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1. Introduction and Main Results

In this paper, we study the propagation of an electromagnetic field ( �E, �H) in an

infinite one-dimensional waveguide. We assume that (i) the waveguide is parallel to

the x-axis of the Cartesian coordinate system; (ii) the electric field varies along the

y-axis and is constant on the planes perpendicular to the x-axis, i.e. �E(x, y, z, t) =

ϕE(x, t)ŷ; (iii) the magnetic field varies along the z-axis and is constant on the

planes perpendicular to the x-axis, i.e. �H(x, y, z, t) = ϕH(x, t)ẑ; (iv) the waveguide
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is made of isotropic medium.a Under these assumptions, one has ∇× �E = (∂xϕE)ẑ

and ∇ × �H = (−∂xϕH)ŷ and the dynamical sourceless Maxwell equations [14]

read as ⎧⎨⎩ε ∂tϕE = −∂xϕH ,

μ ∂tϕH = −∂xϕE .
(1.1)

The scalar quantities ε and μ in (1.1) are the electric permittivity and magnetic

permeability, respectively. They are strictly positive functions on R describing the

interaction of the waveguide with the electromagnetic field. One can also include

in the model effects associated to bi-anisotropic media [21]. In our case, this is

achieved by modifying the system (1.1) as follows:⎧⎨⎩ε∂tϕE + χ∂tϕH = −∂xϕH ,

μ∂tϕH + χ∗∂tϕE = −∂xϕE .
(1.2)

The (possibly complex-valued) function χ is called bi-anisotropic coupling term.b

In the sequel, we will refer to the triple (ε, μ, χ) as the constitutive functions of the

waveguide.

Let us first discuss the case of periodic waveguides, also known as one-

dimensional photonic crystals, consisting in one-dimensional media with dielectric

properties which vary periodically in space [15, 25, 44]. Mathematically, this trans-

lates into the fact that the functions ε, μ and χ in (1.2) are periodic, all with the

same period. This makes (1.2) into a coupled system of differential equations with

periodic coefficients, and standard techniques like Bloch–Floquet theory (see, e.g.,

[19]) can be used to study the propagation of solutions (or modes). One of the

fundamental properties of periodic waveguides is the presence of a frequency spec-

trum made of bands and gaps. This implies that not all the modes can propagate

along the medium, since the propagation of modes associated to frequencies inside

a gap is forbidden by the “geometry” of the system. This phenomenon is similar to

the one appearing in the theory of periodic Schrödinger operators, where one has

electronic energy bands instead of frequency bands [28, Sec. XIII.16].

The study of the propagation of light in a periodic waveguide can be performed

using Bloch–Floquet theory. The situation becomes more complicated when one

wants to study the propagation of light through two periodic waveguides of different

periods that are connected by a junction. Such a system is schematically represented

in Fig. 1. The asymptotic behavior of the system on the left is characterized by the

periodic constitutive functions (ε�, μ�, χ�), whereas the asymptotic behavior of the

aThe interaction between the electromagnetic field and the dielectric medium is characterized by
the electric permittivity tensor ε and the magnetic permeability tensor μ. In an isotropic medium
these tensors are multiple of the identity, and thus determined by two scalars.
bIn the general theory of bi-anisotropic media, χ is a tensor rather than a scalar. The system of
equations (1.2) corresponds to a particular choice of the form of this tensor. For more details on
the theory of bi-anisotropic media, we refer the interested reader to the monograph [21].
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Fig. 1. Two periodic waveguides (one-dimensional photonic crystals) connected by a junction.

system on the right is characterized by periodic constitutive functions (εr, μr, χr).

Namely, ε → ε� when x → −∞ and ε → εr when x → +∞, and similarly for the

other two functions μ and χ (see Assumption 2.2 for a precise statement). The full

system represented in Fig. 1 can therefore be interpreted as a perturbation of a

“free” system obtained by glueing together two purely periodic systems, one with

periodicity of type � on the left and the other with periodicity of type r on the right.

Accordingly, the analysis of the dynamics of the full system can be performed with

the tools of spectral and scattering theories, leading us exactly to the main goal of

this work: the spectral and scattering analysis of one-dimensional coupled photonic

crystals.

Since quantum mechanics provides a rich toolbox for the study of problems asso-

ciated to Schrödinger equations, we recast our equations of motion in a Schrödinger

form to take advantage of these tools, in particular commutator methods which will

be used extensively in this paper. Namely, with the notation w :=
( ε χ
χ∗ μ

)−1
for the

positive-definite matrix of weights associated to the constitutive functions ε, μ, χ

(Maxwell weight for short), we rewrite the system of equations (1.2) in the matrix

form

i∂t

(
ϕE

ϕH

)
= w

(
0 −i∂x

−i∂x 0

)(
ϕE

ϕH

)
, (1.3)

so that it can be considered as a Schrödinger equation for the state (ϕE , ϕH)T

in the Hilbert space L2(R,C2). This observation is by no means new. Since the

dawn of quantum mechanics, the founding fathers were well aware that the Maxwell

equations in vacuum are relativistically covariant equations for a massless spin-1

particle [39, pp. 151, 198]. Moreover, similar Schrödinger formulations have already

been employed in the literature to study the quantum scattering theory of electro-

magnetic waves and other classical waves in homogeneous media [5, 16, 27, 37, 41],

and to study the propagation of light in periodic media [8, 9, 11, 20], among other

things. However, to the best of our knowledge, the specific problem we want to

tackle in this work has never been considered in the literature.

The papers [27, 37, 41] deal with the scattering theory of three-dimensional elec-

tromagnetic waves in a homogeneous medium. In that setup, the constitutive ten-

sors ε, μ, χ are asymptotically constant. In contrast, in our one-dimensional setup
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the constitutive functions ε, μ, χ are only assumed to be asymptotically periodic.

This introduces a significant complication and novelty to the model, even though it

has lower dimension than the three-dimensional models. Also, several works dealing

with the scattering theory of electromagnetic waves are conducted under the simpli-

fying assumption that χ = 0 (absence of bi-anisotropic effects), an assumption that

we do not make in this work. The papers [4, 40] deal with the transmission of the

electric field and voltage along lines, also called one-dimensional Ohmic conductors.

Mathematically, this problem is described by a system of differential equations sim-

ilar to (1.2) or (1.3). However, in these papers, the constitutive quantities, namely

the self-inductance and capacitance, are once again assumed to be asymptotically

constant, in contrast with our less restrictive assumption of asymptotic periodicity.

Finally, in the paper [43], almost no restrictions are imposed on the asymptotic

behavior of the constitutive functions, but a stronger condition (invertibility) is

imposed on the operator modeling the junction. Here, we do not assume that this

operator is invertible or isometric, since we want to describe the scattering effects

produced by the introduction of the junction itself, without imposing unnecessary

conditions on the relation between the free dynamics without interface and the

full dynamics in presence of the interface (see Remark 2.5 for more details). Also,

even though the results of that paper hold in any space dimension, our results for

one-dimensional photonic crystals are more detailed.

To conclude our overview of the literature, we point out that the dynamical

equations describing our model are common to other physical systems. This is for

instance the case of the equations describing the propagation of an Alfvén wave in

a periodically stratified stationary plasma [2], the propagation of linearized water

waves in a periodic bottom topography [7], or the propagation of harmonic acoustic

waves in periodic waveguides [3]. In consequence, the results of our analysis here

can be applied to all these models by reinterpreting in an appropriate way the

necessary quantities.

Here is a description of our results. In Sec. 2.1, we introduce our assumption

on the Maxwell weight w (Assumption 2.2) and we define the full Hamiltonian M

in the Hilbert space Hw describing the one-dimensional coupled photonic crystal.

In Sec. 2.2, we define the free Hamiltonian M0 in the Hilbert space H0 associated

to M , and we define the operator J : H0 → Hw modeling the junction depicted in

Fig. 1 (Definition 2.4). The operator M0 is the direct sum of an Hamiltonian M�

describing the periodic waveguide asymptotically on the left and an Hamiltonian

Mr describing the periodic waveguide asymptotically on the right. In Sec. 2.3,

we use Bloch–Floquet theory to show that the asymptotic Hamiltonians M� and

Mr fiber analytically in the sense of Gérard and Nier [12] (Proposition 2.6). As a

by-product, we prove that M� and Mr do not possess flat bands, and thus have

purely absolutely continuous spectra (Proposition 2.8). The analytic fibration of

M� and Mr provides also a natural definition for the set TM of thresholds in the

spectrum ofM (Eqs. (2.5) and (2.6)). In Sec. 3.1, we recall from [1, 33] the necessary

abstract results on commutator methods for self-adjoint operators. In Sec. 3.2, we
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construct for each compact interval I ⊂ R\TM a conjugate operator A0,I for the

free Hamiltonian M0 and use it to prove a limiting absorption principle for M0 in

I (Theorem 3.3 and the discussion that follows). In Sec. 3.3, we use the fact that

A0,I is a conjugate operator for M0 and abstract results on the Mourre theory in

a two-Hilbert spaces setting [32] to show that the operator AI := JA0,IJ
∗ is a

conjugate operator for M (Theorem 3.9). In Sec. 3.4, we use the operator AI to

prove a limiting absorption principle for M in I, which implies in particular that

in any compact interval I ⊂ R\TM the Hamiltonian M has at most finitely many

eigenvalues, each one of finite multiplicity, and no singular continuous spectrum

(Theorem 3.15). Using Zhislin sequences (a particular type of Weyl sequences), we

also show in Proposition 3.10 that M and M0 have the same essential spectrum. In

Sec. 4.1, we recall abstract criteria for the existence and the completeness of wave

operators in a two-Hilbert spaces setting. Finally, in Sec. 4.2, we use these abstract

results in conjunction with the results of the previous sections to prove the existence

and the completeness of wave operators for the pair (M0,M) (Theorem 4.6). We

also give an explicit description of the initial sets of the wave operators in terms of

the asymptotic velocity operators for the HamiltoniansM� andMr (Proposition 4.8

and Theorem 4.10).

2. Model

2.1. Full Hamiltonian

In this section, we introduce the full Hamiltonian M that we will study. It is a

one-dimensional Maxwell-like operator describing perturbations of an anisotropic

periodic one-dimensional photonic crystal.

Throughout the paper, for any Hilbert space H, we write 〈·, ·〉H for the scalar

product on H, ‖ · ‖H for the norm on H, B(H) for the set of bounded operators

on H and K (H) for the set of compact operators on H. We also use the notation

B(H1,H2) (respectively, K (H1,H2)) for the set of bounded (respectively, com-

pact) operators from a Hilbert space H1 to a Hilbert space H2.

Definition 2.1 (One-Dimensional Maxwell-Like Operator). Let 0 < c0 <

c1 <∞ and take a Hermitian matrix-valued function w ∈ L∞(R,B(C2)) such that

c0 ≤ w(x) ≤ c1 for a.e. x ∈ R. Let P be the momentum operator in L2(R), that is,

Pf := −if ′ for each f ∈ H1(R), with H1(R) the first Sobolev space on R. Let

Dϕ :=

(
0 P

P 0

)
ϕ, ϕ ∈ D(D) := H1(R,C2).

Then the Maxwell-like operator M in L2(R,C2) is defined as

Mϕ := wDϕ, ϕ ∈ D(M) := D(D).

The Maxwell weight w that we consider converges at ±∞ to periodic functions

in the following sense.
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Assumption 2.2 (Maxwell Weight). There exist ε > 0 and Hermitian matrix-

valued functions w�, wr ∈ L∞(R,B(C2)) periodic of periods p�, pr > 0 such that

‖w(x) − w�(x)‖B(C2) ≤ Const. 〈x〉−1−ε, a.e. x < 0,

‖w(x)− wr(x)‖B(C2) ≤ Const.〈x〉−1−ε, a.e. x > 0,
(2.1)

where the indexes � and r stand for “left” and “right”, and 〈x〉 := (1 + |x|2)1/2.

Lemma 2.3. Let Assumption 2.2 be satisfied.

(a) One has for a.e. x ∈ R the inequalities

c0 ≤ w�(x) ≤ c1 and c0 ≤ wr(x) ≤ c1,

with c0, c1 introduced in Definition 2.1.

(b) The sesquilinear form

〈·, ·〉Hw : L2(R,C2)× L2(R,C2) → C, (ψ, ϕ) �→ 〈ψ,w−1ϕ〉L2(R,C2),

defines a new scalar product on L2(R,C2), and we denote by Hw the space

L2(R,C2) equipped with 〈·, ·〉Hw . Moreover, the norm of L2(R,C2) and Hw are

equivalent, and the claim remains true if one replaces w with w� or wr.

(c) The operator M with domain D(M) := H1(R,C2) is self-adjoint in Hw.

