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Abstract

We consider a discrete-time stochastic growth model on d-dimensional lattice. The
growth model describes various interesting examples such as oriented site/bond perco-
lation, directed polymers in random environment, time discretizations of binary contact
path process and the voter model. We study the phase transition for the growth rate
of the “total number of particles” in this framework. The main results are roughly as
follows: If d > 3 and the system is “not too random”, then, with positive probability,
the growth rate of the total number of particles is of the same order as its expectation.
If on the other hand, d = 1,2, or the system is “random enough”, then the growth rate
is slower than its expectation. We also discuss the above phase transition for the dual
processes and its connection to the structure of invariant measures for the model with
proper normalization.

AMS 2000 subject classification: Primary 60K35; secondary 60J37, 60K37, 82B26.
Key words and phrases: phase transition, linear stochastic evolutions, regular growth phase, slow
growth phase.
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1 Introduction

We write N = {0,1,2,..}, N* = {1,2,..} and Z = {#x ; 2 € N}. For 2 = (21, ..,24) € R?,
|z| stands for the £1-norm: |z| = 2% |2]. For & = (£,)peza € RZ'| |¢| = Y pezd €| Let
(92, F, P) be a probability space. We write P[X] = [ X dP and P[X : A] = [, X dP for a
random variable X and an event A.
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1.1 The oriented site percolation (OSP)

We start by discussing the oriented site percolation as a motivating example. Let n; ,, (¢,vy) €
N* x Z% be {0, 1}-valued i.i.d. random variables with P(n;, = 1) = p € (0,1). The site (¢, y)
with 7, = 1 and n;, = 0 are referred to respectively as open and closed. An open oriented
path from (0,0) to (t,y) € N* x Z¢ is a sequence {(s,z5)}._, in N x Z¢ such that z¢ = 0,
xt =y, |[xs —xs_1| =1, nsp, = 1 for all s = 1,..,¢£. A common physical interpretation of
OSP is the percolation of water through porus rock. Due to gravity, the water flows only
downwards and it is blocked at some locations inside the rock. A variant of OSP is also used
to explain the formation of galaxies, where a site (¢, ) being open is interpreted as the birth
of a star at time-space (t,z) [14].

For oriented site percolation, it is traditional to discuss the presence/absence of the open
oriented paths to certain time-space location. On the other hand, we will see that the model
exhibits a new type of phase transition, if we look at not only the presence/absence of the
open oriented paths, but also their number. Let N;, be the number of open oriented paths

from (0,0) to (t,y) and let [Ny = 3 74 Nty be the total number of the open oriented
def.

paths from (0,0) to the “level” t. Then, |N;| ‘=" (2dp)~!|N¢| is a martingale (Each open
oriented path from (0, 0) to (¢,y) branches and survives to the next level via 2d neighbors of
y, each of which is open with probability p). Thus, by the martingale convergence theorem
the following limit exists almost surely:

def

Noo| € lim |V
t—o0

As applications of results in this paper, we see the following phase transition.
i) If d > 3 and p is large enough, then, |No| > 0 with positive probability.

ii) For d = 1,2, [N| = 0, almost surely for all p € (0,1). Moreover, the convergence is
exponentially fast for d = 1.

This phase transition was predicted by T. Shiga in late 1990’s. The proof however, seems to
have been open since then.

We note that IV; , is obtained by successive multiplications of i.i.d. random matrices. Let
At = (Atay) s yezd, t € N, where Ay py = 1gp_yj=137t,y- Then,

> NitwAizy = Niy, teN (1.1)
T€Z

We also prove the following phase transition in terms of the invariant measure for the Markov

process Ny et ((2dp)"Niy)yeza. Note that we can take any Ny € [0, 00)2" as the initial

state of (Ny) via (1.1).

iii) Suppose that d > 3 and p is large enough. Then, for each o € (0,00), (N¢) has an
invariant distribution v, which is also invariant with respect to the lattice shift, such

that f[QOO)Zd nodva(n) = a.

iv) Suppose that d = 1,2 and p € (0, 1) is arbitrary. Then, the only shift-invariant, invariant
distribution v for (N;) such that f[o o) nodv(n) < oo is the trivial one, that is the
point mass at all zero configuration.

We will discuss the above phase transitions i)-iv) in a more general framework.

In this paper, we point out that many other models beside OSP have similar random
matrix representations to (1.1), and that the phase transitions i)-iv) are universal for these
models.



1.2 The linear stochastic evolution

We now introduce the framework in this article. Let At = (Atzy), yezd, t € N* be a sequence
of random matrices on a probability space (€2, F, P) such that

Ay, Ay, ... are i.id. (1.2)

Here are the set of assumptions we assume for Aq:

Al gy >0forall z,y € VA (1.3)
The columns {A;.,},cz4 are independent. (1.4)
P[Aix’y] < oo forall x,y € Z4. (1.5)
Ai gy =0 as. if |z —y| > ry for some non-random r4 € N. (1.6)
(Al atzy+z)eyezd taw A for all z € Z4. (1.7)
The set {x € Z¢ ; > _yezd ztyay 7 0} contains a linear basis of R, (1.8)

where a, = P[A1,0,].

Depending on the results we prove in the sequel, some of these conditions can be relaxed.
However, we choose not to bother ourselves with the pursuit of the minimum assumptions
for each result.

We define a Markov chain (Ny)eny with values in [0, oo)Zd by

> NitwAizy = Niy, teN (1.9)

z€Z4

Here and in the sequel (with only exception in Theorem 4.1.3 below), we suppose that the
initial state Ny is non-random and finite in the sense that

the set {z € Z¢; Ny, > 0} is finite and non-empty. (1.10)
If we regard N; € [0, oo)Zd as a row vector, (1.9) can be interpreted as
Ny = NoA1Ag--- Ay, t=1,2,...

The Markov chain defined above can be thought of as the time discretization of the linear
particle system considered in the last Chapter in T. Liggett’s book [10, Chapter IX]. Thanks
to the time discretization, the definition is considerably simpler here. Though we do not
assume in general that (Ny)en takes values in NZd, we refer Ny, as the “number of particles”
at time-space (t,y), and |V¢| as “total number of particles” at time ¢.

