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Abstract

We consider an operator Py = (1 + V)P on ¢?(Z%), where P is the transition oper-
ator of a symmetric irreducible random walk, and V is a “sparse” potential. We first
characterize the essential spectra of this operator. Secondly, we prove that all the eigen-
functions which correspond to discrete spectra decay exponentially fast. Thirdly, we give
a sufficient condition for this operator to have an absolute spectral gap at the right edge
of the spectra. Finally, as an application of the absolute spectral gap and the exponen-
tial decay of the eigenfunctions, we prove a limit theorem for the random walk under the
Gibbs measure associated to the potential V.

1 Introduction

In this article, we investigate the spectral properties of an operator Py, = (14 V)P on (*(Z%),
where P is the transition operator of a symmetric irreducible random walk, and V' is a non-
negative bounded function. Here, V' is supposed to be a so called “sparse” potential, of which
a typical example is that with the property

min{|z — y| ; 2,y € suppV, = £y, |2| >, Jy| > r} == o, (1.1)

Before introducing the contents of this article, we start by explaining the probabilistic back-
grounds which brought us to the study of the spectra of Py .

Let (Sp)nen be a random walk on a probability space (€2, F, P) which is associated with the
transition operator P. We suppose that Sy = 0. Then, the semigroup P} (n € N) is expressed
by the discrete version of the Feynmann-Kac formula.

n—1
fa+S) [Ja+V+9)|, fel(z), xez’. (1.2)

Jj=0

Pyf(a) = E

Similarly, if we restrict Py to ¢2(N?) by imposing Dirichlet boundary condition, and denote
the restriction by P;f € B((*(N?)), then, we obtain

(PO f(z) = FE|f(x+S,)1{S; € N, jzl,...,n}H(1+V(x+Sj)) :
fe*(NY), reN% (1.3)

Let ON? = Uizl{x € N?; x, =0}, and B > 0 be a positive parameter. In connection with
statistical physics, the following sequence px, N > 1 of measures on (2, F) are studied.

1
pin (dw) = Z_NE

N-1
1{3] S Nd, ] = 1, ey N} exp <5 Z ]_aNd(SJ)) . dw] s (14)
j=1
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where Zy is the normalizing constant. The above measure is related with the operator P;f
with V' = exp(fB1lgye) — 1 via the formula (1.3). Under the measure uy, two competing effects
coexist: The paths of the random walk is attracted to ON¢ by the potential to lower the
eneregy:

N-1
—B " 1ana(S;).
=1

On the other hand, paths of the random walk are pushed away from ON¢ by the entropic
repulsion. These competing effects cause the phase transition, called wetting transition, which
is expressed as follows, cf. [3, 7]. There exists . € (0,00) such that

lim  ZYY =max{|A|; A € o(P})}

N—00
{ =1, if § < . (delocalized phase),

> 1, if 8 > S, (localized phase). (1.5)

Intuitively, if N is large, the random walk under the measure p behaves as if there were no
potentials in the delocalized phase, while it is localized near ON? in the localized phase. In
fact, for d = 1, these intuitive pictures are justified mathematically in [3]. In particular, it was
shown there that, in the localized phase, the measure uy converges as N — oo to the law of
a positively recurrent Markov chain.

Technically, a crutial step in the proof of the limit theorem in [3] referred to above is the
existence of the absolute spectral gap of P;f (cf. (1.9) below), and it is here that the par-
ticularity of one dimension comes into play. Indeed, if d = 1, the operator P;’ is a compact
perturbation of P, from which the existence of the absolute spectral gap follows via Weyl’s
essential spectrum theorem. Unfortunately, P;f — P* is no longer a compact in higher dimen-
sions. The present article comes out as a partial progress in the effort to carry the results in
[3] over to higher dimensions and therefore, to noncompact perturbation cases.

We now explain contents of this paper a little more in detail. For simplicity, we consider
the whole lattice Z¢, rather than its first quadrant N¢.

Let p : Z% — [0,00) be a transition probability of a symmetric irreducible random walk.
We define P : (2(Z%) — (*(Z%) by

Pf(x)=> plx—y)fly), fel(Z), ez’ (1.6)

y€Zd
We consider a perturbation Py : ¢2(Z%) — (?(Z%) of the operator P of the form
Py =(1+V)P, (1.7)

where V : Z? — [0, 00) is a bounded function. Here, as usual, V is regarded as the multiplica-
tion operator. In the context of probability theory, this type of perturbation is quite natural
as we have already seen.

In this article, we investigate the structure of spectra o(Py ), as well as its consequence on
the long time behavior of the semigruop (1.2). In this context, an important quantity is the
right edge

r(Py) = maxo(Py)



of the spectra. More precisely, we are interested in the following properties

r(Py) > sup{\; A€ ao(Py), A#r(Py)} (spectral gap), :
r(Py) > sup{|A|; A€ a(Py), |\| #r(Py)} (absolute spectral gap). (1.9)

As it turns out in the sequel, the following quantity plays an important role in studying these
properties.

vy = inf sup V(x). (1.10)

neN lz|>n

For example, as is discussed earlier in [3], properties (1.8) and (1.9) are relatively easy to obtain
when vy = 0, i.e., V decays at infinity. Indeed, the multiplication operator V' is compact
in this case, and hence, by Weyl’s essential spectrum theorem, cf. [2, p.358, Proposition
4.2 (e)], [6, p.112, Theorem XIII.14], the set of essential spectra oes(Py) is the same as
Oess(P) = 0(P) = [((P),1] (=1 < ¢(P) < 1). Thus, one immediately obtains (1.8) as soon
as one knows that 7(Py) > 1. Then, it can be improved to (1.9) under reasonable additional
assumptions on the transition function p.

In this article, we are mainly interested in the case of vy > 0, where the multiplication
operator V' is no longer compact. To compensate the lack of the decay of V' at infinity, we
will assume that the support of V' is sparse enough, to ensure that the perturbation is not too
large to control, see (1.24) below for the precise formulation of the sparseness. To the best of
our knowledge, research in this direction was initiated in [5], where the Schrédinger operator
—% -+ V on the real line is discussed.

Firstly, we characterize in Theorem 1.2.1 the set oe(Py) of essential spectra of Py,. Here,
we adapt the method in [4] to the present setting. Theorem 1.2.1 has a corollary, which tells us
that the excess 0o (Py)\o(P) is nonempty if, e.g., d < 2 and vy > 0, cf. (1.10). For d > 3, we
have the same conclusion if vy is sufficiently large. Thus, the spectral aspect of the operator
Py is indeed different from the compact perturbation case.

Secondly, we prove in Theorem 1.2.3 that that all the eigenfunctions which correspond to
discrete spectra decay exponentially fast.

Thirdly, we establish the spectral gap (1.8) in Theorem 1.2.4, and then, improve it to the
absolute spectral gap (1.9) in Corollary 1.2.5.