Proof. Point (a) is a direct consequence of the assumptions on w,w�, wr. Point (b)

follows from the bounds c0 ≤ w(x), w�(x), wr(x) ≤ c1 valid for a.e. x ∈ R. Point (c)

can be proved as in [10, Proposition 6.2].

2.2. Free Hamiltonian

We now define the free Hamiltonian associated to the operator M . Due to the

anisotropy of the Maxwell weight w at ±∞, it is convenient to define left and right

asymptotic operators

M� := w�D and Mr := wrD,

with w� and wr as in Assumption 2.2. Lemma 2.3(c) implies that the operatorsM�

and Mr are self-adjoint in the Hilbert spaces Hw�
and Hwr , with the same domain

D(M�) = D(Mr) = D(M). Then we define the free Hamiltonian as the direct sum

operator

M0 :=M� ⊕Mr

in the Hilbert space H0 := Hw�
⊕ Hwr . Since the free Hamiltonian acts in the

Hilbert space H0 and the full Hamiltonian acts in the Hilbert space Hw, we need

to introduce an identification operator between the spaces H0 and Hw:

Definition 2.4 (Junction Operator). Let j�, jr ∈ C∞(R, [0, 1]) be such that

j�(x) :=

⎧⎨⎩1 if x ≤ −1,

0 if x ≥ −1/2
and jr(x) :=

⎧⎨⎩0 if x ≤ 1/2,

1 if x ≥ 1.
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Then J : H0 → Hw is the bounded operator defined by

J(ϕ�, ϕr) := j�ϕ� + jrϕr,

with adjoint J∗ : Hw → H0 given by J∗ϕ = (w�w
−1j�ϕ,wrw

−1jrϕ).

Remark 2.5. We call J the junction operator because it models mathematically

the junction depicted in Fig. 1. Indeed, the Hamiltonian M0 only describes the

free dynamics of the system in the bulk asymptotically on the left and in the bulk

asymptotically on the right. Since M0 is the direct sum of the operators M� and

Mr, the interface effects between the left and the right parts of the system are not

described byM0 in any way. The role of the operator J is thus to map the free bulk

states of the system belonging to the direct sum Hilbert space H0 onto a joined

state belonging to the physical Hilbert space Hw, where acts the full Hamiltonian

M describing the interface effects.

Given a state ϕ ∈ Hw, the square norm E(ϕ) := ‖ϕ‖2Hw
can be interpreted as

the total energy of the electromagnetic field ϕ ≡ (ϕE , ϕH)T . A direct computation

shows that the total energy of a state J(ϕ�, ϕr) obtained by joining bulk states

ϕ� ∈ H� and ϕr ∈ Hr satisfies

E(J(ϕ�, ϕr)) = E�(ϕ�) + Er(ϕr) + Einterface(ϕ�, ϕr)

with E�(ϕ�) := ‖j� ϕ�‖2Hw�
and Er(ϕr) := ‖jr ϕr‖2Hwr

the total energies of the field

j�ϕ� on the left and the field jrϕr on the right, and with

Einterface(ϕ�, ϕr) := 〈ϕ�, j�(w
−1 − w−1

� )j�ϕ�

〉
L2(R,C2)

+ 〈ϕr, jr(w
−1 − w−1

r )jrϕr〉L2(R,C2)

the energy associated with the left and right external interfaces of the junction.

In particular, one notices that there is no contribution to the energy associated to

the central region (−1/2, 1/2) of the junction. This physical observation shows as

a by-product that the operator J is neither invertible, nor isometric.

2.3. Fibering of the free Hamiltonian

In this section, we introduce a Bloch–Floquet (or Bloch–Floquet–Zak or Floquet–

Gelfand) transform to take advantage of the periodicity of the operators M� and

Mr. For brevity, we use the symbol 	 to denote either the index “�” or the index “r”.

Let

Γ� := {np� |n ∈ Z} ⊂ R

be the one-dimensional lattice of period p� with fundamental cell Y� :=

[−p�/2, p�/2], and let

Γ∗
� := {2πn/p� | n ∈ Z} ⊂ R
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be the reciprocal lattice of Γ� with fundamental cell Y ∗
� := [−π/p�, π/p�]. For each

t ∈ R, we define the translation operator

Tt : L
2
loc(R,C

2) → L2
loc(R,C

2), ϕ �→ ϕ(· − t).

Using this operator, we can define the Bloch–Floquet transform of a C2-valued

Schwartz function ϕ ∈ S (R,C2) as

(U�ϕ)(k, θ) :=
∑
n∈Z

e−ik(θ−np�)(Tnp�ϕ)(θ), k, θ ∈ R.

One can verify that U�ϕ is p�-periodic in the variable θ,

(U�ϕ)(k, θ + γ) = (U�ϕ)(k, θ), γ ∈ Γ�,

and 2π/p�-pseudo-periodic in the variable k,

(U�ϕ)(k + γ∗, θ) = e−iθγ∗
(U�ϕ)(k, θ), γ∗ ∈ Γ∗

�.

Now, let h� be the Hilbert space obtained by equipping the set

{ϕ ∈ L2
loc(R,C

2) |Tγϕ = ϕ for all γ ∈ Γ�}

with the scalar product

〈ϕ, ψ〉h� :=

∫
Y�

dθ〈ϕ(θ), w�(θ)
−1ψ(θ)〉C2 .

Since h� and L2(Y�,C
2) are isomorphic, we shall use both representations. Next, let

τ : Γ∗
� → B(h�) be the unitary representation of the dual lattice Γ∗

� on h� given by

(τ(γ∗)ϕ)(θ) := eiθγ
∗
ϕ(θ), γ∗ ∈ Γ∗

�, ϕ ∈ h�, a.e. θ ∈ R,

and let Hτ,� be the Hilbert space obtained by equipping the set

{u ∈ L2
loc(R, h�)|u( · − γ∗) = τ(γ∗)u for all γ∗ ∈ Γ∗

�}

with the scalar product

〈u, v〉Hτ,� :=
1

|Y ∗
� |

∫
Y ∗
�

dk 〈u(k), v(k)〉h� .

There is a natural isomorphism from Hτ,� to L2(Y ∗
� , h�) given by the restriction

from R to Y ∗
� , and with inverse given by τ -equivariant continuation. However,

using Hτ,� has various advantages and we shall stick to it in the sequel. Direct

calculations show that the Bloch–Floquet transform extends to a unitary operator

U� : Hw� → Hτ,� with inverse

(U −1
� u)(x) =

1

|Y ∗
� |

∫
Y ∗
�

dk eikx(u(k))(x), u ∈ Hτ,�, a.e. x ∈ R.

Furthermore, since M� commutes with the translation operators Tγ (γ ∈ Γ�), the

operatorM� is decomposable in the Bloch–Floquet representation. Namely, we have

M̂� := U�M�U
−1
� =
{
M̂�(k)
}
k∈R
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with

M̂�(k − γ∗) = τ(γ∗)M̂�(k)τ(γ
∗)∗, k ∈ R, γ∗ ∈ Γ∗

�, (2.2)

and

M̂�(k) = w�D̂(k) and D̂(k)u(k) =

(
0 −i∂θ + k

−i∂θ + k 0

)
u(k),

k ∈ Y ∗
� , u ∈ U�D(M�).

Here, the domain U�D(M�) of U�M�U
−1
� satisfies

U�D(M�) = U�H1(R,C2) = {u ∈ L2
loc(R, h

1
�)|u(· − γ∗) = τ(γ∗)u for all γ∗ ∈ Γ∗

�}

with

h1� := {ϕ ∈ H1
loc(R,C

2) |Tγϕ = ϕ for all γ ∈ Γ�}.

In the following proposition, we prove that the operator M̂� is analytically

fibered in the sense of [12, Definition 2.2]. For this, we need to introduce the Bloch

variety

Σ� := {(k, λ) ∈ Y ∗
� × R |λ ∈ σ(M̂�(k))}. (2.3)

Proposition 2.6 (Fibering of the Asymptotic Hamiltonians). Let

M̂�(ω)ϕ :=

(
w�D̂(0) + w�

(
0 ω

ω 0

))
ϕ, ω ∈ C, ϕ ∈ h1�.

(a) The set

O� := {(ω, z) ∈ C× C|z ∈ ρ(M̂�(ω))}

is open in C×C and the map O� � (ω, z) �→ (M̂�(ω)−z)−1 ∈ B(h�) is analytic

in the variables ω and z.

(b) For each ω ∈ C, the operator M̂�(ω) has purely discrete spectrum.

(c) If Σ� is equipped with the topology induced by Y ∗
� × C, then the projection πR :

Σ� → R given by πR(k, λ) := λ is proper.

In particular, the operator M̂� is analytically fibered in the sense of [12, Defini-

tion 2.2].

Proof. (a) The operator w�D̂(0) is self-adjoint on h1� ⊂ h�, and for each ω ∈ C we

have that w�

( 0 ω

ω 0

)
∈ B(h�). Hence, for each ω ∈ C the operator M̂�(ω) is closed

in h� and has domain h1�, and for each x ∈ R the operator M̂�(x) is self-adjoint on

h1�. In particular, we infer by functional calculus that

lim
|t|→∞

‖(M̂�(x)− it)−1‖B(h�) ≤ lim
|t|→∞

1

|t| = 0 (t ∈ R).
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Therefore, for each y ∈ R the set

Ωy := {it ∈ iR|(‖(M̂�(x)− it)−1‖B(h�))
−1 > |y|‖w�‖B(h�)}

is non-empty, and then the argument in [17, Remark IV.3.2] guarantees that Ωy is

contained in the resolvent set of M̂�(x + iy). Thus, for each ω ≡ x + iy ∈ C the

operator M̂�(ω) is closed in h�, has domain h1�, and non-empty resolvent set, and

for each ϕ ∈ h1� the map C � ω �→ M̂�(ω)ϕ ∈ h� is linear and therefore analytic.

So, the collection {M̂�(ω)}ω∈C is an analytic family of type (A) [28, p. 16], and

thus also an analytic family in the sense of Kato [28, p. 14]. The claim is then a

consequence of [28, Theorem XII.7].

(b) Since {M̂�(ω)}ω∈C is an analytic family of type (A), the operators M̂�(ω)

have compact resolvent (and thus purely discrete spectrum) either for all ω ∈ C or

for no ω ∈ C [17, Theorems III.6.26 and VII.2.4]. Therefore, to prove the claim, it

is sufficient to show that M̂�(0) has compact resolvent. Now, we have

M̂�(0) = w�D̂(0) = w�

(
0 −i∂θ

−i∂θ 0

)
,

where −i∂θ is a first-order differential operator in L2(Y�) with periodic boundary

conditions, and thus with purely discrete spectrum that accumulates at ±∞. In

consequence, each entry of the matrix operator

(D̂(0) + i)−1 =

(
−i(1 + (i∂θ)

2)−1 −i∂θ(1 + (i∂θ)
2)−1

−i∂θ(1 + (i∂θ)
2)−1 −i(1 + (i∂θ)

2)−1

)

is compact in L2(Y�), so that
(
D̂(0) + i

)−1
is compact in L2(Y�,C

2). Since

Lemma 2.3(a) implies that the norms on L2(Y�,C
2) and h� are equivalent, we infer

that (D̂(0) + i)−1 is also compact in h�. Finally, since

(M̂�(0) + i)−1 = (M̂�(0) + iw�)
−1 + (M̂�(0) + i)−1 − (M̂�(0) + iw�)

−1

= (D̂(0) + i)−1w−1
� − i(M̂�(0) + i)−1(1− w�)(D̂(0) + i)−1w−1

� ,

(2.4)

with w−1
� and (1 − w�) bounded in h�, we obtain that (M̂�(0) + i)−1 is compact

in h�.

(c) Let Y ∗
� ×C be endowed with the topology induced by C×C. Point (a) implies

that the set

Σc
� := {(k, z) ∈ Y ∗

� × C | z ∈ ρ(M̂�(k))}

is open in Y ∗
� ×C. Therefore, the set Σ� is closed in Y ∗

� ×C and the inclusion ι : Σ� →
Y ∗
� ×C is a closed map. Since the projection πC : Y ∗

� ×C → C given by πC(k, z) := z

is also a closed map (because Y ∗
� is compact, see [24, Exercise 7, p. 171]) and

πR = πC ◦ ι, we infer that πR is a closed map. Moreover, πR is continuous because

it is the restriction to the subset Σ� of the continuous projection πC : Y ∗
� ×C → C.
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In consequence, in order to prove that πR is proper it is sufficient to show that

π−1
R

({λ}) is compact in Σ� for each λ ∈ πR(Σ�). But since

π−1
R

({λ}) = (ι−1 ◦ π−1
C

)({λ}) = ι−1(Y ∗
� × {λ}) = (Y ∗

� × {λ}) ∩ Σ�,

this follows from compactness of Y ∗
� and the closedness of Σ� in Y ∗

� × C.