We now see that various interesting examples are included in this simple framework. In
what follows, 05y = 1y,—y for z,y € Z4. Recall also the notation a, from (1.8).

e Generalized oriented site percolation (GOSP): We generalize OSP as follows. Let
Ny, (ty) € N* x Z% be {0,1}-valued i.i.d. random variables with P(n, = 1) = p € [0,1]
and let (;y, (t,y) € N* x Z% be another {0,1}-valued i.i.d. random variables with P((, =
1) = q € [0, 1], which are independent of 7 ,’s. To exclude trivialities, we assume that either
por qisin (0,1). We refer to the process (N¢)ien defined by (1.9) with

Aty = Lja—y|=1) Mty + 0z,yCry



as the generalized oriented site percolation (GOSP). Thus, the OSP is the special case (¢ = 0)
of GOSP. The covariances of (At zy), ez can be seen from:

q ife=o=uy,
ay = plyy=1} + @0y0, PlAtzyAizyl =1 P if [z —yl=lz—yl=1, (1.11)
ay—qay—5 if otherwise.

In particular, we have |a| = 2dp + q.

e Generalized oriented bond percolation (GOBP): Let 1, 4, (¢, 2,y) € N* xZ4x Z4 be
{0, 1}-valued i.i.d.random variables with P(1; ., = 1) = p € [0, 1] and let ; , (t,y) € N* x Z4
be another {0,1}-valued ii.d. random variables with P((;, = 1) = ¢ € [0,1], which are
independent of 1, ,’s. Let us call the pair of time-space points ( (¢t — 1,z), (t,y) ) a bond if
|z —y| <1, (t,z,y) € N* x Z¢ x Z%. A bond ( (t — 1,z),(t,y) ) with |z — y| = 1 is said to
be open if n; ., = 1, and a bond ( (t — 1,y), (t,y) ) is said to be open if (;,, = 1. We refer
to this model as the generalized oriented bond percolation (GOBP). We call the special case
q = 0 oriented bond percolation (OBP). A variant of OBP is used to describe the electric
current in non-crystalline semiconductors (silicon, germanium, etc.) at low temperature and
subject to strong electric field [16]. There, the electrons, which are almost localized around
the impurities, hop discontinuously from one impurity to another in the direction opposite
to the electric field (hopping conduction). A bond ( (t — 1, ), (¢t,y) ) with = # y being open
is interpreted that an electron hops from (¢ — 1, x) to (¢,y).

For GOBP, an open oriented path from (0,0) to (¢,y) € N* x Z% is a sequence {(s, zs)}._,
in N x Z% such that 2o = 0, 2; = y and bonds ((s—1,25_1), (s, )) are open for all s = 1, .., .
If No = (00,y)yeza, then, the number N, of open oriented paths from (0,0) to (t,y) € N*x 74
is given by (1.9) with

At,x,y = 1{|x—y|:1}77t,a:,y + 5$,y<t,y'

The covariances of (At ), eze can be seen from:
I’

y—g if x =1z,

1.12
ay—ca,5 if otherwise. ( )

ay = plyy=1y + @0y0, PlArayAiz,yl = {
In particular, we have |a| = 2dp + q.
e Directed polymers in random environment (DPRE): Let {n, ; (t,y) € N* x Z}

def

be i.i.d. with exp(A(5)) =" Plexp(8n:y)] < oo for any 5 € (0,00). The following expectation
is called the partition function of the directed polymers in random environment:

t
exXp (ﬁZUu,5u> 1S = y] , (t,y) e N* x Zd,

u=1

Nt,y :Pé)

where ((St)sen, P¢) is the simple random walk on Z%. We refer the reader to a review paper
[4] and the references therein for more information. Starting from Ny = (¢ z),cz4, the above
expectation can be obtained inductively by (1.9) with

Llo—yl=1
At,:p,y = 273 eXp(ﬁUt,y)-
The covariances of (A zy), yeze can be seen from:
eAB1,
ay = $’ PlAt g yAiz,) = e>\(25)—2>\(ﬁ)ay_xay_E (1.13)



In particular, we have |a| = e*®).

e The binary contact path process (BCPP): The binary contact path process is a
continuous-time Markov process with values in NZd7 originally introduced by D. Griffeath
[8]. In this article, we consider a discrete-time variant as follows. Let

{77t,y = 07 1 5 (ta y) S N* X Zd}7 {Ct,y = 07 1 5 (tay) € N* X Zd}7
{ery ;s (t,y) € N* x 2%}

be families of i.i.d. random variables with P(n,, = 1) = p € [0,1], P({ty = 1) = ¢ € [0,1],
and P(e,, =€) = 5 for each e € Z¢ with |e| = 1. We suppose that these three families
are independent of each other and that either p or ¢ in (0, 1) Starting from an Ny € NZd, we
define a Markov chain (Ny)ien with values in NZ? by

Nt+1,y = nt+1,yNt,y—et+1,y + Ct+1,yNt7y7 t €N.

We interpret the process as the spread of an infection, with N, infected individuals at time
t at the site y. The (441, Nty term above means that these individuals remain infected at
time ¢+ 1 with probability ¢, and they recover with probability 1 —¢. On the other hand, the
Nt+1,yNVt,y—e, 1, term means that, with probability p, a neighboring site y — €414 is picked
at random (say, the wind blows from that direction), and N¢y ., , individuals at site y are
infected anew at time ¢ + 1. This Markov chain is obtained by (1.9) with

At,l‘,y = ntvyl{et,y:yfz} + Ct,y(sl',y'

The covariances of (A ), yeze can be seen from:
I’

A

ay = —o (1.14)

Ay— fe=2x
) PlA A= = Y- ) =
+ %0y, [AtayArz,y) { OuyQOy—z + 03 4q0y—p if T # T.

In particular, we have |a| = p + q.

e Voter model (VM): Let e, (t,y) € N* x Z¢ be Z%valued i.i.d. random variables with
Plety =0)=1—p (p€ (0,1]) and P(eyy = e) = & for each e € Z¢ with |e| = 1. We then
refer to the process (Ny)ien defined by (1.9) with

At@,y = 51‘,y+€t,y

as the voter model (VM). Let us suppose that Ny € NZ* for simplicity. This process describes
the behavior of voters in a certain election. At time 0, a voter at y € Z% supports the candidate
No,y. Then, at time ¢t = 1, the voter makes a decision in a random way. With probability
1 — p, the voter still supports the same candidate, and with probability p/(2d), he/she finds
the candidate supported by his/her neighbor at y + e, (Je1,4| = 1) more attractive, and
starts to support Noyye,,, instead of Ng,. The covariances of (At sy), ,eze can be seen
from:

RIS

lgy=1
o = Y

In particular, we have |a| = 1.