Finally, as an application of the absolute spectral gap (1.9) obtained in Corollary 1.2.5 and
the exponential decay of the eigenfunctions (Theorem 1.2.3), we prove a limit theorem for the
random walk in the potential V. More precisely, we consider a Gibbs measures uy (N € N)
on (92, F) given by
N—-1
[Ja+Vv(s))): do

Jj=0

1

where Zy is the normalizing constant. Then, we will prove that the measure py converges as
N — oo to a positively recurrent Markov chain on Z¢, cf. Theorem 1.3.1 below.
The rest of this article is organized as follows.
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1.1 General notations

e For a normed vector space X, we denote the totality of bounded linear operators 7' : X — X
by B(X). For T € B(X), ||T||, o(T) and p(T") stands respectively for its operator norm, the
totality of its spectra, and that of its resolvents. If X is a Hilbert space and 7' € B(X) is
self-adjoint, we write

r(T) =maxo(T), 4T)=mino(T). (1.12)
e The Banach space (P(Z%) will be abbreviated by ¢P. For a subset S C Z4, ¢¢(S) is identified
with the totality of f € ¢ which vanish outside S.
e For T € B((?), we write its kernel by ( ) o (6, T6,) (z,y € Z).
e For u € (? and u € (7 (p,q € [1, oo] 2 + 2 =1)le ( v) =Y cqau(z)v(x)", where ¢*
denotes the complex conjugate of ¢ € C.

1.2 Spectra of the operator P

Let p : Z* — [0,00) be a transition probability of a random walk, i.e., > _,.p(z) = 1.
Additionally, we assume that

(symmetry) p(z) = p(—=x) for all x € Z% (1.13)
(finite range) p is supported on a finite set; (1.14)
(irreducibility) for all x € Z%, there exists n € N such that p,(z) >0, (1.15)

where p,, denotes the n-fold convolution. Then, we define P € B(¢?) and P, € B({?) respec-
tively by (1.6) and (1.7).

Let p(0) = >, cza p(z) exp(if - z), 6 € [—m, 7| Then, the set o(P) of the spectra of P is
the interval [((P), 1], where /(P) = minp € [2p(0) — 1,1). For A € C\o(P), let G, € B({?) be
the resolvent operator

Gy=W\—-P). (1.16)

We then define
on(2) EAGA(0,2), A eR\o(P), z € Z°. (1.17)



In the sequel, we need to deal with essential spectra of operators which are not self-adjoint.
To do so, we adopt the following definition via the theory of Fredholm operator. Let X be a
Banach space and T' € B(X). We say that T is a Fredholm operator if

RanT is closed, dim KerT < oo, and dim (X/RanT’) < occ. (1.18)

We denote the totality of Fredholm operator by F(X). We then define the set gs(7") C C of
essential spectra of T' by
A€ oes(T) <= N—T ¢F(X). (1.19)

If X is a Hilbert space and T is self-adjoint, then,

TeF(X) < dimKerT < oo and 0 ¢ o(T)\{0}. (1.20)

cf. [2, p.359, Proposition 4.6].
In what follows, we will exploit the following characterization of the essential spectra of
the multiplication operator V.

V€ 0us(V) = H{reZ; |V(z)—v|<e} =00 foralle >0, (1.21)
where £ stands for the cardinality. Moreover,
max oess(V') = vo, (1.22)

where vy is defined by (1.10). Let us consider an inner product and the associated norm.

(Foglw E(A+V)Ug) Iflv =V v, fgel® (1.23)

We note that the norms || - || and || - ||y are equivalent. The Hilbert space (€2, - ||y) will
be denoted by £%. Then, the operator Py, € B({%) is self-adjoint. As a consequence, all the
spectra of P, are real numbers.

We first identify the set ges(Py) of the essential spectra.

Theorem 1.2.1 Suppose that V : Z¢ — [0, 00) is a bounded function such that

a-(z) o Z VV (2)V(y) exp(—¢|z — y]) it o for any € > 0. (1.24)

yezd
yF#T

Then,
Oess(Py) = o(P)U Ay, (1.25)

where

Ay ={XN € R\o(P) ; there exists v € Tess(V)\{0} such that gy(0) =1+ v} (1.26)

Remark Condition (1.24) is satisfied, not only when V' (z) iy 0, but also when the support
of V is sufficiently sparse. For example, the condition (1.24) follows from (1.1). Indeed, suppose



that |x| > 2r. Then, |x —y| > r if |y| < r. Thus, letting d(r) denote the minimum on the
left-hand side of (1.1), we have

ac(z) < [Vl | D+ D | expl—ele —yl)
yl<r  lul>r
y#T
< Crfexp(—er) + Cexp _edr) ZeXp _elyl sy
- 2 ezd 2 .
y#0

Theorem 1.2.1 has the following corollary, which says that, unlike the compact perturbation
case, we may find essential spectra of Py outside o(P).

Corollary 1.2.2 a) o.(Py) N (1,00) # 0, if and only if
vo >0 and 1+ vy = g5, (0) for some \g € (1, 00), (1.27)
where vg is defined by (1.10). Moreover, (1.27) implies that Ay = max 0ess(Py).
b) Oess(Py) N (—00,¢(P)) # 0, if and only if
((P) <0, v9>0and 14+ vy = gy (0) for some Ay € (—o0, {(P)). (1.28)
Remark It follows from (2.6) that the condition (1.27) is satisfied whenever oos(V)\{0} # 0 if

d < 2. Similarly, we see from (2.7) that the condition (1.28) is satisfied whenever gq(V)\{0} #
fifd <2and {(P)<0.

The next result (Theorem 1.2.3) deals with discrete spectra of Py,. More precisely, it states
that the corresponding eigenfunctions decay exponentially fast. Together with the absolute
spectral gap (Corollary 1.2.5), this theorem plays an important role in the proof of Theorem
1.3.1 below.

Theorem 1.2.3 Suppose that the condition (1.24) holds true, A € o(Py)\0ess(Py) and that a
function ¢ € (2 satisfies (A — Py)p = 0. Then, there exist constants o, C' € (0,00) such that

lp(z)] < Cexp(—alz|), for all x € Z. (1.29)

The next result deals with the right edge r(Py) of the spectra of Py, cf. (1.12).

Theorem 1.2.4 In addition to conditions (1.24) and (1.27), suppose that
V(Z%) N [vg, 00) # 0. (1.30)
Then, there is a spectral gap at r(Py), i. e., (1.8) holds. Moreover,

there exists a strictly positive, normalized function v € (% such that

Ker(r(Py) — Py) = Co. (1.31)



In the following corollary to Theorem 1.2.4, we improve the spectral gap (1.8) to the absolute
spectral gap (1.9). An operator T € B((?) is said to be bipartite w.r.t. J € {—1,1}7" if
T(z,y) =0 for all (z,y) € (Z%)? such that J(z)J(y) = 1.

Corollary 1.2.5 Suppose that (1.8) and (1.31) hold true, which is the case if (1.24), (1.27)
and (1.30) are satisfied. Then:

a) There is an absolute spectral gap at r(Py), i. e. (1.9) holds if and only if

—r(Py) < U(Py) or P is bipartite w.r.t. some J € {—1,1}%". (1.32)

b) Assume (1.32). Then, there exists ¢ € (0,1) such that
|7(Py) "PR(f =Ty flly <e™|f =y fllv forall f € > andn € N, (1.33)
where, with ¢ from (1.31),

at [ (f.o)ve, if —r(Pyv) <{(Py),
v/ = { (foo o+ (f.Jo)wJe, if P is bipartite w.r.t. J € {—1,1}%, (134)

Finally, we provide a sufficient condition in terms of the transition probability p for the con-
dition (1.32).