Proposition 2.6 can be combined with the theorem of Rellich [17, Theo-

rem VII.3.9] which, adapted to our notations, states:

Theorem 2.7 (Rellich). Let Ω ⊂ C be a neighborhood of an interval I0 ⊂ R and

let {T (ω)}ω∈Ω be a self-adjoint analytic family of type (A), with each T (ω) having

compact resolvent. Then there is a sequence of scalar-valued functions λn and a

sequence of vector-valued functions un, all analytic on I0, such that for ω ∈ I0
the λn(ω) are the repeated eigenvalues of T (ω) and the un(ω) form a complete

orthonormal family of the associated eigenvectors of T (ω).

By applying this theorem to the family {M̂�(ω)}ω∈C, we infer the existence of

analytic eigenvalue functions λ�,n : Y ∗
� → R and analytic orthonormal eigenvector

functions u�,n : Y ∗
� → h�. We call band the graph {(k, λ�,n(k))|k ∈ Y ∗

� } of the

eigenvalue function λ�,n, so that the Bloch variety Σ� coincides with the countable

union of the bands (see (2.3)). Since the derivative λ′�,n of λ�,n exists and is analytic,

it is natural to define the set of thresholds of the operator M� as

T� :=
⋃
n∈N

{λ ∈ R | ∃ k ∈ Y ∗
� such that λ = λ�,n(k) and λ

′
�,n(k) = 0}, (2.5)

and the set of thresholds of both M� and Mr as

TM := T� ∪ Tr. (2.6)

Proposition 2.6(b), together with the analyticity of the functions λ�,n, implies that

the set T� is discrete, with only possible accumulation point at infinity. Furthermore,

[28, Theorem XIII.85(e)] implies that the possible eigenvalues of M� are contained

in T�. However, these eigenvalues should be generated by locally (hence globally) flat

bands, and one can show their absence by adapting Thomas’ argument [38, Sec. II]

to our setup.

Proposition 2.8 (Spectrum of the Asymptotic Hamiltonians). The spec-

trum of M� is purely absolutely continuous. In particular,

σ(M�) = σac(M�) = σess(M�),

with σac(M�) the absolutely continuous spectrum of M� and σess(M�) the essential

spectrum of M�.
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Proof. In view of [28, Theorem XIII.86], the claim follows once we prove the

absence of flat bands for M�. For this purpose, we use the version of Thomas’ argu-

ment as presented in [35, Sec. 1.3]. Accordingly, we first need to show that, for

ω = iρ with ρ ∈ R large enough, the operator M̂�(iρ) is invertible and satisfies

lim
|ρ|→∞

‖M̂�(iρ)
−1‖B(h�) = 0. (2.7)

Let us start with the operator

D̂(iρ) =

(
0 −i∂θ + iρ

−i∂θ + iρ 0

)

acting on h1� ⊂ h�. Since the family of functions {e±n }n∈Z given by

e+n (θ) :=
1

√
p�

e2πinθ/p�

(
1

0

)
, e−n (θ) :=

1
√
p�

e2πinθ/p�

(
0

1

)
, θ ∈ Y�

is an orthonormal basis of L2(Y�,C
2), and since h� and L2(Y�,C

2) have equivalent

norms, the family {e±n }n∈Z, with extended variable θ ∈ R, is also a (non-orthogonal)

basis for h�, and thus any ϕ ∈ h1� can be expanded in h� as

ϕ =
∑
n∈Z

(ϕ̂+
n e

+
n + ϕ̂−

n e
−
n ) with ϕ̂±

n := 〈ϕ, e±n 〉L2(Y�,C2).

It follows that

∥∥D̂(±iρ)ϕ‖2h�
=

∥∥∥∥∥∑
n∈Z

(
2πn

p�
± iρ

)
(ϕ̂+

n e
−
n + ϕ̂−

n e
+
n )

∥∥∥∥∥
2

h�

≥ Const.

∥∥∥∥∥∑
n∈Z

(
2πn

p�
± iρ

)
(ϕ̂+

n e
−
n + ϕ̂−

n e
+
n )

∥∥∥∥∥
2

L2(Y�,C2)

= Const.
∑
n∈Z

∣∣∣∣2πnp� ± iρ

∣∣∣∣2 (|ϕ̂+
n |2 + |ϕ̂−

n |2)

≥ Const.|ρ|2‖ϕ‖2L2(Y�,C2)

≥ Const.|ρ|2‖ϕ‖2h�
.

Thus, the operators D̂(±iρ) are injective with closed range and satisfy in h� the

relations

(Ran D̂(±iρ))⊥ = Ker(D̂(±iρ)∗) = Ker(w�D̂(∓iρ)w−1
� ) = 0.

In consequence Ran D̂(±iρ) = h�, and the operators D̂(±iρ) are invertible with

‖D̂(±iρ)−1‖B(h�) ≤ Const.|ρ|−1.
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It follows that M̂�(iρ) is invertible too, with

‖M̂�(iρ)
−1‖B(h�) = ‖D̂(iρ)−1w−1

� ‖B(h�) ≤ Const.|ρ|−1,

which implies (2.7).

Now, let us assume by contradiction that there exists n ∈ N such that λ�,n(k)

is equal to a constant c ∈ R for all k ∈ Y ∗
� . Then using the analyticity properties

of M̂� (Proposition 2.6) in conjunction with the analytic Fredholm alternative,

one infers that c is an eigenvalue of M̂�(ω) for all ω ∈ C. Letting u(ω) be the

corresponding eigenfunction for M̂�(ω), one obtains that M̂�(ω)u(ω) = cu(ω) for

all ω ∈ C. Choosing ω = iρ with ρ ∈ R and using the fact that M̂�(iρ) is invertible,

one thus obtains that

u(iρ) = cM̂�(iρ)
−1u(iρ) with ‖u(iρ)‖h� = 1,

which contradicts (2.7).

Remark 2.9. The absence of flat bands for the three-dimensional Maxwell opera-

tor has been discussed in [35, Sec. 5]. However, the results of [35] do not cover the

result of Proposition 2.8 since the weights considered in [35] are block diagonal and

smooth while in Proposition 2.8 the weights are L∞ positive-definite 2×2 matrices.

Neither diagonality, nor smoothness is assumed.

3. Mourre Theory and Spectral Results

3.1. Commutators

In this section, we recall some definitions appearing in Mourre theory and provide

a precise meaning to the commutators mentioned in Sec. 1. We refer to [1, 33] for

more information and details.

Let A be a self-adjoint operator in a Hilbert space H with domain D(A), and

let T ∈ B(H). For any k ∈ N, we say that T belongs to Ck(A), with notation

T ∈ Ck(A), if the map

R � t �→ e−itA T eitA ∈ B(H) (3.1)

is strongly of class Ck. In the case k = 1, one has T ∈ C1(A) if and only if the

quadratic form

D(A) � ϕ �→ 〈ϕ, TAϕ〉H − 〈Aϕ, Tϕ〉H ∈ C

is continuous for the norm topology induced by H on D(A). We denote by [T,A]

the bounded operator associated with the continuous extension of this form, or

equivalently −i times the strong derivative of the function (3.1) at t = 0.

If H is a self-adjoint operator in H with domain D(H) and spectrum σ(H),

we say that H is of class Ck(A) if (H − z)−1 ∈ Ck(A) for some z ∈ C\σ(H). In

particular, H is of class C1(A) if and only if the quadratic form

D(A) � ϕ �→ 〈ϕ, (H − z)−1Aϕ〉H − 〈Aϕ, (H − z)−1ϕ〉H ∈ C
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extends continuously to a bounded form defined by the operator [(H − z)−1, A] ∈
B(H). In such a case, the set D(H)∩D(A) is a core for H and the quadratic form

D(H) ∩ D(A) � ϕ �→ 〈Hϕ,Aϕ〉H − 〈Aϕ,Hϕ〉H ∈ C

is continuous in the natural topology of D(H) (i.e. the topology of the graph-norm)

[1, Theorem 6.2.10(b)]. This form then extends uniquely to a continuous quadratic

form on D(H) which can be identified with a continuous operator [H,A] from D(H)

to the adjoint space D(H)∗. In addition, one has the identity

[(H − z)−1, A] = −(H − z)−1[H,A](H − z)−1, (3.2)

and the following result is verified [1, Theorem 6.2.15]: If H is of class Ck(A) for

some k ∈ N and η ∈ S (R) is a Schwartz function, then η(H) ∈ Ck(A).

A regularity condition slightly stronger than being of class C1(A) is defined as

follows: H is of class C1+ε(A) for some ε ∈ (0, 1) if H is of class C1(A) and if for

some z ∈ C\σ(H)

‖ e−itA[(H − z)−1, A] eitA −[(H − z)−1, A]‖B(H) ≤ Const. tε for all t ∈ (0, 1).

The condition C2(A) is stronger than C1+ε(A), which in turn is stronger than

C1(A).

We now recall the definition of two useful functions introduced in [1, Sec. 7.2].

For this, we need the following conventions: if EH(·) denotes the spectral projection-
valued measure of H , then we set EH(λ; ε) := EH((λ− ε, λ+ ε)) for any λ ∈ R and

ε > 0, and if S, T ∈ B(H), then we write S ≈ T if S − T is compact, and S � T if

there exists a compact operator K such that S ≤ T +K. With these conventions,

we define for H of class C1(A) the function �AH : R → (−∞,∞] by

�AH(λ) := sup{a ∈ R | ∃ ε > 0 such that aEH(λ; ε) ≤ EH(λ; ε)[iH,A]EH(λ; ε)},

and we define the function �̃AH : R → (−∞,∞] by

�̃AH(λ) := sup{a ∈ R | ∃ ε > 0 such that aEH(λ; ε) � EH(λ; ε)[iH,A]EH(λ; ε)}.

Note that the following equivalent definition of the function �̃AH is often useful:

�̃AH(λ) = sup{a ∈ R | ∃ η ∈ C∞
c (R,R) such that η(λ) �= 0 and

a η(H)2 � η(H)[iH,A]η(H)}. (3.3)

One says that A is conjugate to H at a point λ ∈ R if �̃AH(λ) > 0, and that A is

strictly conjugate to H at λ if �AH(λ) > 0. It is shown in [1, Proposition 7.2.6] that

the function �̃AH : R → (−∞,∞] is lower semicontinuous, that �̃AH ≥ �AH , and that

�̃AH(λ) < ∞ if and only if λ ∈ σess(H). In particular, the set of points where A is

conjugate to H ,

μ̃A(H) := {λ ∈ R|�̃AH(λ) > 0}

is open in R.
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The main consequences of the existence of a conjugate operatorA forH are given

in the following theorem, which is a particular case of [33, Theorems 0.1 and 0.2].

For its statement, we use the notation σp(H) for the point spectrum of H , and

we recall that if G is an auxiliary Hilbert space, then an operator T ∈ B(H,G) is

locally H-smooth on an open set I ⊂ R if for each compact set I0 ⊂ I there exists

cI0 ≥ 0 such that∫
R

dt‖T e−itH EH(I0)ϕ‖2G ≤ cI0‖ϕ‖2H for each ϕ ∈ H, (3.4)

and T is (globally) H-smooth if (3.4) is satisfied with EH(I0) replaced by the

identity 1.

Theorem 3.1 (Spectrum of H). Let H,A be self-adjoint operators in a Hilbert

space H, let G be an auxiliary Hilbert space, assume that H is of class C1+ε(A) for

some ε ∈ (0, 1), and suppose there exist an open set I ⊂ R, a number a > 0 and an

operator K ∈ K (H) such that

EH(I)[iH,A]EH(I) ≥ aEH(I) +K. (3.5)

Then

(a) each operator T ∈ B(H,G) which extends continuously to an element of

B(D(〈A〉s)∗,G) for some s > 1/2 is locally H-smooth on I\σp(H);

(b) H has at most finitely many eigenvalues in I, each one of finite multiplicity,

and H has no singular continuous spectrum in I.

3.2. Conjugate operator for the free Hamiltonian

With the definitions of Sec. 2.3 at hand, we can construct a conjugate operator for

the operator M̂�. Our construction follows from the one given in [12, Sec. 3], but

it is simpler because our base manifold Y ∗
� is one-dimensional. Indeed, thanks to

Theorem 2.7, it is sufficient to construct the conjugate operator band by band.

So, for each n ∈ N, let Π̂�,n := {Π̂�,n(k)}k∈R and λ̂′�,n := {λ̂′�,n(k)}k∈R be

the bounded decomposable self-adjoint operators in Hτ,� defined by τ -equivariant

continuation as in (2.2) and by the relations

Π̂�,n(k)ϕ := 〈u�,n(k), ϕ〉h�u�,n(k) and λ̂′�,n(k)ϕ := λ′�,n(k)ϕ, k ∈ Y ∗
� , ϕ ∈ h�.