=+ (1 - p)éy,Ov P[At,z,yAt,E,y] = 5x,5ay—z- (1-15)

Remarks: 1) The branching random walk in random environment considered in [9, 17] can
also be considered as a “close relative” to the models considered here, although it does not
exactly fall into our framework.

2) After the first version of this paper was submitted, the author learned that there is a work



by R. W. R. Darling [6], in which the dual process of (N¢)i>0 (cf. section 4) was considered
and the duals of OSP and OBP are discussed as examples.

Here are the summary of what are discussed in the rest of this paper. We look at the
growth rate of the “total number” of particles:

|N;| = Z Ney t=1,2,...
yEeZa

which will be kept finite for all ¢ by our assumptions. We first show that |V;| has the expected
value | No||al|*, where |a] is a positive number (cf. (1.8) and Lemma 1.3.1), so that |a|* can be
considered as the mean growth rate of |V|. The main purpose of this paper is to investigate
whether the limit:

Evd def ..
[Nool = lim [N¢|/|al*
t—o00

vanishes almost surely or not. Our results can be summarized as follows:

i) If d > 3 and the matrix A; is not “too random”, then, [N | > 0 with positive probability
(Lemma 2.1.1).

ii) In any dimension d, if the matrix A; is “random enough”, then, |N | = 0, almost surely
(Theorem 3.1.1). Moreover, the convergence is exponentially fast.

iii) For d = 1,2, |Noo| = 0, almost surely, under mild assumptions on A; (Theorem 3.2.1.
The assumptions are so mild that, for many examples, they merely amount to saying
that A; is “random at all”. Moreover, the convergence is exponentially fast for d = 1.

We will refer i) as regular growth phase, and ii)—iii) as slow growth phase. In the regular
growth phase, | V;| grows as fast as its mean growth rate with positive probability, whereas in
the slow growth phase, the growth of |/V;| is slower than its mean growth rate almost surely.
There is a close connection between the growth rate of |V¢| and the spacial distribution of
the particles:

Ntz
Pra = Wt;‘l{u\abo}a zez’ (1.16)

as t /" oo. The connection is roughly as follows. The regular growth implies that, condi-
tionally on the event {| Ny | > 0}, the spacial distribution has a Gaussian scaling limit [12].
In contrast to this, slow growth triggers the path localization on the event {|/N;| > 0 for all
t > 1} [18]. We remark that the exponential decay of |N¢|/|a|!, mentioned in ii)-iii) above
are interpreted as the positivity of the Lyapunov exponents.

The phenomena i)-iii) mentioned above have been observed for various models; for
continuous-time linear interacting particle systems [10, Chapter IX], for DPRE [2, 3, 4],
and for branching random walks in random environment [9, 17]. Here, we capture phenom-
ena i)-iii) above by a simple discrete-time Markov chain, which however includes various, old
and new examples. Here, “old examples” means that some of our results are known for them,
such as DPRE, whereas “new examples” means that our results are new for them, such as
GOSP and GOBP.

In section 4, we discuss the phase transition i)-iii) for the dual processes and its connection

to the structure of invariant measures for the Markov chain N det. (Niy/lal"),eza. There,
we will prove the following phase transition (Theorem 4.1.3):

iv) Suppose that the dual process is in the regular growth phase. Then, for each a € (0, 00),
(N}) has an invariant distribution v, which is also invariant with respect to the lattice
shift, such that f[o’oo)zd nodva(n) = a.



v) Suppose that the dual process is in the slow growth phase. Then, the only shift-invariant,
invariant distribution v for (N;) such that f[o ooy nodv(n) < oo is the trivial one, that
is the point mass at all zero configuration.

The above iv)-v) is known for the continuous-time linear systems [10, Chapter IX]. Therefore,
it would not be surprising at all that the same is true for the discrete-time model. However,
iv)-v) seem to be new, even for well-studied models like OSP and DPRE.

As is mentioned before, the framework in this paper can be thought of as the time dis-
cretization of that in the last Chapter in T. Liggett’s book [10, Chapter IX]. The author
believes that the time discretization makes sense in some respect. First, it enables us to
capture the phenomena as discussed above without much less technical complexity as com-
pared with the continuous time case (e.g., construction of the model). Second, it allows us
to discuss many different discrete models, which are conventionally treated separately, in a
simple unified framework. In particular, it is nice that many techniques used in the context
of DPRE [1, 2, 3, 4, 5] are applicable to many other models.

1.3 Some basic properties

In this subsection, we lay basis to study the growth of |N¢| as t /" co. We denote by F,
t € N* the o-field generated by Ay, ..., A;.

First of all, we identify the mean growth rate of |N;| with |alt.

Lemma 1.3.1
PNy = la]" Y No.PE(S: =),

x€Z4

where ((St)en, PE) is the random walk on Z¢ such that

_ ef.
PE(So =) =1 and P§(S1 =y) = Gy o ay—/lal.

Moreover, (|N¢|, Fi)ten is a martingale, where we have defined Ny = (NtVI)xEZd by
Niz=la| "Ny (1.17)

Proof: The first equality is obtained by averaging the identity:

Nt,y = Z NO,xOAl,xo,xl A2,x1,x2 o 'At,xt_l,y- (118)
L0y Lt—1
It is also easy to see from the above identity that (|N¢|, F;):en is a martingale. 0

We next compare |N;| and its mean growth rate |a|’.

Lemma 1.3.2 Referring to Lemma 1.3.1, the limit

|Noo| = lim |Ny| (1.19)
t—o0
exists a.s. and o
P[INxl|] = |No| or 0. (1.20)

Moreover, P[|Nwl|] = |No| if and only if the limit (1.19) is convergent in L' (P).