Proposition 1.2.6 Let A={z € Z; Y, xa € 2Z} with® # 1 C {1,...,d}. Suppose that
either p vanishes on A, or

p(0) > > pla). (1.35)

z€A\{0}

Then, the condition (1.52) is satisfied for any nonnegative V € £>°(Z%). More precisely,

If p vanishes on A, then, P is bipartite w.r.t. J =14 — 1 ¢.
If (1.35) holds, then, —r(Py) < £(Py) for any nonnegative V € (>°(Z%).

1.3 Limit of the random walk in potential V'

We introduce a random walk (S),).eny on a probability space (2, F, P) such that Sy = 0,
P(S; =) = p. We define a probability measure uy on (2, F) by (1.11).

We assume (1.24) and (1.27) in what follows. We will have a positively recurrent Markov
chain as the limit process of uy. To describe the Markov chain obtained as the limit, we
introduce an operator Py, € B(¢?) by

Pyg(a,y) =r(Py) o) Pr(z,y)e(y), (1.36)

where ¢ is from Theorem 1.2.4. Then, Py, is a transition probability for a Markov chain in VAR
which we denote by ({Sy tnen, {V" }zeze). It is easy to check that the Markov chain {v*},czq
is reversible with respect to the probability measure m on Z? defined by

<f,m>=M fee= (1.37)

<17()02 >V’

In particular, {v*},¢z is positively recurrent.



Theorem 1.3.1 Assume the same hypothesis as Corollary 1.2.5. Then, there are constants
C=C(p,V)>0ande=c¢e(p,V) € (0,1) as follows; if n >k +C, f:7ZF — R is polynomialy
bounded and F(w) = f(S1(w),..., S (w)), w € Q, then

/qun—/FdV
Q Q

where B(f) is a constant which depends only on p, V and f.

< B(f)e" ™", (1.38)

Proof: Given Theorem 1.2.3 and Corollary 1.2.5, the proof of Theorem 1.3.1 is identical to
that of [3, Theorem 1.3], hence is omitted. O

1.4 An example in dimension one

We provide a simple example for d = 1. We define p : Z — [0, 1) such that p(0) = ¢ € [0,1)
p(1) =p(—=1) = (1—¢q)/2 € (0,1/2]. Then, for A € R\[2¢—1, 1], the function g,(x) is computed
explicitly.

A ()l ifA>1
T) = —F—= X ’ . ’ 1.39
() 5O\ { —p(\)7F A < 29 - 1, (1.39)
where 6(A) = (A —1)(A —(2¢— 1)) > 0 and
CA—q— ) [ (0,1), itA>1,
PN =777 € (Coe—1), ifA<2g—1.
. . . . AN1 A oo
e ¢,(0) is strictly decreasing in A € (1,00), gA(0) —> 00, gA(0) =— 1. (1.40)
e if ¢ =0, then g,(0) is strictly increasing in A € (—oo, —1), ¢g(0) Adge 1,
a(0) 55 . (1.41)
e if 0 < ¢ < 1/2, then, g,(0) is strictly decreasing in A € (—oo, %),
strictly increasing in A € (%, 2q — 1), g,(0) Ao 1, g2¢-1(0) = 11__;‘1,
9221(0) = 1, ga(0) M2 oo, (1.42)
e if1/2<g <1, then, g\(0) is strictly decreasing in A € (—o0,2q — 1),
92 (0) 2201, go(0) = 0, and if 1/2 < g < 1, g2(0) 25" —c. (1.43)
For v > 0, we set
€: € 1 2
Ax(v) o c(v) (q + /2 — (2 — 1)0(1})—1> , where ¢(v) oof (;} ++ i : (1.44)
v
Suppose that V : Z — [0, 00) is a bounded function which satisfies (1.24).
A — {AL(v) 5 v € oess(V)\{0}}, Hf0<qg<1/2, (1.45)
v {A (V)5 v € Tes(V)\{0}}, if1/2<¢q< 1. '



To see this, we observe that for v > 0 and A € R\[2¢ — 1, 1],

n0)=1+v"!' = m — (1+0v)?
= A2 = 2gc(v)A + (2¢ — De(v) = 0

— A= )\i(U).

Moreover,

A(v) <2¢—1<1 <A (v) =A_(v) +2c(v)v/@% — (2¢ — )e(v)~? (1.46)

Taking (1.40)—(1.46) into account (In particular, if 0 < ¢ < 1/2, then, 2q Lad_(v)<2¢—-1
and hence g,(0) > 1 at A = A_(v) by (1.42)), we have

Ai(v), if0<qg<1/2,

. -1 _
AER\2¢ - L1], ga(0) =1+0v" < )\_{ (o), f12<q<l

This, together with Theorem 1.2.1, implies (1.45).

2  Proof of Theorem 1.2.1 and Corollary 1.2.2

2.1 Outline

Proof of Theorem 1.2.1 Step! We prove that os(Py)\o(P) = Ay. Here, we adapt the
method in [4] to the present setting. Let A € R\o(P). Then, We introduce the modified
Birman-Schwinger operator Gy, € B((?) by

Gy = VY2(AGy — 1)V, (2.1)
We first show in Lemma 2.2.3 that
A€ 0es(Py) <= 1€ 0es(Gya). (2.2)
We then prove in Lemma 2.2.4 that
Gva = (92(0) = 1)V + Hy,y, (2.3)

where Hy ) is a compact operator. In fact, this is where the condition (1.24) is used. Then,
we see from (2.3) that

Oess(Gva) = (91(0) — 1)oess(V), (2.4)

via Weyl’s essential spectrum theorem, cf. [2, p.358, Proposition 4.2 (e)], [6, p.112, Theorem
XIIL.14]. By (2.4),

1 € 0es(Gya) = T € 0es(V)\{0}, g2(0) =1 =0v"" = X€Ay. (2.5)

Thus, we obtain (1.25) from (2.2) and (2.5).
Step2 We prove that 0(P) C 0ess(Py). This step is the subject of Lemma 2.2.6 below. O

Proof of Corollary 1.2.2: a) Suppose that the condition (1.27) holds. Then, \g € Ay N
(1,00). Since gess(V)N(1,00) = AyN(1, 00) by Theorem 1.2.1, it follows that o (V)N (1, 00) #

9



(). Moreover, by (2.6), g,(0) is strictly decreasing in A € (1, 00). Therefore. (1.27) implies that
Ao = max oess(Py ).