Set also Π�,n := U −1
� Π̂�,nU� and Q̂� := U�Q�U −1

� , with Q� the operator of

multiplication by the variable in Hw�

(Q�ϕ)(x) := xϕ(x), ϕ ∈ D(Q�) := {ϕ ∈ Hw� | ‖Q�ϕ‖Hw�
<∞}.

Remark 3.2. Since Q� commutes with w−1
� , the operator Q� is self-adjoint in Hw�

and essentially self-adjoint on S (R,C2) ⊂ Hw� . The definition and the domain of

Q� are independent of the specific weight w−1
� appearing in the scalar product of

Hw� . The insistence on the label 	 = �, r is only motivated by a notational need

that will result helpful in the following sections.
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For any compact interval I ⊂ R\T�, we define the finite set N(I) := {n ∈ N |
λ−1
�,n(I) �= ∅}. Finally, we set

D� := U�S (R,C2) ⊂ {u ∈ C∞(R, h�)|u(· − γ∗) = τ(γ∗)u for all γ∗ ∈ Γ∗
�}.

(3.6)

Then we can define the symmetric operator Â�,I in Hτ,� by

Â�,Iu :=
1

2

∑
n∈N(I)

Π̂�,n(λ̂
′
�,nQ̂� + Q̂�λ̂

′
�,n)Π̂�,nu, u ∈ D�. (3.7)

Theorem 3.3 (Mourre Estimate for M̂�). Let I ⊂ R\T� be a compact interval.

Then

(a) the operator Â�,I is essentially self-adjoint on D� and on any other core for Q̂2
�,

with closure denoted by the same symbol;

(b) the operator M̂� is of class C2(Â�,I);

(c) there exists cI > 0 such that �
̂A�,I

̂M�
≥ cI .

Proof. (a) The claim is a consequence of Nelson’s criterion of self-adjointness [26,

Theorem X.37] applied to the triple (Â�,I , N�,D�), where N� := Q̂2
� + 1 and Q̂2

� :=

U�Q
2
�U

−1
� . Indeed, the operator N� is essentially self-adjoint on D� = U�S (R,C2)

since Q2
� is essentially self-adjoint on S (R,C2). In addition, since Â�,I is composed

of the bounded operators Π̂�,n and λ̂′�,n which are analytic in the variable k ∈ Y ∗
�

and Q̂� acts as i∂k in Hτ,�, a direct computation gives

‖Â�,Iu‖Hτ,� ≤ Const. ‖N�u‖Hτ,� , u ∈ D�.

Similarly, a direct computation using the boundedness and the analyticity of Π̂�,n

and λ̂′�,n implies that

|〈Â�,Iu,N�u〉Hτ,� − 〈N�u, Â�,Iu〉Hτ,� | ≤ Const. 〈N�u, u〉Hτ,� , u ∈ D�.

In both inequalities, we used the fact that D(Q̂2
�) ⊂ D(Q̂�). As a consequence, Â�,I

is essentially self-adjoint on D� and on any other core for N�.

(b) The set

E� := {u ∈ C∞(R, h�)|u(· − γ∗) = τ(γ∗)u for all γ∗ ∈ Γ∗
�} ⊃ D�

is a core for N�. So, it follows from point (a) that Â�,I is essentially self-adjoint

on E�. Moreover, since M̂�(k) is analytic in k ∈ R and satisfies the covariance

relation (2.2), we obtain that (M̂�−z)E� ⊂ E� for any z ∈ C\σ(M̂�). Since the same

argument applies to the resolvent, we obtain that (M̂� − z)−1E� = E�. Therefore,

we have the inclusion (M̂� − z)−1u ∈ D(Â�,I) for each u ∈ E�, and a calculation
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using (3.2) gives

〈u, [i(M̂� − z)−1, Â�,I ]u〉Hτ,�

= 〈u,−(M̂� − z)−1[iM̂�, Â�,I ](M̂� − z)−1u
〉
Hτ,�

=

〈
u,−(M̂� − z)−1

∑
n∈N(I)

Π̂�,n|λ̂′�,n|2Π̂�,n(M̂� − z)−1u

〉
Hτ,�

.

Since
∑

n∈N(I) Π̂�,n|λ̂′�,n|2Π̂�,n ∈ B(Hτ,�), it follows that M̂� is of class C1(Â�,I)

with

[iM̂�, Â�,I ] =
∑

n∈N(I)

Π̂�,n|λ̂′�,n|2Π̂�,n. (3.8)

Finally, since Π̂�,n ∈ C1(Â�,I) and λ̂′�,n ∈ C1(Â�,I) for each n ∈ N, we infer from

(3.8) and [1, Proposition 5.1.5] that M̂� is of class C2(Â�,I).

(c) Using point (b) and the definition of the operators Π̂�,n, we obtain for all

η ∈ C∞
c (I,R) and k ∈ Y ∗

� that

η(M̂�(k))[iM̂�, Â�,I ](k)η(M̂�(k))

= η(M̂�(k))

⎛⎝ ∑
n∈N(I)

Π̂�,n(k)|λ̂′�,n(k)|2Π̂�,n(k)

⎞⎠ η(M̂�(k))

≥ cIη(M̂�(k))

⎛⎝ ∑
n∈N(I)

Π̂�,n(k)
2

⎞⎠ η(M̂�(k))

= cIη(M̂�(k))
2

with cI := minn∈N(I) min{k∈Y ∗
� |λ�,n(k)∈I} |λ′n(k)|2. Thus, by using the definition of

the scalar product in Hτ,�, we infer that

η(M̂�)[iM̂�, Â�,I ]η(M̂�) ≥ cIη(M̂�)
2,

which, together with the definition (3.3), implies the claim.

Since the operator Â�,I is essentially self-adjoint on D� = U�S (R,C2) and on

any other core for Q̂2
�, it follows by Theorem 3.3(a) that the inverse Bloch–Floquet

transform of Â�,I ,

A�,I := U −1
� Â�,IU�

is essentially self-adjoint on S (R,C2) and on any other core for Q2
�. Therefore, the

results (b) and (c) of Theorem 3.3 can be restated as follows: the operator M� is of

class C2(A�,I) and there exists cI > 0 such that �
A�,I

M�
≥ cI . Combining these results

for 	 = � and 	 = r, one obtains a conjugate operator for the free Hamiltonian
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M0 =M�⊕Mr introduced in Sec. 2.2. Namely, for any compact interval I ⊂ R\TM ,

the operator

A0,I := A�,I ⊕Ar,I

satisfies the following properties:

(a′) the operator A0,I is essentially self-adjoint on S (R,C2) ⊕ S (R,C2) and on

any set E ⊕E with E a core for Q2
�, with closure denoted by the same symbol;

(b′) the operator M0 is of class C2(A0,I);

(c′) there exists cI > 0 such that �
A0,I

M0
≥ cI .

Remark 3.4. What precedes implies in particular that the free Hamiltonian M0

has purely absolutely continuous spectrum except at the points of TM , where it

may have eigenvalues. However, we already know from Proposition 2.8 that this

does not occur. Therefore,

σ(M0) = σac(M0) = σess(M0) = σess(M�) ∪ σess(Mr).

3.3. Conjugate operator for the full Hamiltonian

In this section, we show that the operator JA0,IJ
∗ is a conjugate operator for the

full Hamiltonian M introduced in Sec. 2.1. We start with the proof of the essential

self-adjointness of JA0,IJ
∗ in Hw. We use the notation Q (see Remark 3.2) for the

operator of multiplication by the variable in Hw,

(Qϕ)(x) := xϕ(x), ϕ ∈ D(Q) := {ϕ ∈ Hw|‖Qϕ‖Hw <∞}.

Proposition 3.5. For each compact interval I ⊂ R\TM the operator AI :=

JA0,IJ
∗ is essentially self-adjoint on S (R,C2) and on any other core for Q2, with

closure denoted by the same symbol.

Proof. First, we observe that since J∗S (R,C2) ⊂ D(Q2
0) with Q0 := Q� ⊕ Qr

the operator AI is well defined and symmetric on S (R,C2) ⊂ Hw due to point

(a′). Next, to prove the claim, we use Nelson’s criterion of essential self-adjointness

[26, Theorem X.37] applied to the triple (AI , N,S (R,C2)) with N := Q2 + 1.

For this, we note that S (R,C2) is a core for N and that the operators Q�

Q2+1 ,

j�, w�w
−1j�, Π�,n and U −1

� λ̂′�,nU� are bounded in Hw. Moreover, we verify with

direct calculations on S (R,C2) that the operators Π�,n and U −1
� λ̂′�,nU� belong

to C1(Q�) (in Hw�), and that their commutators [Π�,n, Q�] and [U −1
� λ̂′�,nU�, Q�]

belong to C1(Q) (in Hw). Then a short computation using these properties gives

the bound

‖AIϕ‖Hw ≤ Const. ‖Nϕ‖Hw , ϕ ∈ S (R,C2),
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and a slightly longer computation using the same properties shows that

|〈AIϕ,Nϕ〉Hw − 〈Nϕ,AIϕ〉Hw | ≤ Const. 〈Nϕ,ϕ〉Hw , ϕ ∈ S (R,C2).

Thus, the hypotheses of Nelson’s criterion are satisfied, and the claim follows.

In order to prove that AI is a conjugate operator forM , we need two preliminary

lemmas. They involve the two-Hilbert spaces difference of resolvents of M0 and M :

B(z) := J(M0 − z)−1 − (M − z)−1J, z ∈ C\R.

Lemma 3.6. For each z ∈ C\R, one has the inclusion B(z) ∈ K (H0,Hw).

Proof. One has for (ϕ�, ϕr) ∈ H0

B(z)(ϕ�, ϕr) =
∑

�∈{�,r}
(j�(M� − z)−1 − (M − z)−1j�)ϕ�

=
∑

�∈{�,r}
{((M� − z)−1 − (M − z)−1)j�ϕ� + [j�, (M� − z)−1]ϕ�}.

(3.9)

Thus, an application of the standard result [34, Theorem 4.1] taking into account

the properties of j� implies that the operator [j�, (M� − z)−1] is compact. This

proves the claim for the second term in (3.9).

For the first term in (3.9), we have the equalities

((M� − z)−1 − (M − z)−1)j�

= (M − z)−1(M −M�)j�(M� − z)−1

+(M − z)−1(M −M�)[(M� − z)−1, j�]

= (M − z)−1j�(w − w�)D(M� − z)−1 + (M − z)−1(w − w�)[D, j�]

× (M� − z)−1 + (M − z)−1(M −M�)[(M� − z)−1, j�], (3.10)

with j�(w − w�) and [D, j�] matrix-valued functions vanishing at ±∞. Thus, the

operator in the first term in (3.9) is also compact, which concludes the proof.

Lemma 3.7. For each z ∈ C\R and each compact interval I ⊂ R\TM , one has the

inclusion

B(z)A0,I � D(A0,I) ∈ K (H0,Hw).

Proof. Since A0,I is essentially self-adjoint on S (R,C2)⊕S (R,C2), it is sufficient

to show that

B(z)A0,I � (S (R,C2)⊕ S (R,C2)) ∈ K (H0,Hw).

Furthermore, we have A0,I = A�,I ⊕Ar,I , and each operator A�,I acts on S (R,C2)

as a sum Q�F�,I + G�,I , with F�,I , G�,I bounded operators in Hw� mapping the
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set S (R,C2) into D(Q�). These facts, together with the compactness result of

Lemma 3.6 and (3.9), imply that it is sufficient to show that

((M� − z)−1 − (M − z)−1)j�Q� � S (R,C2) ∈ K (Hw� ,Hw)

and

[j�, (M� − z)−1]Q� � S (R,C2) ∈ K (Hw� ,Hw).

Now, if one takes Assumption 2.2 into account, the proof of these inclusions is

similar to the proof of Lemma 3.6. We leave the details to the reader.

Next, we will need the following theorem which is a direct consequence of [32,

Theorem 3.1 and Corollaries 3.7, 3.8].

Theorem 3.8. Let H0, A0 be self-adjoint operators in a Hilbert space H0, let H be

a self-adjoint operator in a Hilbert space H, let J ∈ B(H0,H), and let

B(z) := J(H0 − z)−1 − (H − z)−1J, z ∈ C\R.

Suppose there exists a set D ⊂ D(A0J
∗) such that JA0J

∗ is essentially self-adjoint

on D , with A its self-adjoint extension. Finally, assume that

(i) H0 is of class C1(A0);

(ii) for each z ∈ C\R, one has B(z) ∈ K (H0,H);

(iii) for each z ∈ C\R, one has B(z)A0 � D(A0) ∈ K (H0,H);

(iv) for each η ∈ C∞
c (R), one has η(H)(JJ∗ − 1)η(H) ∈ K (H).