Before we prove Lemma 1.3.2, we introduce some notation and definitions. For (s, z) € NxZ9,

we define N;** = (N;'}),cz4 and N}~ = (N7, yezis t € N respectively by

ty
5,2 __ 8,2 _ 8,2
No,y =02y, Nt+1,y = E Ny Astt+1,2,
. ez (1.21)
NSHE —t NTS,2
and N,y = [a| "Ny,

In particular, (Nto’z)teN is the Markov chain (1.9) with the initial state NS’Z = (0zy)yezd-
Moreover, we have

Niy = Z NO,ZN?”; for any initial state Ng. (1.22)
z€Z4

Now, it follows from Lemma 1.3.2 that
PN =1, or =0.

We will refer to the former case as reqular growth phase and the latter as slow growth phase.
By (1.22) and the shift invariance, P[|N|] = |No| for all Ny in the regular growth phase
and P[|Nwl|] = 0 for all Ny in the slow growth phase. The regular growth means that, at
least with positive probability, the growth of the “total number” |V;| of the particles is of
the same order as its expectation |al'|Ny|. On the other hand, the slow growth means that,
almost surely, the growth of |NVy| is slower than its expectation.

Proof of Lemma 1.3.2: Because of (1.22) and the shift-invariance, it is enough to assume

that N; = Nt0 0. The limit (1.19) exists by the martingale convergence theorem, and ¢ def-

P[[Ns|] < 1 by Fatou’s lemma. To show (1.20), we will prove that ¢ = 2, following the
argument in [10, page 433, Theorem 2.4(a)]. Using the notation (1.21), we write

(1) Nopel =Y Noy N}
Y

Since [N} law |N¢|, the limit
|Ns7y

o0

. =S,
= lim [N}"Y
t—00

exists a.s. and is equally distributed as |[N|. Moreover, by letting t / oo in (1), we have
that

‘NOO| = Zws,ylﬁi’oy .
y
and hence by Jensen’s inequality that

Plexp(—|Noo|)|Fs] = exp (—P[|[Noo||Fs]) = exp (—[Ns|¢) > exp (=|Ns]) -

By letting s oo in the above inequality, we obtain
R a.s. J— J—
exp(—|Nw|) > exp (—\NOOM) > exp (—]NOOD ,

and thus, [No| 2 |[Noo|l. By taking expectation, we get £ = £2. Once we know (1.20), the
final statement of the lemma is standard([7, page 257-258, (5.2)], for example). 0

Let us now take a brief look at the condition for the extinction: limy_ |[N¢| = 0 a.s.,
although our main objective in this article is to study |Noo| = limy—,o0 | N¢|.



If |a| < 1, we have
lim |N;| = lim |a|'|N¢| = 0.
t—o0 t—o0
For |a] = 1, we will present an argument below (Lemma 1.3.3), which applies when (N;)ien
is NZ"_valued. Consequently, we will see that lim;_ |N¢| = 0 for GOSP ans GOBP with
(I1=p)(1—¢q) # 0 and for VM with p € (0,1]. For GOSP and GOBP, we apply Lemma 1.3.3

directly. For VM, we slightly modify the argument (See the remark after the lemma).
It follows from the observations above that lim; o |N¢| = 0 a.s. if

2dp+qg<1land (1—-p)(1—¢q)#0 for GOSP and GOBP,

AB) <0 for DPRE, (1.23)
p+qg<land (1—p)(1—¢q)#0 for BCPP, '
€ (0,1] for VM.
Lemma 1.3.3 Let O, be the set of occupied sites at time t,
Oy ={rez; Ny, >0}
and |Oy] be its cardinality. Suppose that
6 P ) {ALzo =0} | >0. (1.24)

TE€ZY
Then,
P(tliglo |O¢| € {0,00}) = 1.
Proof: We will see that
(1) {|O) <m i0.} = {|O)] =0 i0.} for any m € N,
which immediately implies the lemma:

{10:] #— 00} = [ J{IOi] <m 10} 2 {|O) =0 i0.}.

meN

For (1), we have only to show the I part. We write O;_; = Useo,_ v € 7% |z —y| <ra}
(cf. (1.6)). Since
](’M-O <~ ‘Nt Z N;_ lmAtw,y—O
z,y€Ls
we have

P(|O¢ =0|Fi—1) = ﬂ {Z Ni1gAt ey =0} Fia

yeOy_, zEL?

( m ﬂ{Atx,y HFia
IIr

v

yeO;_q €LY

N iy =0} ) =501

1 zeZ?



This, together with the generalized second Borel-Cantelli lemma ([7, page 237]) implies that

{|O¢| <m i.0.} C {Z P(|O] = 0|1 F;1) = oo} =0 =0 i0.}.

t=1
a
Remark: For VM, we argue as follows. Since |a| = 1, |N¢| is a martingale and hence
converges a.s. Since |Vy| is N-valued, we have |N;_i| = |Ny| for large ¢, a.s. On the other

hand, for some ¢ = ¢(p,d) > 0, we have
{1 <10¢—1| <m} C {P (|Ne—1| > |N¢||Fi—1) > ™} for all m € N*.

(Replace N;_1,4 on all y on the interior boundaries of O;_1 with 0, while keeping all the other
N;_1, unchanged.) This implies that lim; . |N¢| = 0, via a similar argument as in Lemma
1.3.3.

2 Regular growth phase

2.1 Regular growth via Feynman-Kac formula

The purpose of this subsection is to give a sufficient condition for the regular growth phase
(Lemma 2.1.1 below) and discuss its application to some examples (section 2.2). The sufficient
condition is given by expressing the two-point function

P[Nt,yNt,ﬂ]

in terms of a Feynman-Kac type expectation with respect to the mdependent product of the
random walks in Lemma 1.3.1. We let (S,5) = ((Sy, S)ten, P ) denote the independent

product of the random walks in Lemma 1.3.1. We have the followmg Feynman-Kac formula.