Suppose on the other hand that o (V)N (1, 00) # (). Then, since oes(V)N(1,00) = AyN(1, 00)
by Theorem 1.2.1, there exist A € (1,00) and v € gegs(V)\{0} such that g,(0) = 14+v~*. Then,
vy > v > 0. Moreover, since 0 < vy* < v~ and by (2.6), gx(0) 2% 1, it follows from the
mean value theorem that there exists Ay € (1,00) such that gy,(0) = 1+ v,

b) The proof is similar as above. O

2.2 Lemmas

Properties of the function A +— ¢,(0), which we need in this article are summarized in the
following

Lemma 2.2.1
e ¢,(0) is strictly decreasing in X € (1,00), ga(0) Ao,
= 00, ifd <2,

Moreover, gl+(0){ € (0,00), ifd>3. (2.6)
o ifU(P) <0, then, gz(0) > rriig for A € (=00, ((P)).

gx(0) A22° 1, Moreover, gup)—(0) = oo if d < 2, (2.7)
o ifU(P) >0, then, gx(0) is strictly decreasing in A € (—oo, {(P)),

(071)7 fOTA S (_0070)7
9(0) € { (—00,0), for A€ (0,6(P)). (28)

Proof: The behavior (2.6) of ¢g,(0) for A > 1 is well-known in the context of the random walk.
Thus, we omit the proofs.
On the other hand, the following integral formula is well-known.

g9x(0) = (2—;\)51 /[fr,ﬂd =50 _d;(g)’ A€ R\o(P). (2.9)

We derive properties (2.6)-(2.8) from this formula. We take (2.7) for example. Since A is
negative,

BY / do
g 0 = N L A~
O = B e N0
A W
N+ @) 4], . p0)d0 N[+ p(0)
where we have used Jensen inequality to the convex function z +— 1/x (z > 0) to proceed from
the first line to the second.
To show that gyp)—(0) = oo if d < 2, we take 0y € [—m, 7]? such that ((P) = p(fy). Since
F2(6y) =0 for all a = 1,...,d, we have

plbo +0) —£(P) = p(fo +0) — p(bo)

2/\

_ 1%99/1(1—@ ID_ 9y + t0)dt
T2 77, 90,005 " "

a,f=1

C|0)* for 6 € [—m, m]?.

IN

10



By applying the monotone convergence theorem to the integral f[fﬂ ) % as A S U(P), we
have

o - 1P o |(P)| db
I = 0myd f DO —€P) — (2m)% Sy e P(Bo + 0) — £(P)
|£(P)] a9 _
(QW)dC [—m,m]? |0|2 N

O

Remark If /(P) < 0, g,(0) is not necessarily monotone in A € (—oo, ¢(P)). See (1.42) for a
counterexample.

Lemma 2.2.2 Let A, B € B(X) on a Banach space X. Then,
a) 1 € 0es(BA) if and only if 1 € oes(AB).
b) 1€ p(BA) if and only if 1 € p(AB). Moreover, if these conditions hold true, then

(1-BA)™'=1+B(1-AB)'A. (2.10)

Proof: a) Since the roles of A and B are exchangeable, it is enough to verify only the ”if”
part, which is equivalently stated as 1 — AB € F(X) = 1 — BA € F(X). To prove this, we
use Atkinson’ s theorem which says the following for 7' € B(X), cf. [1, p.161, Theorem 4.46].

A1) Suppose that T' € F(X) with ny = dim Ker7" and ny = dim(X/RanT’). Then, there exist
S, Ky, Ky € B(X) with rankK; = n; (j = 1,2) such that

A2) Conversely, suppose that there exist S, Ky, Ky € B(X) of which K; and K, are compact
such that (2.11) holds true. Then, T' € F(X).

Comming back to the proof of the lemma, suppose that T © 1 _AB ¢ F(X). Then, by
Atkinson’s theorem, there exist S, K1, Ko € B(X) as are stated in A1) above. Then, 1+ BSA €
B(X), rankBK;A <n; (j =1,2) and

(14+ BSA)(1 — BA) =1+ BK A, (1— BA)(1+ BSA) =1+ BE,A. (2.12)

Therefore, 1 — BA € F(X), by A2) above.
b) The equivalence of 1 € p(BA) and 1 € p(AB) can be regarded as a special case of part a),

where K7 = K, = 0 in the proof above. Moreover, suppose that 1 € p(BA), or equivalently,
1 € p(AB). Then, S = (1 — AB) ! in (2.12). Thus, the equality (2.10) follows from (2.12). O

Lemma 2.2.3 Let A € R\o(P), and Gy, be the operator defined by (2.1). Then,
a) A€ oes(Py) if and only if 1 € 0ess(Gvy).

b) A€ o(Py) if and only if 1 € o(Gv). Moreover, if X € p(Py), or equivalently, 1 € p(Gy,»),
then,
(A= Py) "t = Gr+ GV (1 = Gyy) VPG, (2.13)
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Proof: a) We need to verify the equivalence. A — Py € F({?) &< 1 — Gy, € F({?). We
decompose this task into the following two steps.

A—PyeF({*) <+ 1-G\PV € F((*, (2.14)
1-G\PV € F({*) <= 1-—Gy,€F(?. (2.15)
Note that
A—P,=A—P—-VP=(\-P)(1-G,VP). (2.16)
or equivalently,
1 —-G\WVP=G\(\— Fy). (2.17)

Note that A — P,Gy € F(¢?). Recall also that F(¢?) is closed under the composition cf. [1,
p.158, Theorem 4.43|. Then, (2.14) follows from (2.16) and (2.17).

The equivalence (2.15) follows from Lemma 2.2.2 a), since for A % G,V1/2 and B & V1/2p,

AB = G\WVYVY2p =G, VP,
BA = VY2PGVY2 =VI2(\G\ - 1)V =Gy,

b) The proof is similar as above. We use Lemma 2.2.2 b) instead of Lemma 2.2.2 a). Suppose
that A € p(Py). Then, it follows from (2.17) that

A= Py) ' =(1-G\VP)'G,.
On the other hand, by plugging A = V2P and B = G, V/? into (2.10),

(1-G\VP)™' = 1+GVY2(1 - V2P V1/2)~tyi2p
14+ GA\VY2(1 — Gy 'VY2P.

Combining these, we obtain (2.13). O
Lemma 2.2.4 With g,(0), Gy defined respectively by (1.17) and (2.1), the following operator

Hy ) € B({?) is compact.

Hyx % Gyx — (g2(0) = DV

Proof: We decompose Gy, into diagonal and off diagonal components as follows.
Gya=V2(AGy = DV = (g2(0) = DV + Hys,

where the operator Hy ) is given by the kernel

Hyx(z,y) = MWV (2)V(y)Ga(z,y) Lozy.

We will show that

N—o

HHV,A—H(V{QH Y230, (2.18)

where Ky is a finite rank operator defined by the kernel

H\(/],\Q(f’?a?/) = MV (@)V(y)Gr(,y)Lazy |2)<n-

Thus, (2.18) shows that Hy ) is a compact operator.

12



By a standard estimate,

|Hyx — HYY| < |Av/Ay B,

where

Av=sw Y VV@VE)Gaey)l, By=sw > V(@)V(y)Gal(z,y)l.

d
|1"2N yezd €L yezd

£y y#z,ly|=N
By (1.14), there exist C' = C(\) € (0,00) and € = ¢(A) € (0, 00) such that
|Ga(2,y)| < Cexp(—¢elz —yl). (2.19)
Thus, (2.18) follows from (1.24) and

sup by () Y2200, where bye(z) = E VVI(2)V(y)exp(—e|z — yl). (2.20)
€L d
YyEZ
Y7z [y >N

Therefore, it is enough to show that (1.24) implies (2.20). Moreover, it follows immediately
from (1.24) that sup | n/2) v () Y2%° 0. Hence, it is enough to verify that
sup  by.(z) =57 0. (2.21)
|lz|<[N/2]
If |z| < |[N/2] and |y| > N, then |y — 2| > N/2. Thus,
sup bye(x) < exp(—eN/2)||V|lw sup Z exp(—¢|z — y|/2)
jal<Lv/2) j#l<LV/2) S
N—oo
= exp(—eN/2)[[V]loo > exp(—cly|/2) =30,

yeZ

which proves (2.21). O

In what follows, we use the following notation. For z = (x,)¢_, € Z¢,

|7]00o = lrgggd\xa]. (2.22)
For ¢ € Z% and a positive integer ¢,
Qce, ) ={x € Z%; |z — o < £}. (2.23)

Suppose that the condition (1.24) holds true and that vy > 0. Then the following lemma shows
that there are infinitely many disjoint cubes Q(c, ) in which V' takes the value close to vy at
the center ¢, while the value V' (z) for the other points of the cube are close to zero.