Then H is of class C1(A) and �̃AH ≥ �̃A0

H0
. In particular, if A0 is conjugate to H0 at

λ ∈ R, then A is conjugate to H at λ.

We are now ready to prove a Mourre estimate for M .

Theorem 3.9 (Mourre Estimate for M). Let I ⊂ R\TM be a compact interval.

Then M is of class C1(AI), and

�̃AI

M (λ) ≥ �̃
A0,I

M0
(λ) = min{�̃A�,I

M�
(λ), �̃

Ar,I

Mr
(λ)} > 0 for every λ ∈ I.

Proof. Theorem 3.3 and its restatement at the end of Sec. 3.2 give us the estimate

min{�̃A�,I

M�
(λ), �̃

Ar,I

Mr
(λ)} > 0 for every λ ∈ I.

In addition, the equality �̃
A0,I

M0
= min{�̃A�,I

M�
, �̃

Ar,I

Mr
} is a consequence of the definition

of A0,I as a direct sum of A�,I and Ar,I (see [1, Proposition 8.3.5]).

So, it only remains to show the inequality �̃AI

M ≥ �̃
A0,I

M0
to prove the claim. For

this, we apply Theorem 3.8 with H0 = M0, H = M and A0 = A0,I , starting

with the verification of its assumptions (i)–(iv): the assumptions (i), (ii) and (iii)

of Theorem 3.8 follow from point (b′), Lemma 3.6 and Lemma 3.7, respectively.
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Furthermore, the assumption (iv) of Theorem 3.8 follows from the fact that for any

η ∈ C∞
c (R) we have the inclusion

η(M)(JJ∗ − 1)η(M) = η(M)(w�w
−1j2� + wrw

−1j2r − 1)(Q)η(M) ∈ K (Hw),

since

w�w
−1j2� + wrw

−1j2r − 1 = (w� − w)j2�w
−1 + (wr − w)j2rw

−1 + (j2� + j2r − 1)

is a matrix-valued function vanishing at ±∞. These facts, together with Proposi-

tion 3.5 and the inclusion S (R,C2) ⊂ D(A0J
∗), imply that all the assumptions of

Theorem 3.8 are satisfied. We thus obtain that �̃AI

M ≥ �̃
A0,I

M0
, as desired.

3.4. Spectral properties of the full Hamiltonian

In this section, we determine the spectral properties of the full Hamiltonian M .

We start by proving that M has the same essential spectrum as the free Hamilto-

nian M0.

Proposition 3.10. One has

σess(M) = σess(M0) = σ(M�) ∪ σ(Mr).

To prove Proposition 3.10, we first need two preliminary lemmas. In the first

lemma, we use the notation χΛ for the characteristic function of a Borel set Λ ⊂ R.

Lemma 3.11. (a) The operator M is locally compact in Hw, that is,

χB(Q)(M − i)−1 ∈ K (Hw) for each bounded Borel set B ⊂ R.

(b) Let ζ ∈ C∞
c (R, [0,∞)) satisfy ζ(x) = 1 for |x| ≤ 1 and ζ(x) = 0 for |x| ≥ 2,

and set ζn(x) := ζ(x/n) for all x ∈ R and n ∈ N\{0}. Then

lim
n→∞ ‖[M, ζn(Q)](M − i)−1‖B(Hw) = 0.

Moreover, the results of (a) and (b) also hold true for the operators M0 and Q0 in

the Hilbert space H0.

Proof. (a) A direct computation shows that

χB(Q)(D − i)−1 =

(
iχB(Q)(1 + P 2)−1 χB(Q)P (1 + P 2)−1

χB(Q)P (1 + P 2)−1 iχB(Q)(1 + P 2)−1

)
,

which implies that χB(Q)(D − i)−1 is compact in L2(R,C2) since every entry of

the matrix is compact in L2(R) (see [34, Theorem 4.1]). Given that L2(R,C2) and

Hw have equivalent norms by Lemma 2.3(b), it follows that χB(Q)(D− i)−1 is also

compact in Hw. Finally, the resolvent identity (similar to (2.4))

(M − i)−1 = (D − i)−1w−1 + i(D − i)−1(w−1 − 1)(M − i)−1

shows that χB(Q)(M − i)−1 is the sum of two compact operators in Hw, and

hence compact in Hw. The same argument also shows that the operators M� are
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locally compact in Hw� , and thus that M0 = M� ⊕Mr is locally compact in H0 =

Hw�
⊕Hwr .

(b) Let ϕ ∈ D(M) = H1(R,C2). Then a direct computation taking into account

the inclusion ζn(Q)ϕ ∈ D(M) gives

[M, ζn(Q)]ϕ = w

(
0 [P, ζn(Q)]

[P, ζn(Q)] 0

)
ϕ = − i

n
wζ′n(Q)

(
0 1

1 0

)
ϕ.

In consequence, we obtain that ‖[M, ζn(Q)](M − i)−1‖B(Hw) ≤ Const. n−1 which

proves the claim. As before, the same argument also applies to the operators M�

in Hw� , and thus to the operator M0 =M� ⊕Mr in H0 = Hw�
⊕Hwr .

Lemma 3.11 is needed to prove that the essential spectra of M and M0 can

be characterized in terms of Zhislin sequences (see [13, Definition 10.4]). Zhislin

sequences are particular types of Weyl sequences supported at infinity as in the

following lemma.

Lemma 3.12 (Zhislin Sequences). Let λ ∈ R. Then λ ∈ σess(M) if and only if

there exists a sequence {φm}m∈N\{0} ⊂ D(M), called Zhislin sequence, such that :

(a) ‖φm‖Hw = 1 for all m ∈ N\{0};
(b) for each m ∈ N\{0}, one has φm(x) = 0 if |x| ≤ m;

(c) limm→∞ ‖(M − λ)φm‖Hw = 0.

Similarly, λ ∈ σess(M0) if and only if there exists a sequence {φ0m}m∈N\{0} ⊂ D(M0)

which meets the properties (a)–(c) relative to the operator M0.

Proof. In view of Lemma 3.11, the claim can be proved by repeating step by step

the arguments in the proof of [13, Theorem 10.6].

We are now ready to complete the description of the essential spectrum of M .

Proof of Proposition 3.10. Take λ ∈ σess(M), let {φm}m∈N\{0} ⊂ D(M) be an

associated Zhislin sequence, and define for each m ∈ N\{0}

φ0m := cm(j�φm, jrφm) ∈ D(M0) with cm := ‖(j�φm, jrφm)‖−1
H0
.

Then one has ‖φ0m‖H0 = 1 for all m ∈ N\{0} and φ0m(x) = 0 if |x| ≤ m. Further-

more, using successively the facts that j�jr = 0, that (j� + jr)φm = φm, and that

1 = ‖φm‖2Hw
= 〈φm, w−1φm〉L2(R,C2), one obtains that

c−2
m = 〈φm, (w−1

� j� + w−1
r jr)φm〉L2(R,C2)

= 1 + 〈φm, (w−1
� j� + w−1

r jr − w−1)φm〉L2(R,C2),

which implies that limm→∞ cm = 1 due to Assumption 2.2.
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Now, consider the inequalities

‖(M0 − λ)φ0m‖2H0
= c2m

∑
�∈{�,r}

‖(M� − λ)j�φm‖2Hw�

≤ c2m
∑

�∈{�,r}
(‖(M − λ)j�φm‖Hw�

+ ‖(M� −M)j�φm‖Hw�
)2

≤ c2m
∑

�∈{�,r}
(‖j�(M − λ)φm‖Hw�

+ ‖[M, j�]φm‖Hw�
+ ‖(w� − w)Dj�φm‖Hw�

)2.

From the property (c) of Zhislin sequences, the boundedness of j�, and the equiva-

lence of the norms of Hw� and Hw, one gets that

lim
m→∞ ‖j�(M − λ)φm‖Hw�

≤ Const. lim
m→∞ ‖(M − λ)φm‖Hw = 0.

Moreover, one has [M, j�]φm = −iwj′�
( 0 1

1 0

)
φm, with j′� supported in [−1, 1]. This

implies that [M, j�]φm = 0. For the same reason, one has Dj�φm = j�Dφm, with

the latter vector supported in x ≤ −m if 	 = � and in x ≥ m if 	 = r. This, together

with Assumption 2.2, implies that

‖(w� − w)Dj�φm‖Hw�
≤ Const. 〈m〉−1−ε‖Dφm‖Hw�

≤ Const. 〈m〉−1−ε‖Mφm‖Hw .

The last inequality, along with the equality limm→∞ ‖Mφm‖Hw = |λ| (which follows

from the property (c) of Zhislin sequences), gives

lim
m→∞ ‖(w� − w)Dj�φm‖Hw�

= 0.

Putting all the pieces together, we obtain that limm→∞ ‖(M0−λ)φ0m‖H0 = 0. This

concludes the proof that {φ0m}m∈N\{0} is a Zhislin sequence for the operator M0

and the point λ ∈ σess(M), and thus that σess(M) ⊂ σess(M0).

For the opposite inclusion, take {φ0m}m∈N\{0} ⊂ D(M0) a Zhislin sequence for

the operator M0 and the point λ ∈ σess(M0), and assume that λ ∈ σess(Mr) (if

λ /∈ σess(Mr), then λ ∈ σess(M�) and the same proof applies if one replaces “right”

with “left”). By extracting the non-zero right components from φ0m and normalizing,

we can form a new Zhislin sequence {(0, φrm)}m∈N\{0} for M0 with {φrm}m∈N\{0} ⊂
D(Mr) a Zhislin sequence for Mr. Then we can construct as follows a new Zhislin

sequence for Mr with vectors supported in [m,∞): Let ζr ∈ C∞
c (R, [0, 1]) satisfy

ζr(x) = 0 for x ≤ 1 and ζr(x) = 1 for x ≥ 2, set ζrm(x) := ζr(x/m) for all x ∈ R and

m ∈ N\{0}, and choose nr
m ∈ N such that ‖χ[−nr

m,∞)(Qr)φ
r
m‖Hwr

∈ (1 − 1/m, 1].

Next, define for each m ∈ N\{0}

φ̃rm := dmζ
r
m(Qr)Tkr

mprφ
r
m ∈ D(Mr),
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with dm := ‖ζrm(Qr)Tkr
mprφ

r
m‖−1

Hwr
, krm ∈ N such that krmpr ≥ nr

m +2m, and Tkr
mpr

the operator of translation by krmpr. One verifies easily that limm→∞ dm = 1 and

that φ̃rm has support in [m,∞). Furthermore, since the operators Mr and Tkr
mpr

commute, one also has

‖(Mr − λ)φ̃rm‖Hwr
≤ dm‖ζrm(Qr)Tkr

mpr (Mr − λ)φrm‖Hwr

+ dm‖[Mr, ζ
r
m(Qr)]Tkr

mprφ
r
m‖Hwr

≤ dm‖(Mr − λ)φrm‖Hwr
+Const. m−1‖φrm‖Hwr

,

which implies that limm→∞ ‖(Mr − λ)φ̃rm‖Hwr
= 0. Thus, {φ̃rm}m∈N\{0} ⊂ D(Mr)

is a new Zhislin sequence for Mr with φ̃rm supported in [m,∞).

Now, define for each m ∈ N\{0}

φm := bmφ̃
r
m ∈ D(M) with bm := ‖φ̃rm‖−1

Hw
.

Then one has ‖φm‖Hw = 1 for allm ∈ N\{0} and φm(x) = 0 if x ≤ m. Furthermore,

using that

1 = ‖φ̃rm‖2Hwr
= 〈φ̃rm, w−1

r φ̃rm〉L2(R,C2),

one obtains that

b−2
m := 〈φ̃rm, w−1φ̃rm〉L2(R,C2) = 1 +

〈
φ̃rm, (w

−1 − w−1
r )φ̃rm〉L2(R,C2),

which implies that limm→∞ bm = 1 due to Assumption 2.2. Now, consider the

inequality

‖(M − λ)φm‖Hw = bm‖(M − λ)φ̃rm‖Hw

≤ bm‖(Mr − λ)φ̃rm‖Hw + bm‖(w − wr)Dφ̃
r
m‖Hw .

From the property (c) of Zhislin sequences and the equivalence of the norms of Hwr

and Hw, one gets that

lim
m→∞ ‖(Mr − λ)φ̃rm‖Hw ≤ Const. lim

m→∞ ‖(Mr − λ)φ̃rm‖Hwr
= 0.

Moreover, since Dφ̃rm is supported in [m,∞), one infers again from Assumption 2.2

that

‖(w − wr)Dφ̃
r
m‖Hw ≤ Const. 〈m〉−1−ε‖Dφ̃rm‖Hw ≤ Const. 〈m〉−1−ε‖Mrφ̃

r
m‖Hwr

.

The last inequality, along with the equality limm→∞ ‖Mrφ̃
r
m‖Hwr

= |λ|, gives

lim
m→∞ ‖(w − wr)Dφ̃

r
m‖Hw = 0.