Lemma 2.1.1 Define

t
er =[] w(Su-1,8u-1,8,5), t>1, (2.1)
u=1
where PlAL . A 2]
LzylLzyl
~ if ay_zay_z # 0,
w(z, T,y,y) = Uy—aO—5 f ay-atyz 7 (2.2)
0, if ay—gaz_z = 0.
Then,
P[NiyNegl = lal* Y NoaNozPiiles: (Si S) = (y,7)] (2.3)
x,7€Z4

for allt € N, y,7 € Z%. Consequently,

PN = > No.No Epgg [ed] (2.4)
z,z€Z4
and
sup PN’ ] <00 <= supP?lle] < o0 (2.5)
teN teN 59
=  P[|[Nxl|] = |No|. (2.6)
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Proof: By (1.18) and the independence, we have

(1) P[Nt,yNt,ﬂ] = Z Z NOonOonPAl Ts— 1,wsA1xs 1,:65]

TOyyesTt—1 TQyyersTt—1

with the convention that z; = y, T; = 3. We have on the other hand that

P[Al,xs,17x5A17§S,1,is] = |a’|2w($8*1’%/8717;Us,is)afs*xsflais_isfl'

Plugging this into (1), we get (2.3). (2.4) is an immediate consequence of (2.3). We now

recall (1.22) and that [N 7| ‘aw IN>| for all t € N and z € Z%. Therefore, it is enough to
prove (2.5) for N; = N, But this follows immediately from (2.4). (2.6) is a consequence of
Lemma 1.3.2. O

Remarks: 1) The criterion (2.5)—(2.6) generalizes what is known as the “L2-condition” for
DPRE [1, 4, 13]. It can also be thought of as a discrete-time analogue of [10, page 445,
Theorem 3.12], where however, more analytical approach (in terms of the existence of a
certain harmonic function) is adopted.

2) The second moment method discussed here is also useful to prove the central limit theorem
for the spacial distribution of the particles [12].

Next, we present more explicit expression for the condition (2.5) and for the covariances
of the random variables (\Ngf])xezd (cf. (1.21)). We set

m=inf{t>1; 5, =5} and m, = P (7'1 < 00). (2.7)
By (1.8), mp < 1if d > 3.
Lemma 2.1.2 Let d > 3. Then, for any z, T € Z%,

-0,z ,=50,%
SUPPUNt HNt

] <o

= P [eﬁ T <oo] <1 (2.8)

Pg’g[eﬁ 171 < o9

POO[eT1 T < 9]

70,7 || 750,
— PHNoozHNoox] = 1_7T:c—53'+ (1—770). (29)

Proof: Note that w(Si_1, §H, St, §t) = 1 unless S; = §t, which occurs only finitely often
a.s. Thus, e;_1 = e; for large enough t’s and therefore, e, = lim;_, o e exists a.s. On the
other hand, let

t
Ty =inf{t > 1; 255u g, = v}

u=1
Then, by the strong Markov property,
Pg’g[ew] = PSS )+ Z Pm m [er, 1 Ty < 00 = Tyt1]

= 1-mgt+ Py [en 71<OOZP Oler 11 < 00711 — 7). (2.10)
v=1

11



Now, by (2.3) and Fatou’s lemma, we have that

70”"
Py Elewe] < sup P2 Eled] = sup PN [N 7).
) teN ’

These prove “=" part of (2.8) (The argument presented above is due to M. Nakashima [12]).
To prove the converse, we start by noting that

r(p) = Pg%[éﬁ1 : 71 < 00| is continuous in p € [1, 00),

since e, < supw < oco. Then, by our assumption that (1) < 1, there exists p > 1 such that
r(p) < 1. We fix such p and prove that

(1) sup P;f;[ P] < oo, and thus, (e;)ien is uniformly integrable.
teN
This implies that
(2) 005 PrElene] L tim PoE(e) ) tim PINDT N
S,g B t—o0 S,g

Also, (2.9) follows from (2) and (2.10). Finally, we prove (1) as follows:
- ¢
PZZ[el] = PSS[T >t + ZP;;[ep Ty <t < Tyt1]

v=1

o0
< 1 —I—ZPg’g[eﬁv Ty < 00)

oo
= 1+P“:ep T1 < 00 Zr
v=1

2.2 Examples

We will discuss application of Lemma 2.1.2 to GOSP, GOBP and DPRE. We assume that
d> 3.

Application of Lemma 2.1.2 to GOSP and DPRE: For OSP and DPRE, we see from
(1.11) and (1.13) that

_ . 1/p for OSP
RS . _ :
P[At7ﬂf},yAt7x,y:| ")/ Y yay—ajayf.’t7 Wlth f}/ { exp()\(Qﬁ) . 2)\(/8)) fOI' DPRE (211)
By (2.11),
S~
~ A%y ifay_gay_z #0,
w(z, Ty, 7) = { 0, ifan son a0 (2.12)
and thus,
P%le. 11 < o0] = 7.
Therefore, we see from Lemma 2.1.2 that for DPRE and OSP,
supPHW?’O]z] <oo <= myy<l1 (2.13)
teN
—0,0, =0, v -
= PNV =14 meg— . (2.14)
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The above covariance was computed by F. Comets for DPRE (private communication). Sim-
ilar formula for the binary contact path process in continuous time can be found in [8, 11].
Also, it follows from (2.5) and (2.13) that

— 12 p > mg for OSP,
sup PIINJT] < o0 = { M28) — 2A(8) < In(1/m) for DPRE, (2.15)
For GOSP with ¢ # 0, we have
1/q ify=y=z=r,
w(z,T,y,9) =1 1/p fy=9y, lx—yl=|2—yl=1, (2.16)
1o, a5 3>0} if otherwise.
Thus, similar arguments show that:
sup P[[N¢|?] < 00 <= pAgq>m for GOSP with ¢ # 0. (2.17)

teN

For OSP and DPRE, (S;):en is the simple random walks. In this case, 7 is the same as the
return probability of the simple random walk itself, for which we have 1/(2d) < my < 0.3405...
for d > 3 [15, page 103]. (2.15) for DPRE case can be found in [13].

Application of Lemma 2.1.2 to GOBP: For GOBP with ¢ # 0, we have
1/q ife=r=y=y,

w(z,Z,y,9) =4 1/p ife=2y=7, |lz—yl =1, (2.18)
1, ay 3>0} if otherwise.