Lemma 2.2.5 Suppose that the condition (1.24) holds true and that vo > 0. Then, for any
L,l € (0,00) and € € (0,1), there exists c € Z¢ such that

Q0,L)NQ(c.t) = 0, (2.24)

Vie) > (1—e)vy, (2.25)

Y. V@) < e (2.26)
€Q(e)\{c}
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Proof: Take § € (0,1) such that 6% exp(2¢) < e(1 — €)v. By assumption vy > 0, the set
H . ={xcZ" V(z) > (1 —¢e)v}

is unbounded. Therefore, by (1.24), we can find ¢ € H. such that

e > L+¢, and A(c) = Y V/V(e)V(2) exp(—|c — 2]x) < 0. (2.27)
The first inequality of (2.27) is equivalent to (2.24), while the second inequality implies (2.26)
as follows.

> V()

z€Q(c,0)\{c}

2
(2.25) .
< [ 3 | ARl e e

2€Q(e 0\ {c} (1 — 6)’U0 (]. — 8)7}0

Lemma 2.2.6 Suppose that the condition (1.24) holds true. Then, o(P) C Oess(Py).

Proof: Let A € o(P) be arbitrary. We will prove that A\ — P ¢ F({?), or equivalently,
A — Pj € F(£?), where P} is the adjoint operator of Py, on 2] therefore, Pj; = P + PV.
For this purpose, we will use the following criterion for an operator 7' on a Hilbert space
X not to be a Fredholm operator. T ¢ F(X) if there exists a normalized sequence {u,} C X
such that
U, —3 0 weakly and Tu,, —= 0 strongly, (2.28)
The converse is also true if 7" is self-adjoint, cf. [2, p. 350, Theorem 2.3]. A sequence with
above property is called a Weyl sequence.
We will construct a Weyl sequence u,, € ¢ for \— P, that is, u,, € ¢? is normalized, weakly
convergent to zero, and
(A= P — PV)u,| =3 0. (2.29)

Stepl: Let r > 0 be an integer such that supp[p] C Q(0,r), We first show that, there exist
¢, € Z% n € N such that

Qemym+7) N Qemn+1) = 0 ifm#£n, (2.30)
max V(z) < (n+2)7' forallneN. (2.31)
z€Q(cn,n+r)

Suppose that vg = 0. Then, for any € > 0, there exists R > 0 such that V(z) < ¢ if |z| > R.
Thus, it is easy to find such ¢, by an inductive procedure.

Suppose on the contrary that vy > 0. We then proceed inductively with the help of Lemma
2.2.5 as follows. We start by taking L = 1, £ = 3r and € = 1/2 in Lemma 2.2.5, so that we
can find by € Z? such that

max  V(z) <1/2.
x€Q(bo,3)\{bo }
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Thus, by choosing ¢ such that Q(co,r) C Q(bo,3r)\{bo}, we obtain (2.31) for n = 0. Next,
we take L = |co| + 1+ 7, ¢ =3+ 3r and € = 1/3 in Lemma 2.2.5, so that we can find b, € Z¢
such that

Q(co, )N Q(b1,3+3r) =0, and V(z) <1/3.

max
xEQ(bl ,3-}—37‘)\{()1}

Thus, by choosing ¢; such that Q(c1,1+ 1) C Q(b1,3 + 3r)\{b1}, we obtain (2.31) for n = 1.
By repeating this procedure, we obtain ¢,, n € N as desired.

Step2: We now construct the Weyl sequence u,, n € N. Let § € [—m, 7] be such that
A = p(#) and set e)(z) = exp(if - x). Then by Stepl, there exist ¢, € Z¢, n € N which satisfy
(2.30) and (2.31). We set

On = exlq(c, ntr) and u, = Son/HQOnH (2'32)

We will show that u,, n € N is the Weyl sequence which we look for. By (2.30), u,, n € N are
orthonormal. Moreover, we see from (2.31) that

0<V < (n+2)" g ntn)
and hence [|[Vu,|| < (n+2)~! =3 0. Thus, it only remains to verify that
n—oo

(A= P)u,|| — 0. (2.33)

To see this, we observe that
(A—=P)ex=0. (2.34)

Note also that for f,¢:Z% — C and z € R?,
f=gonQx,r) = Pf(z)= Pg(z).
This, together with (2.32) and (2.34), implies that
(A= P)p, =0 on Q(cy,n). (2.35)
If we set hy, = 10 (cn n4+m)\Q(cn.m), then
1B = £(Q(cn,n + 1)\Q(cn, ) = (20 + 2r + 1)* = (2n + 1)* = O(n?1),

and hence

2.35

(2.35) -
I = P)eall =" [1ha(A = P)gall < 1hnll[(A = P)nllo = O(n{*D72). (2.36)

This implies (2.33), since ||n]l = || 1g(enninll = (2n + 2r + 1)¥2. O

3 Proof of Theorem 1.2.3

3.1 Outline

For o > 0, we denote by £>“ the Banach space of exponentially decaying functions v : Z¢ — C
with the exponent at least a, more precisely, the functions which satisfy

def
lullooa = sup exp(alz|)|u(z)] < oco. (3.1)
T€EZL
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We also recall the estimate (2.19) on the exponential decay of the kernel G(z,y).
Suppose that the condition (1.24) holds true. Let A € C\oess(Py) and «a € (0,¢), where
e > 0 is from (2.19). For K C Z¢, we define

Vi = Vg k. (3.2)

In the sequel, we write K € Z?, when K is a finite subset of Z¢. We will prove in Lemma 3.2.4
below that there exists K € Z? such that A € p(Py,.) and (A — Py, )~' € B((>).

Suppose additionally that A € o(Py) and that a function ¢ € ¢? satisfies (A — Py )¢ = 0.
Then, with the set K from Lemma 3.2.4, we rewrite (A — Py )¢ = 0 as

(A= Py ) =1V Pop.
Since A € p(Py, ) by Lemma 3.2.4, it follows from the above display that
0= (\—Py.) "1V Pop. (3.3)
Since the function 15V Py is supported on the finite set K and (A — Py, )~' € B({~%) by
Lemma 3.2.4, we obtain (1.29) from (3.3). O

3.2 Lemmas

Let A € C\oess(Py) and a € (0, ¢), where € > 0 is from (2.19). As is discussed in section 3.1, it
is enough to prove that there exists K € Z? such that A € p(Py,.) and (A — Py, )"t € B({>=%)
(Lemma 3.2.4). We will implement this by dealing with the modified Birman-Schwinger oper-
ator with the potential Vi:

Gvon = VP (MG — DV,

cf. (2.1). As in the proof of Lemma 2.2.4, we decompose Gy,  into diagonal and off diagonal
components as follows.