Putting all the pieces together, we obtain that limm→∞ ‖(M − λ)φm‖Hw = 0.

This concludes the proof that {φm}m∈N\{0} is a Zhislin sequence for the operator

M and the point λ ∈ σess(M0), and thus that σess(M0) ⊂ σess(M). In conse-

quence, we obtained that σess(M) = σess(M0), which completes the proof in view

of Remark 3.4.
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In order to determine more precise spectral properties of M , we now prove that

for each compact interval I ⊂ R\TM the Hamiltonian M is of class C1+ε(AI) for

some ε ∈ (0, 1), which is a regularity condition slightly stronger than the condition

M of class C1(AI) already established in Theorem 3.9. We start by giving a conve-

nient formula for the commutator [(M − z)−1, AI ], z ∈ C\R, in the form sense on

S (R,C2):

[(M − z)−1, AI ]

= ((M − z)−1J − J(M0 − z)−1)A0,IJ
∗ − JA0,I(J

∗(M − z)−1

− (M0 − z)−1J∗) + J [(M0 − z)−1, A0,I ]J
∗

=
∑

�∈{�,r}
{((M − z)−1 − (M� − z)−1)j�A�,IZ

� + [(M� − z)−1, j�]A�,IZ
�

− j�A�,IZ
�((M − z)−1 − (M� − z)−1) + j�A�,I [(M� − z)−1, Z�]

+ j�[(M� − z)−1, A�,I ]Z
�}

=
∑

�∈{�,r}
(C� + j�[(M� − z)−1, A�,I ]Z

�)

with

Z� := w�w
−1j� = j� − (w − w�)j�w

−1,

and

C� := ((M − z)−1 − (M� − z)−1)j�A�,IZ
� + [(M� − z)−1, j�]A�,IZ

�

− j�A�,IZ
�((M − z)−1 − (M� − z)−1) + j�A�,I [(M� − z)−1, Z�].

As already shown in the previous section, all the terms in C� extend to bounded

operators, and we keep the same notation for these extensions.

In order to show that (M−z)−1 ∈ C1+ε(AI), it is enough to prove that j�[(M�−
z)−1, A�,I ]Z

� ∈ C1(AI) and to check that

‖ e−itAI C� e
itAI −C�‖B(Hw) ≤ Const. tε for all t ∈ (0, 1). (3.11)

Since the first proof reduces to computations similar to the ones presented in the

previous section, we shall concentrate on the proof of (3.11). First of all, algebraic

manipulations as presented in [1, pp. 325–326] or [30, Sec. 4.3] show that for all

t ∈ (0, 1)

‖ e−itAI C� e
itAI −C�‖B(Hw) ≤ Const. (‖sin(tAI)C�‖B(Hw)

+ ‖sin(tAI)(C�)
∗‖B(Hw))

≤ Const. (‖tAI(tAI + i)−1C�‖B(Hw)

+ ‖tAI(tAI + i)−1(C�)
∗‖B(Hw)).
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Furthermore, if we set At := tAI (tAI + i)−1 and Λt := t〈Q〉(t〈Q〉+ i)−1, we obtain

that

At = (At + i(tAI + i)−1AI〈Q〉−1)Λt

with AI〈Q〉−1 ∈ B(Hw) due to (3.7). Thus, since ‖At+i(tAI+i)
−1AI〈Q〉−1‖B(Hw)

is bounded by a constant independent of t ∈ (0, 1), it is sufficient to prove that

‖ΛtC�‖B(Hw) + ‖Λt(C�)
∗‖B(Hw) ≤ Const. tε for all t ∈ (0, 1),

and to prove this estimate it is sufficient to show that the operators 〈Q〉εC� and

〈Q〉ε(C�)
∗ defined in the form sense on S (R,C2) extend continuously to elements

of B(Hw). Finally, some lengthy but straightforward computations show that these

two last conditions are implied by the following two lemmas.

Lemma 3.13. M� is of class C1(〈Q〉α) for each 	 ∈ {�, r} and α ∈ [0, 1].

Proof. One can verify directly that the unitary group generated by the operator

〈Q〉α leaves the domain D(M�) = H1(R,C2) invariant and that the commutator

[M�, 〈Q〉α] defined in the form sense on S (R,C2) extends continuously to a bounded

operator. Since the set S (R,C2) is a core for M�, these properties together with

[1, Theorem 6.3.4(a)] imply the claim.

Lemma 3.14. One has j� ∈ C1(A�,I) for each 	 ∈ {�, r} and each compact interval

I ⊂ R\TM .

Proof. By using the commutator expansions [1, Theorem 5.5.3] and (3.7), one gets

the following equalities in form sense on S (R,C2):

[j�, A�,I ] =
1√
2π

∫ 1

0

dτ

∫
R

dx eiτxQ� [Q�, A�,I ] e
i(1−τ)xQ� ĵ′�(x)

=
1

2
√
2π

∑
n∈N(I)

∫ 1

0

dτ

∫
R

dx eiτxQ� [Q�,Π�,n(λ̌
′
�,nQ� +Q�λ̌

′
�,n)Π�,n]

× ei(1−τ)xQ� ĵ′�(x)

=
1

2
√
2π

∑
n∈N(I)

∫ 1

0

dτ

∫
R

dx eiτxQ�{[Q�,Π�,nλ̌
′
�,nΠ�,n]Q�

+Q�[Q�,Π�,nλ̌
′
�,nΠ�,n] + [Q�,Π�,nλ̌�,n[Q�,Π�,n]]

− [Q�, [Q�,Π�,n]λ̌�,nΠ�,n]} ei(1−τ)xQ� ĵ′�(x)

with λ̌′�,n := U −1
� λ̂′�,nU� and with each commutator in the last equality extending

continuously to a bounded operator. Since ĵ′� is integrable, the last two terms give

bounded contributions. Furthermore, the first two terms can be rewritten as

f([Q�,Π�,nλ̌
′
�,nΠ�,n])Q� +Q�f([Q�,Π�,nλ̌

′
�,nΠ�,n])
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with

f : B(Hw�) → B(Hw�),

B �→ f(B) :=
1

2
√
2π

∑
n∈N(I)

∫ 1

0

dτ

∫
R

dx eiτxQ� B ei(1−τ)xQ� ĵ′�(x).

But, since [Q�,Π�,nλ̌
′
�,nΠ�,n] ∈ Ck(Q�) for each k ∈ N, and since ĵ′� is a Schwartz

function, one infers from [1, Theorem 5.5.3] that the operator f([Q�,Π�,nλ̌
′
�,nΠ�,n])

is regularizing in the Besov scale associated to the operator Q�. This implies in

particular that the operators f([Q�,Π�,nλ̌
′
�,nΠ�,n])Q� and Q�f([Q�,Π�,nλ̌

′
�,nΠ�,n])

extend continuously to bounded operators, as desired.

We can now give in the following theorem a description of the structure of the

spectrum of the full Hamiltonian M . The next theorem also shows that the set TM
can be interpreted as the set of thresholds in the spectrum of M .

Theorem 3.15. In any compact interval I ⊂ R\TM , the operator M has at most

finitely many eigenvalues, each one of finite multiplicity, and no singular continuous

spectrum.

Proof. The computations at the beginning of this section together with Lem-

mas 3.13 and 3.14 imply that M is of class C1+ε(AI) for some ε ∈ (0, 1), and

Theorem 3.9 implies that the condition (3.5) of Theorem 3.1 is satisfied on I. So,

one can apply Theorem 3.1(b) to conclude.

Remark 3.16. As a final remark about the spectral properties of the operator

M , let us mention that the techniques used in this work do not provide any fur-

ther information about the existence of eigenvalues at thresholds or embedded

in the continuous spectrum. For additive perturbations, powerful techniques have

been developed over the last decades, and these methods can be applied to several

Schrödinger-type operators. On the other hand, for multiplicative perturbations,

abstract methods have not been developed so far. To the best of our knowledge,

there exist only a few results about embedded eigenvalues in the case of quan-

tum walks with multiplicative perturbations as for example in [18, 22, 23], or more

abstractly in [6]. For photonic crystals, especially in the presence of bi-anisotropic

media, eigenvalues at thresholds or embedded in the continuous spectrum certainly

deserve an independent study and this could be the subject of future investigations.

4. Scattering Theory

4.1. Scattering theory in a two-Hilbert spaces setting

We discuss in this section the existence and the completeness, under smooth per-

turbations, of the local wave operators for self-adjoint operators in a two-Hilbert

spaces setting. Namely, given two self-adjoint operators H0, H in Hilbert spaces
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H0,H with spectral measures EH0 , EH , an identification operator J ∈ B(H0,H),

and an open set I ⊂ R, we recall criteria for the existence and the completeness of

the strong limits

W±(H,H0, J, I) := s-lim
t→±∞

eitH J e−itH0 EH0(I)

under the assumption that the two-Hilbert spaces difference of resolvents

J(H0 − z)−1 − (H − z)−1J, z ∈ C\R,

factorizes as a product of a locallyH-smooth operator on I and a locallyH0-smooth

operator on I.

We start by recalling some facts related to the notion of J-completeness. Let

N±(H, J, I) be the subsets of H defined by

N±(H, J, I) := {ϕ ∈ H| lim
t→±∞ ‖J∗ e−itH EH(I)ϕ‖H0 = 0}.

Then it is clear that N±(H, J, I) are closed subspaces of H and that EH(R\I)H ⊂
N±(H, J, I), and it is shown in [42, Sec. 3.2] that H is reduced by N±(H, J, I) and
that

Ran(W±(H,H0, J, I)) ⊥ N±(H, J, I).

In particular, one has the inclusion

Ran(W±(H,H0, J, I)) ⊂ EH(I)H�N±(H, J, I),

which motivates the following definition.

Definition 4.1 (J-Completeness). Assume that the local wave operators

W±(H,H0, J, I) exist. Then W±(H,H0, J, I) are J-complete on I if

Ran(W±(H,H0, J, I)) = EH(I)H�N±(H, J, I).

Remark 4.2. In the particular case H0 = H and J = 1H, the J-completeness

on I reduces to the completeness of the local wave operators W±(H,H0, J, I) on I

in the usual sense. Namely, Ran(W±(H,H0, 1H, I)) = EH(I)H, and the operators

W±(H,H0, 1H, I) are unitary from EH0(I)H to EH(I)H.

The following criterion for J-completeness has been established in [42, Theo-

rem 3.2.4].

Lemma 4.3. If the local wave operators W±(H,H0, J, I) and W±(H0, H, J
∗, I)

exist, then W±(H,H0, J, I) are J-complete on I.

For the following theorem, we recall that the spectral support suppH(ϕ) of

a vector ϕ ∈ H with respect to H is the smallest closed set I ⊂ R such that

EH(I)ϕ = ϕ.

Theorem 4.4. Let H0, H be self-adjoint operators in Hilbert spaces H0,H with

spectral measures EH0 , EH , J ∈ B(H0,H), I ⊂ R an open set, and G an auxiliary
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Hilbert space. For each z ∈ C\R, assume there exist T0(z) ∈ B(H0,G) locally H0-

smooth on I and T (z) ∈ B(H,G) locally H-smooth I such that

J(H0 − z)−1 − (H − z)−1J = T (z)∗T0(z).

Then the local wave operators

W±(H,H0, J, I) = s-lim
t→±∞

eitH J e−itH0 EH0(I) (4.1)

exist, are J-complete on I, and satisfy the relations

W±(H,H0, J, I)
∗ = W±(H0, H, J

∗, I) and

W±(H,H0, J, I)η(H0) = η(H)W±(H,H0, J, I)

for each bounded Borel function η : R → C.

Proof. We adapt the proof of [1, Theorem 7.1.4] to the two-Hilbert spaces setting.

The existence of the limits (4.1) is a direct consequence of the following claims: for

each ϕ0 ∈ H0 with I0 := suppH0
(ϕ0) ⊂ I compact, and for each η ∈ C∞

c (I) such

that η ≡ 1 on a neighborhood of I0, we have that

s-lim
t→±∞ η(H) eitH J e−itH0 ϕ0 exist and

lim
t→±∞ ‖(1− η(H)) eitH J e−itH0 ϕ0‖H = 0.

