec(, f(i) = 1 (l) Since ZP') =
1 1 i

|



Def
Let i1J€S; X a hom. M.C. We say that | communicate with i
Cand write (©]) if
Im,n>0 : pijln) >0 and Ppj,i (m) >0
Lemma* € T an equivilence relation th S, which wmeans
' reflexive * VI€ES, Rl
“isymmetric Vi J e8] . j 9] = j€|
“troansitive: Vi, j.k€S, i) and jek 2 ik
=S can be divided Tnto eqmivalence class, which means
C is an equivalence class if Vij€C:ie]
We write S = l,IJCig
(@ S=UC; and Vi :CiNG =¢)
We say that X is irreducible if S consists only 1 equivience class.
We also write i=j if dn:ppjn) >0
A subset CE€S is closed f VieC:i»>j=2jeC
I a S‘i“ﬁ'l,f"ton {i} is closed, it is called on o\{oswbi% state .

a class with only one e(emev‘t
NEN, o

N s S
7 :A0—~ —V\ ‘ﬁ
N (;:: 2
Lew\ma /\ sudoset CeS is closed iff

Proof : = 1f Pij#0, Jcke C is not closed.
€ Assume (X). Let keC and LES such that k=L
S AM20: pm) = PUXm =kl Xe=1) >0
Then 3 o sequence Ko=k, ki, kz, s kim=1l such that
V=0, v m=l Pep.kesr >0
By ), k. €C for any =0, -, m, and then [EC.
2eC js closed. D

R



For X a hom. M.C. we set

T = z”f‘ Xn =j} (Jor a fixed j, the first time to reach j) (first possage time
fii (n) == P(T;=n|Xo=1) (first passage probability)
’Fl (TJ 'V\)
Def. A stote i €S is recurrent if Pi(Ti<oo) =1
ar\d is transient oOtherwise .
Thm. The state 1 s recurrent df L P, i (h) =
Kemoxrk We PI’O\/QC‘ sth Similar  in C‘\O\Ptel’ q Wntl’\ 2 9<,nemtmg fw\(‘;hons
PE. Let i,) €S, we set
ISREOR Z Piy (n)S™ with pij ) =380
Fi,j(s) := L Fi,; (W) s™ with fij ()= 0
Observe thm
fig 2= Fij (4) =2 £ (n) s ’%’F‘ (Tj =n) =Pi (T <co)
So i is recwrrent iff fi,i = 1.