GVK,)\ = ’}/VK + HVK,)\, where ¥ = g)\(O) — 1. (34)
We first look at the diagonal component vV of the above decomposition.
Lemma 3.2.1 Suppose that X & o(P) U Ay. Then, there exists Ky € Z¢ such that if Ky C
K e 74,

co X inf |1 — yVi(z)| > 0. (3.5)
zeZd

Proof: It follows from the assumption A & Ay that either

i)y=0 or ii) v# 0 and 77! & 0es(V).

If v = 0, then, (3.5) is clearly true with K = () and ey = 1. Suppose ii) above. Then, there
exists 0 > 0 such that

def
Ky =

{zeZ 1 —V(2)| <y} ={zcZ; |y ' - V(2)| <6} €z
Let Ky C K € Z%. Then, it is clear that
11— Vi(z)] =1 =~V (z)| >~ for all x € Z)\K,
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which implies (3.5). O

The following lemma deals with the off diagonal part Hy,  of the operator Gy, », cf. (3.4)
which is given by the kernel.

Hy, A, y) = MW Vi (@) Vi (y)Ga(2, ) Lazy. (3.6)

Lemma 3.2.2 Suppose that the condition (1.24) holds true. Then, for all « € (0,e) and
B € (0,00), where ¢ is from (2.19), there exists K, @ Z% such that if K, C K € 72, then

[ Hvie A2y < B,
HVK,)\ € B(goo,a) with HHVKJ\HB(ZW’D‘) < p.

Proof: Set § © ¢ — a > 0. Then, by (1.24), there exists a K; € Z? such that
B

su V(x)V(y)exp(—d|x — < —, 3.9
2 3 VGV el =) < i (39)
y#T

where the constant C is from (2.19). Let K; C K € Z%. By (2.19) and (3.6),

Hya(@,y) < MOV Vi (2)Vi (y) exp(—ele = y|)Lazy. (3.10)

Since Hy,, » : £* — (? is symmetric, we have by a standard estimate that

IHvieall < sup > [Hyea(,y)]

x€Z4

y€Z4
(3.10) (3.9)
< AC sup Y VV(@)V(y)exp(—elz —yl) < B,
T€ZUN\K yezd
y#z

which shows (3.7).
Suppose that u € (° and x € Z%. Then, noting that |z| < |z — y| + |y],

exp(ae])[(Hy au) ()
< explalel) Y [Hy e 9)lu(y)]

yezd
(3.10)
< gk (@)AC D VV(@)V(y) exp(—dla — yl) explaly])|u(y)|
(3.9)
< Ao (@)MClulloa Y VV(@)V(y) exp(=dlz —y)) < Bllullocas
which shows (3.8). O

Combining Lemma 3.2.1 and Lemma 3.2.2, we obtain the following

Lemma 3.2.3 Suppose that (1.24) holds true. Then, for A € C\oess(Pyv) and a € (0, ), where
g is from (2.19), there exists K € Z% such that 1 € p(Gy,, ») and that (1 — Gy, \)~' € B(£>%).
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Proof: We have A € 0.(Py) = o(P) U Ay, by the choice of A and Theorem 1.2.1. Thus, we
may apply Lemma 3.2.1 and take gy € (0,1] and Ky € Z¢ from there. We then apply Lemma
3.2.2 with 3 < gy. As a consequence, we can find K; € Z* (i = 0,1) with which (3.5), (3.7)
and (3.8) hold true, where 3 < 5. We now suppose that KoUK, C K € Z¢. Then, it follows
from (3.5) that the operator 1 — vVx has its inverse in B(¢?) with the norm at most 1/&g.
Then, setting

for simplicity, we have

| Rillsezy < 11— Vi) " e | Hvgallseey < et B <1, (3.11)

and therefore, the following Neumann series converges:
(1-Rx)™' => Ry (3.12)
n=0

Since
1—Gyer=1—9Vk — Hy,» = (1 —yVg)(1 — Rg),

the operator 1 — Gy, is invertible in B(¢?), and herefore, 1 € p(Gy; »)-

By repeating the same argument as above, with B(¢?) replaced by B((>®), we see that
(1 — Gy n) "t € B(£>*). Indeed, it is clear that 1 — 4Vk has the inverse in B(¢>>*) with the
norm at most 5 '. Moreover, by (3.8), ||Hviallgesa) < B < g. Consequently, we see that
| Ri||Be=ey < 1 and hence that the Neumann series (3.12) converges in B(¢>>*). This implies

that (1 — GVK’)\)_l S B(éoo’a). O
As is discussed in section 3.1, Theorem 1.2.3 follows from the following

Lemma 3.2.4 Suppose that (1.24) holds true. Then, for X\ € C\oess(Py) and o € (0,¢) where
g is from (2.19), there exists K @ Z% such that X € p(Py,) and that (A — Py, )™t € B(£>?).

Proof: The first half of the lemma follows from Lemma 3.2.2, since, A € p(Py, ) if and only if
1 € p(Gvy.») by Lemma 2.2.3. As for the latter half, by applying (2.13) with V' there replaced
by Vi, we have

(A= Py ) = Ga+ GAV?(1 = Gy, )" VPG,

It is clear that V]y ? and P belong to B(£>>®). It is also clear from the proof of Lemma 3.2.2

that G € B(£>%). Moreover, (1 — Gy, »)"! € B({>**) by Lemma 3.2.3. Combining these, we
conclude that (A — Py, )"t € B(£>). O

4 Proof of Theorem 1.2.4, Corollary 1.2.5 and Proposition 1.2.6

4.1 Outline
Proof of Theorem 1.2.4: We first prove that

1 < dimKer(r(Py) — Py) < oo and r(Py) € o(Py)\{r(Py)}. (4.1)

For this purpose, we prove via a “lower bound by a delta potential” (Lemma 4.2.1) that there
exists vy € £? such that

HUOHV =1 and <Pvu0,uO >V > HlaXOeSS(Pv), (42)
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which implies (4.1) as follows. It follows from (4.2) that

r(Py) = sup (Pyu,u)y > { Pyug, ug )y > max oes(Py).
Jully =1

Thus, 7(Py) € 0ess(Py), or equivalently,

dim(r(Py) — Py) < oo and r(Py) & o(Py)\{r(Fv)},

(cf. (1.19) and (1.20)). Since r(Py) € o(Py), r(Py) is an eigenvalue and therefore, we obtain
(4.1).

Now that we have established (4.1), the rest of the proposition follows immediately from an
extension of the Perron-Frobenius theorem to infinite dimensional setting (See Lemma 4.2.3

below). Indeed,
Py(x,y) = (1+V(2))P(z,y) = P(x,y) for all 2,y € Z°,

which shows that Py is positive and irreducible. Moreover, by Lemma 4.2.2 below, the operator
norm of Py : (3, — (% equals to r(Py). O

Proof of Corollary 1.2.5 Py is positive and irreducible. Moreover, Py, is bipartite w.r.t.
J € {—=1,1}%" if and only if P is bipartite w.r.t. J. We can pass from Theorem 1.2.4 to
Corollary 1.2.5 by applying Lemma 4.2.4 below to 7' = Py . a

Proof of Proposition 1.2.6: Casel: Suppose that p vanishes on A. We prove that P is
bipartite w.r.t. J = 14 — 1. Indeed, it follows from assumptions that supp [p] C A€, and
therefore by definition of A that (z,y) &€ AU (A°)? if y — z € supp [p]. This implies that P is
bipartite w.r.t. J =14 — 1 4c.

