X: 1D roandom walk
Discrete time, discrete space process

ep———— <>

For each nEN, o particak can either move to the lefi with probabilityq
or to the right with probability p, (ptq=]), independentally of the
previous jumps or of the posision. '
Let Sn dendte the Pom;aon :f the porticle at time n. Then
Snt | wath prob.
S’”‘={Sn—l with imb.z SR Y
with X, =, Xn -independent d.rv., P(X;=1)=p, P(Xi=-1)=q=p-I

The sequence of So, S, Ss, s colled a 1D simple romdom walk -

which 15 symmetric if p=g==%

Thm. va:=P(Sn=S.), then ferVm €N:

Voms1 =0, Vom = (%:‘Yl) Pm q,m

Proof. Wlog (: © Without loss of gemerality) assume So=0
Vamn =0 4s clear
Sm=SX. + X2 +"‘+X1m (LV\O( 'then
S:m=0 4ff m of $X; are equal to +1 and m of Xk are equal to -

There are (Zyr) = ”‘\)‘Im ”';! ways of choosing m among 2m,
and the probabikity of ench of these paths 4s p™q™.
So . =G p™g ™, o

Other approach
Observe that L+ (X; +1) 4s a Bernoulli distribution of puornmeter ¢
Since o sum of Bermouli distribution s a _binomial distribution
of parameters m and p, so 4f So=0,4 o

Bn =j_Z’—;-(><3+|)=—;—(Sn+n)




Then
P(BSn=k|Se=0) = P(Bn = X32[S, = 0)
_ n = (M+R) -+ (ntk) Y. n +(n+R) & (n-k)
B (3" (Mk)) | ) (7’(7\+k)) 4 e
which#0 4ff +(ntk) 4s an integer between 0 ond n. =
Remark |
A voandom walk 4s recurremt A4f 4t revisits s dndtial position
with probability 1. Otheywise 4t 4s caled transient.
Recurrent : © P( INEN*:Sa=So) = 1 &: "Transient
Assume So =0, observe [E(Xj)=%-q and var(X4) < o0
D EwSa—>Pp-q in mean sguore, by the law of large mumbers.
Then, 4f p-q >0, then the particsle tends to go to +0a)
if p-g <0, ' —09;
if p=q=%, then WSn =0 4N mean square.
Thm. The probobility that a AD simple r.w. eveR rewasits initial positior
P(InEN*: Sa=0[S.=0) = 1-|p-q]
In porticdlar, it 4s recurrent 4ff p=q==.
i Proof. Assume So=0, and set
An:={Sn=0}, Un:=[P(An), see Thm 1
Bn:={Sn=0AVkeEL{l,2,~ n-1}: Sy #0}, fu:= P (Bn)
remork: the By are disjoint. (Vi jeN* : BiNB; = @) so
S PR = 2 P(ANBW) = 3 P (B P(An-i)

n
: - UnT X fr unk for any m=1,2,3,-. Now we look for fi.

/—>=U(S)"
- & n_ & konk_ & & K n-k
S unS" = B8 Stk SKS™E = 2 5 £ oK S
k

n=| k=1 w=k
n

L=n-k oo
= 5 f SFW S = FOUS) ©F(9)=1- 555

k=1 (=0

Now, U(S) = (1-4pgS™ = = F(S) = |- (1-4pgSH)~



,‘ Then
‘ IP(B?\GN* Sn"O’So-O) :
-IP(U B,) Jg_,fJ lim & £is9 = lim F(S)

i=| s->1" 3= s»1”

=1-d1-dpg = 1= Jlpqy-4pq =1-Jipmq)* =1-Ip-q) o
Re'mark Corsider ¢ = g=3 ond set T:=#min{n>L]|S,=0} i
We have Shown P(T <o) = 1
Now E(T) = 3:' nfy = hm 5 1o S™ = lim F/(S)

n=i S|

ll’n;) -z (1-4pqs ). 4pqzs = o9
Romdom wolk with boundayries :
The gambler’s vwin ¥ problem
2 plers Aand B, A has $a and B has $(N-a)
= Totul copital 45 $N >$14
They ply with 6 coin, . .4t comes to heads with prob. p
tails with prob. g.
At ench heods, B give 1$ to A,
tadls A 1$ B.
The gome ends when one has wno more $.
This corresponds to & rvondom wolk. on {0, 1,2, N}
starting ot a€{l -, N-13, .
0 and N are Codleo( oxbsorbwg bommdames
A wins if N 4s reacheds B wins 4f O 4s reached.
We denote by w(o) the gprobability that A wins with anitial o




Thm.
(%p)*-1

if p+49
v = (-1
W if p=q9=3

IWhat happens 4f N=o09. then only B can win because only 1 absorbwg
Thm (when N=o00) barner.

The prob. Ti(a) that A loses (a=0) 4s given by

ﬂ(a)~{(/1’) if p>4q Formally TT(a)—llm 1-v(a) 0

if p<q

Proof of the first thm.
Let H be the event that +the foint Flip 45 & heads
We ossume that a#0, a#N
viw = P(A winsIH) P(H) + P(A winsIH) P(H*)
| (a+1) ¥ w1
O vat)-F v +Fvia-D=0 Yac{l, -, N-1}
& via+2)- 3 v(a+ )+ —f;— vi@)=0 Vae{0 -, N-2} (*)
This 4s caolled o d«ﬁemnce equod:mn
Solve the equation x’-4x +£=0 & x=1or 4 (rote ptq=1)
So general solution of (%> s
V(a):{dia"'ﬁ(q/f’)a ,1)0 P #q @,pEC)
« + o i peg
Boundary condition: v(0) =0, v(N)=1
Then we can deduce v(a). _ o