(4.2)

To prove the first claim in (4.2), take ϕ ∈ H and t ∈ R, and observe that the

operators W (t) := η(H) eitH J e−itH0 satisfy for z ∈ C \R and s ≤ t

|〈(H − z)−1ϕ, (W (t) −W (s))(H0 − z)−1ϕ0〉H|

=

∣∣∣∣∫ t

s

du
d

du
〈e−iuH η(H)ϕ, (H − z)−1J(H0 − z)−1 e−iuH0 ϕ0

〉
H

∣∣∣∣
=

∣∣∣∣∫ t

s

du〈e−iuH η(H)ϕ, (H − z)−1(HJ − JH0)(H0 − z)−1 e−iuH0 ϕ0〉H
∣∣∣∣

=

∣∣∣∣∫ t

s

du 〈e−iuH η(H)ϕ, (J(H0 − z)−1 − (H − z)−1J) e−iuH0 ϕ0〉H
∣∣∣∣

=

∣∣∣∣∫ t

s

du〈T (z) e−iuH η(H)ϕ, T0(z) e
−iuH0 ϕ0〉G

∣∣∣∣
≤
(∫ t

s

du ‖T (z) e−iuH η(H)ϕ‖2G
)1/2 (∫ t

s

du‖T0(z) e−iuH0 ϕ0‖2G
)1/2

≤ c
1/2
I1

‖ϕ‖H
(∫ t

s

du ‖T0(z) e−iuH0 ϕ0‖2G
)1/2

,
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with I1 := supp(η) and cI1 the constant appearing in the definition (3.4) of a locally

H-smooth operator. Since the set (H − z)−1H is dense in H and T0 is locally H0-

smooth on I, it follows that ‖(W (t) −W (s))(H0 − z)−1ϕ0‖H → 0 as s → ∞ or

t→ −∞. Applying this result with ϕ0 replaced by (H0 − z)ϕ0 we infer that

‖(W (t)−W (s))ϕ0‖H = ‖(W (t)−W (s))(H0 − z)−1(H0 − z)ϕ0‖H → 0

as s→ ∞ or t→ −∞, which proves the first claim in (4.2).

To prove the second claim in (4.2), we take η0 ∈ C∞
c (I) such that η0 ≡ 1 on I0

and ηη0 = η0. Then we have ϕ0 = η0(H0)ϕ0 and

(1− η(H))Jη0(H0) = (1− η(H))(Jη0(H0)− η0(H)J),

and thus the second claim in (4.2) follows from

lim
t→±∞ ‖(Jη0(H0)− η0(H)J) e−itH0 ϕ0‖H = 0.

Since the vector space generated by the functions R � x �→ (x−z)−1 ∈ C, z ∈ C\R,
is dense in C0(R), it is sufficient to show that

lim
t→±∞ ‖(J(H0 − z)−1 − (H − z)−1J) e−itH0 ϕ0‖H = 0, z ∈ C\R.

Now, we have for every ϕ ∈ H

|〈ϕ, (J(H0 − z)−1 − (H − z)−1J) e−itH0 ϕ0〉H| = |〈T (z)ϕ, T0(z) e−itH0 ϕ0〉G |

≤ ‖T (z)ϕ‖G‖T0(z) e−itH0 ϕ0‖G .

Therefore, it is enough to prove that ‖T0(z) e−itH0 ϕ0‖G → 0 as |t| → ∞. But

since T0(z) e
−itH0 ϕ0 and its derivative are square integrable in t, this follows from

a standard Sobolev embedding argument. So, the existence of the limits (4.1) has

been established. Similar arguments, using the relation

(H0 − z)−1J∗ − J∗(H − z)−1 = T0(z)
∗T (z)

instead of

J(H0 − z)−1 − (H − z)−1J = T (z)∗T0(z),

show that W±(H0, H, J
∗, I) exists too. This, together with standard arguments in

scattering theory, implies the claims that follow (4.1).

As a consequence of Theorems 3.1(a) and 4.4, we obtain the following criterion

for the existence and completeness of the local wave operators.

Corollary 4.5. Let H0, H be self-adjoint operators in Hilbert spaces H0,H with

spectral measures EH0 , EH and A0, A self-adjoint operators in H0,H. Assume that

H0, H are of class C1+ε(A0), C
1+ε(A) for some ε ∈ (0, 1). Let

I := {μ̃A0(H0)\σp(H0)} ∩ {μ̃A(H)\σp(H)},
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J ∈ B(H0,H), G an auxiliary Hilbert space, and for each z ∈ C\R suppose there

exist T0(z) ∈ B(H0,G) and T (z) ∈ B(H,G) with

J(H0 − z)−1 − (H − z)−1J = T (z)∗T0(z) (4.3)

and such that T0(z) extends continuously to an element of B(D(〈A0〉s)∗,G) and

T (z) extends continuously to an element of B(D(〈A〉s)∗,G) for some s > 1/2. Then

the local wave operators

W±(H,H0, J, I) = s-lim
t→±∞

eitH J e−itH0 EH0(I)

exist, are J-complete on I, and satisfy the relations

W±(H,H0, J, I)
∗ = W±(H0, H, J

∗, I) and

W±(H,H0, J, I)η(H0) = η(H)W±(H,H0, J, I)

for each bounded Borel function η : R → C.

4.2. Scattering theory for one-dimensional coupled photonic

crystals

In the case of the pair (M0,M), we obtain the following result on the existence and

completeness of the wave operators; we use the notation EM
ac for the orthogonal

projection on the absolutely continuous subspace of M .

Theorem 4.6. Let Imax := σ(M0)\{TM ∪ σp(M)}. Then the local wave operators

W±(M,M0, J, Imax) := s-lim
t→±∞

eitM J e−itM0 EM0(Imax)

exist and satisfy Ran(W±(M,M0, J, Imax)) = EM
acHw. In addition, the relations

W±(M,M0, J, Imax)
∗ =W±(M0,M, J∗, Imax)

and

W±(M,M0, J, Imax)η(M0) = η(M)W±(M,M0, J, Imax)

hold for each bounded Borel function η : R → C.

Proof. All the claims except the equality Ran(W±(M,M0, J, Imax)) = EM
acHw

follow from Corollary 4.5 whose assumptions are verified below.

Let I ⊂ σ(M0)\{TM ∪ σp(M)} be a compact interval. Then we know from

Sec. 3.2 that M0 is of class C2(A0,I) and from Sec. 3.4 that M is of class C1+ε(AI)

for some ε ∈ (0, 1). Moreover, Theorems 3.3 and 3.9 imply that

I ⊂ μ̃A0,I (M0) ∩ {μ̃AI (M)\σp(M)}.

Therefore, in order to apply Corollary 4.5, it is sufficient to prove that for any

z ∈ C \ R the operator

B(z) = J(M0 − z)−1 − (M − z)−1J
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factorizes as a product of two locally smooth operators as in (4.3). For that purpose,

we set s := 1+ε̃
2 with ε̃ ∈ (0, ε), we define

D := {S (R,C2)⊕ S (R,C2)} × S (R,C2) ⊂ H0 ×Hw,

and we consider the sesquilinear form

D � ((ϕ�, ϕr), ϕ) �→ 〈〈Q〉sϕ,B(z)(〈Q�〉sϕ�, 〈Qr〉sϕr)〉Hw ∈ C. (4.4)

Our first goal is to show that this sesquilinear form is continuous for the topology

of H0 × Hw. However, since the necessary computations are similar to the ones

presented in Secs. 3.3 and 3.4, we only sketch them. We know from (3.9) that

B(z)(〈Q�〉sϕ�, 〈Qr〉sϕr) =
∑

�∈{�,r}
{((M� − z)−1 − (M − z)−1)j�〈Q�〉sϕ�

+ [j�, (M� − z)−1]〈Q�〉sϕ�}.

So, we have to establish the continuity of the sesquilinear forms

S (R,C2)× S (R,C2) � (ϕ�, ϕ) �→ 〈〈Q〉sϕ, ((M� − z)−1 − (M − z)−1)j�

×〈Q�〉sϕ�〉Hw ∈ C (4.5)

and

S (R,C2)× S (R,C2) � (ϕ�, ϕ) �→ 〈〈Q〉sϕ, [j�, (M� − z)−1]

×〈Q�〉sϕ�〉Hw ∈ C. (4.6)

For the first one, we know from (3.10) that

((M� − z)−1 − (M − z)−1)j�〈Q�〉s

= (M − z)−1j�(w − w�)D(M� − z)−1〈Q�〉s + (M − z)−1(w − w�)

× [D, j�](M� − z)−1〈Q�〉s + (M − z)−1(M −M�)[(M� − z)−1, j�]〈Q�〉s.
(4.7)

By inserting this expression into (4.5), by taking the C1(〈Q〉α)-property of M

and M� into account, and by observing that the operators [D, 〈Q�〉s], 〈Q〉sj�(w −
w�)〈Q�〉s and 〈Q〉s[D, j�]〈Q�〉s defined on S (R,C2) extend continuously to ele-

ments of B(Hw), one obtains that the sesquilinear forms defined by the first

two terms in (4.7) are continuous for the topology of Hw� × Hw. The sesquilin-

ear form defined by the third term in (4.7) and the sesquilinear form (4.6) can

be treated simultaneously. Indeed, the factor [j�, (M� − z)−1] can be computed

explicitly and contains a factor j′� which has compact support. Therefore, since

〈Q〉sj′�〈Q�〉s ∈ B(Hw), a few more commutator computations show that the two

remaining sesquilinear forms are continuous for the topology of Hw� ×Hw.
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In consequence, the sesquilinear form (4.4) is continuous for the topology of

H0×Hw, and thus corresponds to a bounded operator Fz ∈ B(H0,Hw). Therefore,

if we set

T0(z) := 〈Q�〉−s ⊕ 〈Qr〉−s ∈ B(H0) and T (z) := F ∗
z 〈Q〉−s ∈ B(Hw ,H0),

we obtain that B(z) = T (z)∗T0(z). On another hand, we know from computations

presented in Sec. 3.4 that

〈Q〉−s ∈ B(D(〈Q〉s)∗,Hw) ⊂ B(D(〈AI 〉s)∗,Hw),

and

〈Q�〉−s ⊕ 〈Qr〉−s ∈ B(D(〈Q�〉s ⊕ 〈Qr〉s)∗,H0) ⊂ B(D(〈A0,I 〉s)∗,H0).

So, we have the inclusions

T (z) ∈ B(D(〈AI 〉s)∗,H0) and T0(z) ∈ B(D(〈A0,I 〉s)∗,H0),

and thus all the assumptions of Corollary 4.5 are verified.

Hence, it only remains to show that Ran(W±(M,M0, J, Imax)) = EM
acHw. For

that purpose, we first recall from the proof of Theorem 3.9 that EM (I)(JJ∗ −
1)EM (I) ∈ K (Hw). Then since M has purely absolutely continuous spectrum in

I one infers from the RAGE theorem that

s-lim
t→±∞EM (I) eitM (JJ∗ − 1) e−itM EM (I) = 0,

and consequently that N±(M,J, I) = EM (R\I)Hw. By using the J-completeness

on I of the local wave operators and that M has purely absolutely continuous

spectrum in I, we thus obtain

Ran(W±(M,M0, J, I)) = EM (I)H�N±(M,J, I) = EM (I)Hw

= EM (I)Hw ∩ EM
acHw.

By putting together these results for different intervals I and by using Proposi-

tion 3.10, we thus get that

Ran(W±(M,M0, J, Imax)) = EM (Imax)Hw ∩ EM
acHw

= EM (σess(M))Hw ∩ EM
acHw

= EM
acHw,

which concludes the proof.

Remark 4.7. Let I ⊂ σ(M0)\{TM ∪ σp(M)} be a compact interval and let

(ϕ�, ϕr) ∈ H0. Then we have

W±(M,M0, J, I)(ϕ�, ϕr) = s-lim
t→±∞

eitM J e−itM0 EM0(I)(ϕ�, ϕr)

= s-lim
t→±∞

eitM (J� e
−itM� EM�(I)ϕ� + Jr e

−itMr EMr (I)ϕr)

= W±(M,M�, J�, I)ϕ� +W±(M,Mr, Jr, I)ϕr
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with

W±(M,M�, J�, I) := s-lim
t→±∞

eitM J� e
−itM� EM�(I) (4.8)

and J� ∈ B(Hw� ,Hw) given by

J�ϕ� := j�ϕ�, ϕ� ∈ Hw� . (4.9)

That is, the operators W±(M,M0, J, I) act as the sum of the local wave operators

W±(M,M�, J�, I):

W±(M,M0, J, I)(ϕ�, ϕr) =W±(M,M�, J�, I)ϕ� +W±(M,Mr, Jr, I)ϕr .

In order to get a better understanding of the initial sets of the partial isometries

W±(M,M0, J, Imax) some preliminary considerations on the asymptotic velocity

operators for M� and Mr are necessary. First, we define for each 	 ∈ {�, r} and

n ∈ N the spaces

H�,n := Π̂�,nHτ,� and H∞
�,n := Π̂�,n{Hτ,� ∩ C∞(R, h�)},

and note that Hτ,� decomposes into the internal direct sum Hτ,� = ⊕n∈NH�,n

and that the operator M̂� is reduced by this decomposition, namely, M̂� =∑
n∈N

λ̂�,nΠ̂�,n. Next, we introduce the self-adjoint operator V̂� in Hτ,�

V̂� :=
∑
n∈N

λ̂′�,nΠ̂�,n, D(V̂�) :=

{
u ∈ Hτ,�|‖V̂�u‖2Hτ,�

=
∑
n∈N

‖λ̂′�,nΠ̂�,nu‖2Hτ,�
<∞
}
.