Case2: Suppose that (1.35) holds. We prove that —r(Py) < ((Py) for any nonnegative
V € (>°(Z%). For this purpose, we use the following inequality, cf. Lemma 4.2.5 below.

—r(Py) 4+ 20(14P1,4) < {(Py). (4.3)
On the other hand, we have
((14P14) = min Zp x)exp(if - x) > p(0 Z p(x
bl €A\ {0}
Then, it follows from (4.3) that —r(Py) < ¢(Py). O

4.2 Lemmas

We start by explaining the “lower bound by a delta potential” referred to in the proof of
Theorem 1.2.4.

Lemma 4.2.1 a) Suppose that vg > 0. Suppose also that X € (1,00), v > 0, gx(0) = 1 +v7 1,
and V(Z%) N [v,00) # 0. Then, there exists a uy € (> such that

||U)\HV =1, and <Pvu)\,’u,)\ >V > A (44)
b) Under hypothesis of Theorem 1.2.4, there exists a ug € £* such that (4.2) holds.
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Proof: a) We take ¢ € Z¢ such that V(c) > v. Then, by (1.15), ¢, (z) o Gi(z,c) > 0 for all

z € 74. We will show that the function uy < o/ |leallv satisfies (4.4). To see this, we make
an auxiliary use of the potential U = vd, to give a lower bound for V. We first observe that

PUU)\ = )\U)\. (45)
Indeed, noting the equality PGy = AG — 1, we have for all z € Z? that

Pror(xz) = (14 vd.(x))PGro.(x)
= (14 vd.(2))(AGA(z,c) — d.(2))
AG\(z,¢) = 0c(x) + v(AGA(c, ¢) — 1)d.(2)

) —
= AG\(z,¢) = Apa(x),

(
(

which implies (4.5).

Now, we use (4.5) to see (4.4) as follows. It follows from v < V(¢) that U(x) < V(x) for
all x € Z%. Moreover, since vy > 0, V(x) > 0 for infinitely many z’s, and hence U(z) < V(z)
for at least an z (in fact, for infinitely many x’s) . These, together with the strict positivity of
uy implies that

L= [lully = 11+ V)™ 2un ]| < |1+ U) ™ 2usll = [fuslo- (4.6)

Moreover, since ( Puy,uy ) > 0,

4.6) ( Puy, P ’ .
( Pruy,uy )y = (Puy,uy) > { Pun UA>:< Uy, Uy U (45)
[ualle [uallo

b) Here, by Corollary 1.2.2, Ay = max 0.s(Py) and vy are related as
r(0) =1+,
Therefore, part b) of the present lemma follows from part a). O

We present a series of lemmas in the following more general framework. Let (S,.4,m) be
a o-finite measure space. We denote the norm and the the inner product of the Hilbert space
L?(m) resectively by || - || and (-, ). The totality of f € L?*(m) such that f > 0, m-a.e. is
denoted by L2 (m). An operator T € B(L*(m)) is said to be positive if Tf € L% (m) for all
f € L%(m).

Lemma 4.2.2 Suppose that T € B(L*(m)) is positive. Then, for all f € L*(m),
T|fl = |Tfl € Li(m), and thus, |(f, Tf) < (If,TIf]). (4.7)
In particular, if T is positive and self-adjoint, then,
(D) < r(T) = |IT]|.

Proof: Let f € L?*(m) be arbitrary. Since T maps a real-valued function to a real-valued
function, we have

T(Re f) = Re(Tf). (4.8)
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Moreover, for each z € C,

|z| = sup Re(exp(if)z) = sup Re(exp(if)z). (4.9)
OeR 0€Q

Let z € S and 6 € Q be fixed. Then, by applying (4.9) to z = f(z), and to z = T'f(z), we see
that

go(x) < [£(2)] — Re(exp(i6)f(z)) = 0, (4.10)
T171(2) = 1T ()] =" T11(2) = sup Re(exp(i6)T f(2))
= jnf (T1f|(x) — Re(exp(i6)T f(x)))

(48) gg(ngg(x). (4.11)

By (4.10), we have T'gy € L% (m). Then, combining this with (4.11), we have T|f| — |Tf| €
L2 (m). In particular, if T' is positive and self-adjoint, then,

(47)
—( LT < (LTI < eI

Taking the supremum of the left-hand side of the above inequality over all normalized functions
fin L?*(m), we obtain —¢(T") < r(T), which, together with the obvious inequality ¢(T") < r(T),
implies that |[((T)] < r(T). As a consequence, we obtain the equality r(7') = || 0

Let T € B(L*(m)). T is said to be irreducible if, for all functions f,g € L% (m) which
are not identically zero m-a.e., there exists n € N such that ( f,7"g) > 0. If there exists
a measurable function J : S — {—1,1} such that JT = —TJ, i.e., JT'f = =T(Jf) for all
f € L*(m), then, T is said to be bipartite and J is called the sign of T. T is simply said to be
bipartite if T" is bipartite w.r.t. some sign J.

We consider the following conditions for an operator 7' € B(L?*(m)), in connection with its
irreducibility and bipartiteness.

Ker(||T||+T) # {0}. (4.12)
Ker(|[T]| = T) # {0}. (4.13)
There exists a normalized function ¢ € L?(m) such that

¢ > 0a.e. and Ker(||T|| —T) = Cep. (4.14)

Lemma 4.2.3 Suppose that T € B(L*(m)) is positive. Then,
(4.14) <= (4.13) and T is irreducible. (4.15)
Suppose in addition that T is irreducible. Then,
(4.12) <= (4.14) and that T is bipartite. (4.16)

Moreover, the converse part of the above equivalence entails the following relation. If T 1is
bipartite w.r.t. the sign J, then, (4.12) holds with

Ker(||T||+T) = CJe. (4.17)
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Proof: Let us make a preliminary observation which applies to all T € B(L?*(m)). Suppose
that u € L*(m) is normalized and that (u,Tu ) = o||T||, where o is either 1 or —1. Then,

Tu=T"u=0o|T|u. (4.18)
Indeed, since (u,Tu) = o|T|| € R,
ol Tw — Tul* = |T||* = 20| T|[{w, Tw ) + | Tull® = =[|T|* + || Tul* < 0.

Thus, Tu = o||T||u. On the other hand, (w,Tu) = o|T|| implies that (u,T*u) = o||T*|.
Hence by letting T play the role of T" above, we obtain T*u = ¢||T'||u as well.

(4.15): This equivalence is due to [6, p.202, Theorem XIII.43].