For OBP, we have the formula for w by ignoring the first line of (2.18). Thus,

70 N —_— ’0 _ .
P;’g[eTl < OO] = Psm’g(Tl < OO) =T, if © # 0

and
Pg’%[eT1 1T < 00

0,0 o 0,0
= P&g[e.r1 cm =1]+ PS,§(2 <711 < 00)

2 (aara) +a(aasa) + (o2 (o)~ (sa)
p— _— — 7'['_ _
P 2dp + q qg \2dp +q 0 2dp + q 2dp + q

2dp(1 —p) +q(1 —q)
(2dp + q)? ’

= mg+ec, with ¢=

Therefore, with ¢ defined above, we have by Lemma 2.1.2 that

sup PN} <00 = my+e<1 (2.19)
teN
¢ if 2 0
Tpg—— U T ,
0,0, =50, _ _
—  P[NJINZ =1+ LZmo—c (2.20)

ifx=0.

l—mg—c

Remarks: 1) For OBP, P HW&OP] is also computed in [6, (3.5)]. Unfortunately, the formula
(3.5) in [6] is not correct, due to an error (the law of J(co) on page 212).
2) The case of BCPP is discussed in [12].
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3 Slow growth phase

3.1 Slow growth in any dimension

We give the following sufficient condition for the slow growth phase in any dimension. The
condition is typically applies to the limited regions of parameters, which makes particles
“hard to survive” (Remark 1 after Theorem 3.1.1).

Theorem 3.1.1 Suppose that

Y PlAroynAigy] > |a|Inlal. (3.1)
yezd

Then, there erists a non-random c > 0 such that
IN¢| =O(e™), ast— oo, a.s.

Remarks: 1) It is easy to see that

2p+q < 1 for GOSP and GOBP,
(3.1) < < BN(B)—A(B) >1In(2d) for DPRE,
prg<l1 for BCPP.

2) Theorem 3.1.1 generalizes [3, Theorem 1.3(a)], which is obtained in the setting of DPRE.
Theorem 3.1.1 can also be thought of as the discrete-time analogue of [10, page 455, Theorem
5.1].

Proof of Theorem 3.1.1: By (1.22) and the shift invariance, it is enough to prove the
result for N; = Nto,o_ We write

2,y
t—l"

INi| = AvoylN
Yy

Thus, for h € (0,1],
|Nt|h < ZAl O,y

2w |N¢—1]|, we have

P[IN|"] <) PIA} o, JP[INe—1 "],

Y

3 2)y
Since | N,

and hence

PINI'] < o) PN, with o) = £, P (
Note that ¢(1) =1 and that

1= 5 e ()]

yeZ?

Ay 0,y h
la )

(For the differentiability, note that z"|Inz| < (he)~! for x € [0,1], and 2"|Inz| < zlnz
for z > 1.) These imply that there exists hg € (0,1) such that ¢(hg) < 1, and hence that
P[|N|"] < o(ho)t, t € N. Finally the theorem follows from the Borel-Cantelli lemma. O
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3.2 Slow growth in dimensions one and two

We now state a result (Theorem 3.2.1) for slow growth phase in dimensions one and two.
Unlike Theorem 3.1.1, Theorem 3.2.1 is typically applies to the entire region of the parameters
in various models (cf. Remarks after Theorem 3.2.1).

For f,g € [0,00)%" with |f],|g| < 0o, we define their convolution f * g € [0, 00)%" by

(f*9)z= Z Jo—yGy-

y€Z4
The identity : |(f % g)| = |f||g| will often be used in the sequel.

Theorem 3.2.1 Let d = 1,2. Suppose that P[A?l’707y] < oo for all y € Z* and that there is a
constant v € (1,00) such that

Z (P[Al,x,yAl,E,y] - ’Yay—acay—i) 620 (32)

x,%,ycZd
for all € € [0,00)%" such that |¢| < co. Then, almost surely,

— = O(exp(—ct)) ifd=1,
\Nt\{ 0 ifd=2 ast — oo, (3.3)
where ¢ is a non-random constant.

Theorem 3.2.1 is a generalization of [2, Theorem 1.1], [3, Theorem 1.3(b)] and [5, Theorem
1.1], which are obtained in the setting of DPRE. The proof of Theorem 3.2.1 will be built on
ideas and techniques developed there. Theorem 3.2.1 can also be thought of as a discrete-
time analogue of [10, page 451, Theorem 4.5]. Before we present the proof of Theorem 3.2.1,
we check condition (3.2) for GOSP, GOBP, DPRE and BCPP.

Condition (3.2) for OSP and DPRE: By (2.11), (3.2) holds for OSP for all p € (0,1)
and for DPRE for all # € (0, 00).

Condition (3.2) for GOSP and GOBP: We introduce

be = Y ayay » and b} = > P[A1gyA1.,] for x € Z7 (3.4)
yezs yezs

Then, (3.2) is equivalent to

S (s bes) & > (v - Dl(ax€)?.

x,7€Z%
Note that |(a * £)?| < |a|?|¢?|. Thus, if there exists ¢ € (0, 00) such that
b2 > b, + cdo, for all z € Z9, (3.5)

then, we have (3.2) with v = 1 + (¢/|al?). For GOSP, we have by (1.11) that

=2dp®> + ¢, ifz =0, 2dp +q, if z =0,
br { = 2pq if 2] =1, b} =< 2pq if ] =1, b, =bA=0if |z| > 3.
>0 if |z| = 2, p~tb,  if x| =2,
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The above are the same for GOBP, except that b2 = b, for |z| = 2 for GOBP. Thus, (3.5)
holds for GOSP and GOBP with ¢ = 2dp(1 — p) 4+ q(1 — q).

Condition (3.2) for BCPP: For ¢ € R%" with |¢| < oo, we denote its Fourier transform

o~

by £(8) = Xy & explia - 0), 6 € [~m, 7). It

e < min (bAA(e)—ya(a)F) >0, (3.6)

oe[—m,m]?

then, (3.2) holds with v = 1 + (¢1/|al?). This can be seen as follows. Note that (3.2) can be
written as:

D L&l s > lax0)?.

z,7€Z%
Then, by Plancherel’s identity and the fact that |(a x £)?| < |a|?|£?|, we have that

M oa&Ght ;s = (@2mn) /[ ]dbAAw)@(e)Pdez(zw)—d / ([a(0)]* + c1)|E(0)[*do

x,z€Z4 [
= |(a*&)?[+ el > (L+c1/|af’)(ax ).

The criterion (3.6) can effectively be used to check (3.2) for BCPP. In fact, we have by (1.14)
that

P22 i
=55+ 4% ¥fa:—0, ptaq ifz=0
=& if |[z| =1 A ' ’
by d : CopA = B g =1,
>0 if |z] =2, .
i 0 if x| > 2,
=0 if x| >3
Hence, (3.5) fails in this case. On the other hand,
v A 2pq
a(f) = p ;21 cosb;+q, bAO)=p+q+ v ]521 cos 0;.

