XI_Random process n_continuous time
We'll comsider {Nttiso o continuous family of 4r\teger valued r.v.

Exomple: About emails received 4n o letter box - . .
__Let Ny denote the # of hmitemails recewed up_to_time t.

INg 15 @ v.v. taking values of 0.1,2, .
_ 2No= _ A o o

_-3) Ns<N-e & S<t e -
4 Independence : 1f 0<s<t then the emails receweo( between (s.t]
) is indep. of the emodls received before s
_5) Arrival vote : AA>0 called armval rote s, for h small eAOugh
___P(Ng+n= n+1,N1; m) = Ah+o(h) o - -
P (Nesh=m [Ny =m) =1- /\k"'o(lﬂ) e%wmeﬂ » B
For the proboblity of receiving 2 or more emadls in (v, t+h):

 P(Ngth=n+2INe =n) =1- P(Ngsh E{ront}|Ne=n)
- =1= (Mh+o(h) - (1-Mato(h) = o(h) forhsma]lenc

Def. A Poisson. ?rocess with rate A>0 -
is o fomily Of integer wolued r.v. {Nehsso saﬂsfyfmg cond«hons D~s)

It con be used in models:

* the_arrivel of customers in a shop : |
- the dicks of Gedger counter for the. detectwn of Some Part1cles

(more_reakistic for long half- I1fe of 'Darhcles) B o
En'apk of Ne - e S
N - o,
0 T, T.= Tq Ts
Let T. be the time of orrival of the. i emml L

_ 2 Ti= inf{tINg=43F , i .
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| ond {Titien s @ sequence of r.v. which o'e'l:erm1ms
Nt = max{nl Tnst}

| The sequence of {Ti}iey 4s 'tke mverse 1)rocess q” {Nt}no_,;ﬁﬁ

| Thm. For each t>0, the rv. Nt has o Poisson d1str1but1on,,,,7&,___&7 -
 with pammeter At That 4s for REN ond t>0 o

| P oR anke™ T | o

) Corolla(y E(Ng) —/\t vor (N-t) = /\t B .

A Froof Llet Pe@®)=P(Nt =RkR) S S
| Consider h>0 small enou l’t R
Then by the partition thm L
Pc(tth) = P (Ng+h =R) = Zﬂ’(Ntﬂ. kth-l)lP(Nt l) L

_ S "P(N-uh =k Ny = k)PK(t)+lP(Nt+h kINg = k—l)l’k—1(t)+o(k]
w = 1-A+oh) P+ (A + olh) IPi-g@) +olh
e FK t+h)—F.<<t) = Ah (P-a(t) - Pe )+ o(h)

, ,<">.h(F|<(t+"\) Pet)= A (Pees () - P @) +0 (1)

- L}_o—) PK (1) = A (Pk-2(6)- Fk(t))} system of o
__For k= O Pot) ,' A Po(r) J difference- “fere”“m equodions
Boundary condition: IR

, 1’f k=0
e P ) S S
Pieto { i keNs
| s woys Of solvwg this system S el
| OInduction over ki @Generating functions ® Impe.ctnon B
Obtam one differentiol equation of generaticg function ...




Recall Ti=inf{tIN¢=4} and set Xi:= Ti-Ti-1 (inter-arrival -ln'mes).,, ,
- Thm. In o Poisson _process with parameter A, X X, are .’
- dndependent yandom variobles, ench hoving the  exponentiol d s’cr.bmon
__with . paro.meter A o -
. ft<0 . S
- Xt= { f t>0. o - o
Note that tke, Xn are 1mle1>e,rw(ewl: (loss q‘ wtemory) o
- Def. A positive ef v.v. X hos the loss of memoy 'Proper‘(y 4f
P(X>utvlX2zu) = P(X>v) Vuv 20 o
Frop,,f,,,ﬁ,,, L
A continuous positive v.v. . has the loss of memag Property 4ﬁ
X 45 the expohentml distribution.
Proof If A20, w20, X 4s the exp. dqs{mbuhm i

PX>utv and X >Wn) IP(X>u+\;) e
b = = =
POutviXZu)-= fP(X >w) TRGwW e

o -e IP(X>\/) -
Cov\servely, Set G(u) P(X>w V wro

S uFv X >w) = PX>utv) _ Gluty) :
"ID(XF&' o Reow G }<—> GG = Glutv)
~ Byassumption 7- ,P(X>1)) = G(v) o , ]
| Since G is_non-7, the only sohetion s G(w =™ for A>o. D
| ,Essent\pdlyg,,ﬂrgp@ct 4) of Paisson process
2 X must_have the loss of memory property .

| 'Iifemo«k o
If {Xitijen 15 @« fam\ly of 4nd exp d:st w\tk Powmeter A )
We set T,=X,, Ta=X,+Xa, - ZX, and Ng=max{kl Te<t}

_ Then {Nt}+¢20 45 o Poisson_ Process \mth parameter A.




| [AWI/:CMW\ to pofmlatson growth: | - - _*

 Time t=0, IEN of amoebas in a 'Poml ead\ of them Con_ dwide _
_at o vandom time with the vules: IA>0 birth e st.
DIPCdivision) an (£, t+h) 1s Ah+o(h) o
2)[P(no division) in (&, t+h) 45 1-Ah+o(h) e
~ 3)Eoach one s mdependent e o
Let Mt = # of omoebas at time t and set Pk (¢) ~l]’(Mt— k)
~ PMgeh =k Mt =k) =P (no oan\S\on) = (1-Ah+olw)k = =1~ k/\k+o(h)
~ for k small enowgh | o
 P(Mg+n =k+2] My =k) = P (4 division) = (5) (Ah+o(W) (4-Ahtot)*™
| ~ =kAthto(h) | |
IP Ms+h 2k+2) Mg =k) = o(h)
, TkW\ If Mo-—I ay\d +>0

Ptk = (e - et for k>I

Appli cation $0 17017»«10»13»07\ growth + death:
D;\/lS)oy\ rote oS before> deod:h rote w‘tk
For each amobas, for the interval (t,t+h) one has
* death with prob.  P= ph+olh)
*single division with P=Ah+olh)
“no chow\ e with prob. P= (1- Mk+o(h))(1"}uh+o(k)) = 1 (M+)\)k+ olh)
Set Mg, PK (+) as before ) |
-2 P) = A k=) Pien (8) - O\+,u)l<P|<(t) +jatk+1) Pt (£)
| Here the iteration method doesn’t work because of I .
One needs o ollﬁerev\tml equwetion fnr the moment genemhavg function,

1 ond we fmd E(e™) =

el G(S t)