(4.16) (=): Suppose that 1) € L*(m) is a nonzero function which satisfies the equation T =
—||T’||vb. Since the same equation is satisfied by the real and imaginary parts of ¢, we may
assume that v is real-valued. Moreover, by normalization, we may assume that ||¢| = 1.
Therefore, we see from the preliminary observation (4.18) that

Ty =T =—[T|. (4.19)
On the other hand, applying (4.7) to f = v, we obtain

[T = (b, T ) < ([, Th|) < (|7

and hence, (|¢|, T|¢|) = ||T||. Therefore, we see from the preliminary observation (4.18) that
Ty| = ||T|||¥|, Thus, we have proved (4.13), which, together with the irreducibility of T,
implies (4.14). Then, it follows from (4.14) that || = ¢, and by applying (4.18), we have

To=T"¢=|Tle. (4.20)

Since |[¢| = ¢, the function J o ¥/ is defined a.e. and takes values in {—1, 1} there. We will

prove that T'= —JT'J. By linearlity, it is enough to prove that g o Tf+JIJf =0 a.e. for
all f € L2 (m). Since f £ Jf € L2 (m), we have Tf £TJf € L% (m), and hence g € L% (m).
Therefore, it is enough to show that ( ¢,g ) = 0, which can be done by noting that ¢J = 1,
and that ¢J = ¢ as follows.

(¢,9) = (o, Tf)+ (0, TIf)=(T"0, f)+(TY,Jf)
(4.19). (4.20)

= TN Cops £ = WTNCh, JF) = TN o, 1) = 1T Ceps £) =0

(4.16) («<): By the relation T'J = —JT, the eigenspaces Ker(||T'|| & T') are mapped to each
other bijectively by J. Thus, (4.14) implies (4.17). O

Lemma 4.2.4 Suppose that an operator T € B(L*(m)) is positive, self-adjoint, and satisfies

(4.14) and
r(T) > sup{A; A€ a(T), N #r(T)}. (4.21)

Then,
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a) The following conditions are equivalent.

r(T) > sup{[A[; A € o(T), [A] # r(T)}. (4.22)
Fither —r(T) < U(T') or T is bipartite. (4.23)

b) Suppose that one of the conditions (4.22) and (4.23) holds true (therefore that both do).
Then, there ezists € € (0,1) such that

|lr(T)"T™(f —1f)|| <™ f —TLf|| for all f € L*(m) and n € N, (4.24)
where, with ¢ from (4.14),

aet | (f.)p, if —r(T) < (T),
= { (fooYo+ (f,Jo)Jp, if T is bipartite w.r.t. the sign J. (4.25)

Proof: a) (4.22) = (4.23): Suppose that (4.23) fails. Then, it follows from Lemma 4.2.3 a)
that ¢(T) = —r(T) is not an eigenvalue, and therefore by (1.20), —r(T) € o(T)\{—r(T)}.
Hence (4.22) fails.

(4.23) = (4.22): If —r(T") < £(T), then (4.22) holds, since

o(T) N [=r(T), {(T)) = 0. (4.26)

On the other hand, if T is bipartite, then, (4.22) follows from (4.21) and the symmety of o(7')
with respect to the origin.
b) Let T = fU(T) A E) denote the spectral decomposition of the self-adjoint operator 7' on

(*(m). We first verify that
= dE). (4.27)

a(T)
[Al=r(T)

We treat each of the cases in condition (4.23) separately. Let us temporarily denote the
orthogonal projection on the right-hand side of (4.27) by ITRHS,
Casel: Suppose that —r(T") < ¢(T'). Then, it follows from (4.26) that

{Aea(T); A =r(T)}; = {r(T)}-
We see from this and (4.14) that

Ran(IT"%) = Ker(r(T) — T) = Cy,
which implies (4.27).

Case2: Suppoes that T is bipartite the sign J. Then, it follows from the symmetry of o(7")

with respect to the origin that

{Aea™); N =r(T)} ={xr(T)}.
Putting this, (4.14) and (4.17) together, we have

Ran(IT""8) = Ker(r(T) — T) @ Ker(—r(T) — T) = Cyp & CJy,

which implies (4.27).
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Now, (4.24) follows easily from condition (4.22). Let
r=sup{|A[; A€ a(T), [N #r(T)}
and let f+ = f — IIf. Then, it follows from (4.27) that

[T = [ ) <

IA<r
which proves (4.24). O

Lemma 4.2.5 Suppose that p : Z¢ — [0, 00) is a transition probability of a symmetric random
walk, and that A={x € Z%; 3 ;o € 2Z} with 0 # 1 C {1,...,d}. Then,

Proof: We already know from Lemma 4.2.2 that —r(Py) < ¢(Py). Thus, we may assume that
0(14,P1,4) > 0. Since
—l(Py) = sup{—=( Pvu,u)y ; [lully =1},

it is enough to show that
—(Pyu,u)y < (=20(14P1,) +7(Py))||ull? for all u € £2. (4.29)
To see this, let v € £ be arbitrary and J = 1,4 — 14.. We first verify that
—(Pu,u) < =201 P1y)||ull5+ ( PJu, Ju ). (4.30)
Let P, =14P14+ 14 P11y and P- = 14P1 4c + 14<P14. Then,
PyJ =+JP;, (4.31)

as is easily be seen. Moreover, for fixed ¢ € A, the map z — = + ¢ (A — A°) is a bijection.
Hence

(Pouu) = ( Yo+ > > p(y — z)u(z)u(y)”

zr,yeA  zygA

= Y ply—x)u(z)uly)*

z,y€A

+ Z p(y — 2 )u(z + c)u(y + )

z' Yy €A

> 0(1aP1a) S (Ju(@)]? + Ju(z + o)) = 61aPLa)ul. (4.32)

T€EA

Thus, we obtain (4.30) as follows.
(PJu,Ju) = (PiJu,Ju)+ (P_Ju,Ju)

= (JPu,Ju)—(JP_u,Ju)
= (Pruu) —(Pou,u) =2(Pou,u) — (Pu,u)

.32)
> 20(14P1y)|ull3 — ( Pu,u).
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We then use (4.30) to prove (4.29) as follows. Note that £(1aP1a)||ul®* > €(1aP14)|ull?,
since |lu|| > |ju|ly and we have assumed that ¢(14P1,4) > 0. Therefore,

—(Pyu,u)y = —(Pu,u)
(4.30)
< =201 P1Y)||Jul)? + ( PJu, Ju)

= =201 AP1)||ull* + ( Py Ju, Ju )y
< (=200aP1) +r(Py)) Jully-

O

Acknowledgments The second author was supported by JSPS KAKENHI Grant Number 25400136.

References

1]

2]

Abramovich, Y. A. and Aliprantis, C. D.: An Invitation to Operator Theory (Graduate Studies
in Mathematics, 50) (2002).

Conway, J. B: A Course in Functional Analysis, 2nd ed. Graduate Texts in Mathematics, 96.
(1997).

Isozaki, Y. and Yoshida, N. : Weakly pinned random walk on the wall: pathwise descriptions of
the phase transition, Stoch. Proc. Appl. 96, 261-284, (2001).

Klaus, M.: On —% +V where V has infinitely many “bumps” . Annales de 'T.H.P. Physique
théorique, Volume 39 (1983), p. 7-13

Pearson, D. B.: Singular continuous measures in scattering theory. Comm. Math. Phys. 60
(1978), no. 1, 13-36.

Reed, M. and Simon, B. Method of Modern Mathematical Physics IV” Academic Press 1978.

Tanemura, H. and Yoshida, N. : Localization transition of d-friendly walkers, Probab. Th. Rel.
Fields , 125, 593 —608, (2003).

25