Thus, (3.6) can be verified as follows:
2

d
bA0) — [a(0)? =p+q—q*— [ 5D cosb; | =p(l—p)+q(l—q) >0
=1

SHES

Proof of Theorem 3.2.1: We will first prove that for h € (0, 1),

P[IN|"] =

— 1/3 1 =
{ O(exp(—ct*/?)) ifd=1, as t — 00, (3.7)

O(exp(—cVInt)) ifd=2
where ¢ € (0,00) is a constant. This implies that lim;_ |N¢| = 0, a.s. by Fatou’s lemma.

To prove (3.7), we will use the following two lemmas, whose proofs are presented in section
3.3. Recall that the spacial distribution of the particle p; , is defined by (1.16).

Lemma 3.2.2 For h € (0,1), there is a constant ¢ € (0,00) such that
P [1 — Uth|.7-"t_1} > c|(a* pi_1)?| for all t € N¥,
where Uy = ﬁ >z yezd P—1,aAtzy-
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Lemma 3.2.3 For h € (0,1) and A C Z¢,
AP [Neoa"|(@# per)?]] = P|[Necal"] = 2P4(S: ¢ M), (3:8)
for all t € N*, where ((Si)en, P2) is the random walk in Lemma 1.5.1.

We have
1

‘Nt| =19 Z Ntfl,a:At,x,y = ’WtfllUta (39)
‘a| x,yE€Z4

where U is from Lemma 3.2.2. We then see from Lemma 3.2.2 that for h € (0,1)

P[IN"Fie1] — [Ny |* = [Ny |"P [Uth — UFo1| < =N "(pr-1 * @)

We therefore have by Lemma 3.2.3 that

2c

TGS

1) PIF < (1 - w) PN +

We set A = (—/tl;/2,\/tl; /2] N Z2, where £, = t1/3 for d = 1, and ¢, = vInt for d = 2.
Then,

P§(si ¢ A) = P (|S1/VE] = Viu/2) < erexp(-eaty),
so that (1) reads,

C

PINI < (1- 5

— C
) P[|Nt_1|h] + Wexp(—cﬂt).

By iteration, we conclude (3.7).
It remains to prove (3.3) for d = 1. For d = 1, we will prove that for h € (0,1),

P[|INy|"] = O(exp(—ct)), t — oo,

where ¢ € (0,00) is a constant. Then, (3.3) for d = 1 follows from the Borel-Cantelli lemma.
Since the left-hand-side is non-increasing in t, it is enough to show that for some s € N*,

(2) P[|Nys|"] = O(exp(—cn)), n — oc.

We write

‘Ns+t| = ZNs,y|NtS7y| with |Nt87y| = z As+1,y,az1As+2,m1,wz ’ ”A5+t,1't—17xt'

Yy L1, Tt

Thus, for h € (0,1),
h

Mol < 3NN
Yy

Since |N;Y| law | N¢|, we have by (3.7) that

— 7h R —
(3) P[[Nonil'] < 3" PN JP[NJ"] < cr5 exp(—cast/) P[] for all ¢ € N*.
)

We now take s € N* such that ¢;sexp(—cos'/3) < 1. Then, (2) follows from (3). O
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3.3 Proofs of Lemma 3.2.2 and Lemma 3.2.3

We first prepare a general lemma.

Lemma 3.3.1 Suppose that (Up)nen be non-negative random variables such that

cov(Up,Up) =0 if m #n,
Y P, =1, Y PIUJ] < oo,

n>0 n>0
Pl(U =1 < ey var(Un),
n>0

where U =) -, Uy and c1 is a constant. Then, for h € (0,1), there is a constant c2 € (0, 00)
such that -

1 (U —1)? W
< - < — .
2+qg;mﬂmﬂ—P[LﬂH.]—@Ph U}

Proof: Since (U,,) are uncorrelated, we have that

U—1
> var(U,) = P[(U—l)Q]:P[m(U—l)\/UJrl]

IN

1/2
P [(UU;?Q] P[(U - 12U +1)]"*

and that

P{(U-1*U+1)]=P[(U—-1°*+2(U-1)%] < (c1+2) ) _var(Uy).
n>0

Combining these, we get the first inequality. To get the second, we define a function:
Fw)=1+h(u—1)—u, ueo,o0).
Note that P[U] =1 and that there is a constant ¢z € (0, 00) such that

1 (u—1)32

f(”)zg u—+1

for all u € [0, c0).

We then see that

P [1 - Uh} = Plf(U)] > ;P {(UU;?T .

d

Proof of Lemma 3.2.2: We may focus on the event {|N;—1| > 0}, since the inequality to
prove is trivially true on {|N¢—i| = 0}. We write

. 1
U; = Z Ut,y with Ut,y = m Z Ptfl,:pAt,m,y-
yeZd z€eZ4

For fixed t € N*, {Uty},cz¢ are non-negative random variables, which are conditionally
independent given F;_1. We will prove the lemma by applying Lemma 3.3.1 to these random

18



variables under the conditional probability. The (conditional) expectations and the variances
of {Uty}yeza are computed as follows:

def.

miy = PlUty|Fi1] = (pr—1 x @)y,
def.
Uty = Pl(Uty — mt,y) | Fi—1]
1
= W Z pt—l,zlpt—l,:CQCOV(At,$1,y7At,a:g,y)-
z1,x2E€Z%

Hence,

Z mty = |Pt—1 *a| - 17

y€Z4
1
Z Uty = W Z Pt—1,xq pt—l,xchV<At,z1,y; At,x%y)
y€Zd z1,%2,yELY
2) N
> col(p—1 xa)”|. (3.10)

We will check that there exists ¢; € (0,00) such that

(D) P[(U; — 13| F1] < e > yeza Uty for all t € N*.

Then, the lemma follows from Lemma 3.3.1 and (3.10). There exists ¢z € (0, 00) such that
(2) P[A? ] < coal for all y € Z7.