Then it is natural to define the asymptotic velocity operator V� for M� in Hw� as

V� := U −1
� V̂�U�, D(V�) := U −1

� D(V̂�),

and the asymptotic velocity operator V0 for M0 in H0 as the direct sum

V0 := V� ⊕ Vr .

Additionally, we define the family of self-adjoint operators in Hw�

Q�(t) := eitM� Q� e
−itM� , t ∈ R,D(Q�(t)) := eitM� D(Q�),

and the corresponding family of self-adjoint operators in H0

Q0(t) := Q�(t)⊕Qr(t), t ∈ R.

Our next result is inspired by the result of [36, Theorem 4.1] in the setup of

quantum walks. In the proof, we use the linear span Hfin
�,τ of elements of H∞

�,n:

Hfin
�,τ :=

{∑
n∈N

un ∈
⊕
n∈N

H∞
�,n | un �= 0 for only a finite number of n

}
.

Proposition 4.8. For each 	 ∈ {�, r} and z ∈ C\R, we have

s-lim
t→±∞

(
Q�(t)

t
− z

)−1

= (V� − z)−1.
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Proof. For each t ∈ R, we have the inclusion U −1
� Hfin

�,τ ⊂ {D(V�) ∩ D(Q�(t))}.
Furthermore, if u ∈ Hfin

�,τ , then we have

(V� − z)−1U −1
� u = U −1

� (V̂� − z)−1u ∈ U −1
� Hfin

�,τ .

As a consequence, the following equality holds for all t ∈ R\{0} and u ∈ Hfin
�,τ :((

Q�(t)

t
− z

)−1

− (V� − z)−1

)
U −1

� u =

(
Q�(t)

t
− z

)−1(
V� −

Q�(t)

t

)
× (V� − z)−1U −1

� u.

Since ‖(Q�(t)
t −z)−1‖B(Hw�)

≤ |Im(z)|−1 and ‖(V�−z)−1‖B(Hw� )
≤ |Im(z)|−1, and

since U −1
� Hfin

�,τ is dense in Hw� , it follows that it is sufficient to prove that

lim
t→±∞

∥∥∥∥(V� − Q�(t)

t

)
ϕ�

∥∥∥∥
Hw�

= 0 for all ϕ� ∈ U −1
� Hfin

�,τ .

Now, a direct calculation using the Bloch–Floquet transform gives for ϕ� = U −1
� u

with u ∈ Hfin
�,τ∥∥∥∥(V� − Q�(t)

t

)
ϕ�

∥∥∥∥2
Hw�

=

∫
Y ∗
�

dk

∥∥∥∥∥∑
n∈N

(λ̂′�,nΠ̂�,nu)(k)−
(
eit

̂M�
Q̂�

t

∑
n∈N

e−it̂λ�,n Π̂�,nu

)
(k)

∥∥∥∥∥
2

h�

=
1

t2

∫
Y ∗
�

dk

∥∥∥∥∥∑
n∈N

(Q̂�Π̂�,nu)(k)

∥∥∥∥∥
2

h�

,

where in the last equation we have used that Q̂� acts as i∂k in Hτ,�. Since u ∈ Hfin
�,τ ,

the summation over n ∈ N is finite, and since the map Y ∗
� � k �→ (Q̂�Π̂�,nu)(k) ∈ h�

is bounded, one deduces that∥∥∥∥(V� − Q�(t)

t

)
ϕ�

∥∥∥∥
Hw�

= O(t−1),

which implies the claim.

In the following proposition, we determine the initial sets of the isometries

W±(M,M�, J�, I) : Hw� → Hw defined in (4.8). In the statement, we use the fact

that the operatorsM� and V� strongly commute. We also use the notations χ+ and

χ− for the characteristic functions of the intervals (0,∞) and (−∞, 0), respectively.

Proposition 4.9. (a) Let I ⊂ σ(M�)\T� be a compact interval, then the oper-

ators W±(M,M�, J�, I) : Hw�
→ Hw are partial isometries with initial sets

χ∓(V�)EM�(I)Hw�
.
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(b) Let I ⊂ σ(Mr)\Tr be a compact interval, then the operators W±(M,Mr, Jr, I) :

Hwr → Hw are partial isometries with initial sets χ±(Vr)EMr (I)Hwr .

Before the proof, let us observe that if I ⊂ σ(M�)\T� is a compact interval, then

we have the equalities

χ−(V�)EM�(I) = χ(−∞,0](V�)E
M�(I) and

χ+(V�)E
M�(I) = χ[0,+∞)(V�)E

M�(I)
(4.10)

due to the definition of the set T�.

Proof. Our proof is inspired by the proof of [31, Proposition 3.4]. We first show

the claim for W+(M,M�, J�, I). So, let ϕ� ∈ Hw�
. If ϕ�⊥EM�(I)Hw�

, then ϕ� ∈
ker(W+(M,M�, J�, I)). Thus, we can assume that ϕ� ∈ EM�(I)Hw�

. Next, let us

show that if ϕ� ∈ χ+(V�)Hw�
then again ϕ� ∈ ker(W+(M,M�, J�, I)). For this,

assume that χ[ε,∞)(V�)ϕ� = ϕ� for some ε > 0. Then it follows from (4.8) and (4.9)

that

‖W+(M,M�, J�, I)ϕ�‖Hw = ‖ s-lim
t→+∞

eitM J� e
−itM� ϕ�‖Hw

= lim
t→+∞ ‖eitM J� e

−itM� ϕ�‖Hw

≤ Const. lim
t→+∞ ‖eitM� j� e

−itM� ϕ�‖Hw�
.

Now, let η� ∈ C(R, [0, 1]) satisfy η�(x) = 1 if x < 0 and η�(x) = 0 if x ≥ ε. Then

one has for each t > 0 the inequality

‖ eitM� j� e
−itM� ϕ�‖Hw�

≤ ‖ eitM� η�(Q�/t) e
−itM� ϕ�‖Hw�

.

Furthermore, since η�(V�)ϕ� = η�(V�)χ[ε,∞)(V�)ϕ� = 0, one infers from Proposi-

tion 4.8 and from a standard result on strong resolvent convergence [29, Theo-

rem VIII.20(b)] that

lim
t→+∞ ‖ eitM� η�(Q�/t) e

−itM� ϕ�‖Hw�
= ‖η�(V�)ϕ�‖Hw�

= 0.

Putting together what precedes, one obtains that ϕ� = χ[ε,∞)(V�)ϕ� ∈
ker(W+(M,M�, J�, I)), and then a density argument taking into account the second

equation in (4.10) implies that

χ+(V�)Hw�
⊂ ker(W+(M,M�, J�, I)).

To show that W+(M,M�, J�, I) is an isometry on χ−(V�)EM�(I)Hw�
, take

ϕ� ∈ χ−(V�)EM�(I)Hw�
with χ(−∞,−ε](V�)ϕ� = ϕ� for some ε > 0, and let

ζ� ∈ C(R, [0, 1]) satisfy ζ�(x) = 0 if x ≤ −ε and ζ�(x) = 1 if x > −ε/2. Then
using successively the identity EM�(I)ϕ� = ϕ�, the unitarity of eitM in Hw and
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of e−itM� in Hw�
, the definition (4.9) of J�, the definition of V�, and the fact that

χ(−∞,−ε](V�)ϕ� = ϕ�, one gets

|‖W+(M,M�, J�, I)ϕ�‖2Hw
− ‖ϕ�‖2Hw�

|

= lim
t→+∞ |‖ eitM J� e

−itM� ϕ�‖2Hw
− ‖ϕ�‖2Hw�

|

= lim
t→+∞ |‖J� e−itM� ϕ�‖2Hw

− ‖ e−itM� ϕ�‖2Hw�
|

= lim
t→+∞ |〈e−itM� ϕ�, (1− w�w

−1j2� ) e
−itM� ϕ�〉Hw�

|

≤ lim
t→+∞
〈
ϕ�, e

itM�(1− j2� ) e
−itM� ϕ�〉Hw�

+ lim
t→+∞ |〈ϕ�, e

itM�(w − w�)j
2
�w

−1 e−itM� ϕ�〉Hw�
|.

For the first term one has

lim
t→+∞〈ϕ�, e

itM�(1 − j2� ) e
−itM� ϕ�〉Hw�

≤ lim
t→+∞〈ϕ�, e

itM� ζ�(Q�/t) e
−itM� ϕ�〉Hw�

= 〈ϕ�, ζ�(V�)ϕ�〉Hw�

= 0,

while the second term also vanishes by an application of the RAGE theorem.

It follows that W+(M,M�, J�, I) is isometric on ϕ� = χ(−∞,−ε](V�)ϕ�, and then

a density argument taking into account the first equation in (4.10) implies that

W+(M,M�, J�, I) is isometric on χ−(V�)EM�(I)Hw�
.

A similar proof works for the claims about W−(M,M�, J�, I) and

W±(M,Mr, Jr, I). The functions η� and ζ� have to be adapted and the possible

negative sign of the variable t has to be taken into account, otherwise the argument

can be copied mutatis mutandis.

By collecting the results of Theorem 4.6, Remark 4.7, Proposition 4.9, and

by using the fact that M� and Mr have purely absolutely continuous spectrum,

one finally obtains a description of the initial sets of the local wave operators

W±(M,M0, J, Imax).

Theorem 4.10. Let Imax := σ(M0)\{TM ∪σp(M)} and I� := σ(M�)\T� (	 = �, r).

Then the local wave operatorsW±(M,M0, J, Imax) : H0 → Hw are partial isometries

with initial sets

H±
0 := χ∓(V�)EM�(I�)Hw�

⊕ χ±(Vr)EMr (Ir)Hwr .

Remark 4.11. One has EM�(I�) = 1 because T� is discrete and σp(M�) = ∅ (see

Proposition 2.8 and the paragraph that precedes). Therefore, the spectral projec-

tions EM�(I�) in the statement of Theorem 4.10 can be removed if desired.
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physics, J. Équ. Dériv. Partielles 2000 (2000) Art. no. 18, 13 pp.

[36] A. Suzuki, Asymptotic velocity of a position-dependent quantum walk, Quantum Inf.
Process. 15 (2016) 103–119.

[37] J. R. Schulenberger and C. H. Wilcox, Completeness of the wave operators for per-
turbations of uniformly propagative systems, J. Funct. Anal. 7 (1971) 447–474.

[38] L. E. Thomas, Time dependent approach to scattering from impurities in a crystal,
Comm. Math. Phys. 33 (1973) 335–343.

[39] E. P. Wigner, On unitary representations of the inhomogeneous Lorentz group, Ann.
Math. 40(1) (1939) 149–204.

[40] C. H. Wilcox, Electric wave propagation on non-uniform coupled transmission lines,
SIAM Rev. 6(2) (1964) 148–165.

2150027-39



August 22, 2021 10:38 WSPC/S0129-055X 148-RMP J070-2150027

G. De Nittis et al.

[41] C. H. Wilcox, Wave operators and asymptotic solutions of wave propagation problems
of classical physics, Arch. Ration. Mech. Anal. 22 (1966) 37–78.

[42] D. R. Yafaev, Mathematical Scattering Theory, Translations of Mathematical Mono-
graphs, Vol. 105 (American Mathematical Society, Providence, RI, 1992).

[43] D. R. Yafaev, Trace-class approach in scattering problems for perturbations of
media, in Advances in Operator Algebras and Mathematical Physics, Theta Series in
Advanced Mathematics, Vol. 5 (Theta, Bucharest, 2005), pp. 275–285.

[44] F. Zolla, G. Renversez, A. Nicolet, B. Kuhlmey, S. Guenneau, D. Felbacq, A. Argy-
ros and S. Leon-Saval, Foundations of Photonic Crystal Fibres, 2nd edn. (Imperial
College Press, 2012).

2150027-40


	Introduction and Main Results
	Model
	Full Hamiltonian
	Free Hamiltonian
	Fibering of the free Hamiltonian

	Mourre Theory and Spectral Results
	Commutators
	Conjugate operator for the free Hamiltonian
	Conjugate operator for the full Hamiltonian
	Spectral properties of the full Hamiltonian

	Scattering Theory
	Scattering theory in a two-Hilbert spaces setting
	Scattering theory for one-dimensional coupled photonic crystals



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /ENU ([Based on 'Press'] [Based on '[Press Quality]'] Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks true
      /AddPageInfo true
      /AddRegMarks true
      /BleedOffset [
        30
        30
        30
        30
      ]
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks true
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 14.177000
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