This can be seen as follows: Note that a, = 0 < Ao, = 0, a.s. This implies that, for
each y € RY, there is ¢, € [0,00) such that P[A},,] = ¢ya}. Therefore, we have (2) with
C2 = SUpjy|<,, ¢y (cf. (1.6)). By (2), we get

3 3
1
j=1

x1,x2,23€Z% \J=1

" 3
Holder
< C2 § | | Pt—1,z,;0y—a; | = 62(pt—1 * a)z (311)

xr1,x2,23€Z4 \J=1

Consequently, (1) can be verified as follows:

Pl(Uy =11 Fia] = Y PlUry — muy)®|Fid]
yezd
< 3 (PUR | Fa] +mi )
yeZa
(3. 11) (3 10) 03
032 Pt— 1*a th,y

y€Za yeZd
Proof of Lemma 3.2.3: We have on the event {|N;—;| > 0} that

All(pe—1 x@)?| = A (pe1xa)y = [ D (pe-1 x ),

z€A yeA

19



= [1=-D(paxa), | 21-2) (p1xa),

yEA yEA
h
> 1-2(Y (paxa)y | . (3.12)
yEA
Note also that
h - h
PN Z(Ptfl * )y < P |[Ne Z(Ptq * @)y
yg€A L ygA
- h
= P|) (Nyaxa)y,| =P(Si¢AN",  (313)
| yEA

where the last equality comes from Lemma 1.3.1. We therefore see that

h
_ (3.12) _ _
AP [Nl o+ @2l =7 PN’ =2P | | [Need] Yo (oo %),
ygEA
(3.13)

> P |[Neaf'] - 2P3(S: ¢ M)

4 Dual processes

In this section, we associate a dual object to the process (IV;)icny and thereby investigate
invariant measures for (N¢)en. This can be considered as a discrete analogue of the duality
theory for the continuous-time linear systems in the book by T. Liggett [10, Chapter IX].

4.1 Dual processes and invariant measures

We define a Markov chain (M;);ey with values in [0, 00)%" by

Z At,y,a:Mt—l,x = Mtﬁ/’ teN, (41)

xCZ4

where the initial state My € [0,00)%" is a non-random and finite (cf. (1.10)). We refer
(My)ten as the dual process of (N;)ien defined by (1.9). Regarding (M;) as column vectors,
we can interpret (4.1) as:

Mt = AtAt—l s AlMO.

The dual process can also be understood as being defined in the same way as (1.9), except
that the matrix A; is replaced by its transpose: Af = (At y.2) (@y)czdxzt-

By the same proof as Lemma 1.3.1, we have:

Lemma 4.1.1
P[My,) = |al" > Mo PE(~S; =),

reZd
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where ((St)ien, P§) is the random walk in Lemma 1.3.1. Moreover, (|M¢|, Fi)ien is a mar-
tingale, where we have defined My = (Mt"r):l‘EZd by

Mt,m = \a|_tMt,x. (42)

Also, Lemma 1.3.2 holds true with N; replaced by M;. Accordingly, we have the definition

of regular/slow growth phase for the dual process in the same way as for the (INV;)-process.
z

For (s,z) € N x 24, we define M;"* = (M), cza and M;” = (Mf:y)yezd, t € N respectively
by

M(i’; = Oz, N:-;-Zl,y = Z M2§A8+t+1,y,mv
TSR IEZd (4'3)
nd W5 = o AL,
(Ny)ten and (My)ien are dual to each other in the following sense:

Lemma 4.1.2 For each fixed t € N*,

N = () . 4.4
( bY ) (2,y)ezdx2 b ) (@y)endxzd (44)

Proof: We have

Oy _ E :
Mt,;c - AtvyvxlAt_LxlaxQ o 'A27-73t—271't—1A17xt—17x

Z1,.,Ty—1 €L

law 0.x
= 5 Al,y,zl AQ,xl,xg T At—l,zt_g,xt_lAt,cct_hJ: - thy .

T, Ty—1 €L

This shows that the left-hand-side of (4.4) is obtained from the right-hand-side by the
measure-preserving transform (Aj, Ao, .., Ay) — (Ag, Ai—1, .., A1). O

The following result show that the structure of invariant measures of (N;) depends on
whether the dual process (M;) is in the regular or slow growth phase. To state the theorem,

it is convenient to introduce the following notation: Let P([0,00)%") be the set of Borel

probability measures on [0, oo)Zd, and

T = {ueP(o, oo)Zd) ;s invariant for the Markov chain (N)},
S = {peP(o, oo)Zd) ; u is invariant with respect to the shift of Z}.

Theorem 4.1.3 a) Suppose that PHM&OH = 1. Then, for each a € [0,00), there is a
Vo € ZNS such that

/ Nodve(n) = a. (4.5)
[0,00)%
Moreover, v, is extremal in TN S.

b) Suppose on the contrary that P[|M2;O | =0. Then,

{MGIHS, ; _ Modp(n) <OO} = {do},

[0,00)

where &g is the unit point mass on 0 = (0),cz4.
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Proof: a): Let (N})s;en be the (IN;)-process such that N&x =1 for all z € Z%. We have by
Lemma 4.1.2 that

71 law

aN, = (04|Mt DyGZda

where aﬁtl = (aﬁtl y> .- Since the right-hand-side converges a.s. to (a|M2&>y )yezd as
) yeZ
t — 00, we see that the weak limit

© im P (aﬁ% € ) ;
t—00

exists and that
407
(1) va = P (@M ]) ez € -)-

We see v, € Z from the way v, is defined. Also, v, € S, since P (aﬁ,} € ) € S for any

t € N* by (1.7). Moreover, (1) implies (4.5). The extremality of v, follows from the same
argument as in [10, page 437, Corollary 2.1.5 |.
b): This follows from the same argument as in [10, page 435, Theorem 2.7 |. 0

4.2 Regular/slow growth for the dual process

In this subsection, we adapt arguments from sections 2 and 3 to obtain sufficient conditions
for regular/slow growth phases the dual process. A motivation to investigate these sufficient
conditions is explained by Theorem 4.1.3.

We let (S, 5) = ((St, S )ren, P* S ) denote the independent product of the random walks

in Lemma 1.3.1. We have the followmg Feynman-Kac formula for the two-point functions of
the dual process. The proof is the same as that of Lemma 2.1.1.

Lemma 4.2.1
P[Myy Mgl = la]* Y MoaMogPygle; : (=5, ~5) = (y.5)] for ally.j €77, (4.6)
x,z€Z4
where .
ef = [ [ w(=Su: —Su, =Su-1,—Su-1), (cf- (2.2)). (4.7)
u=1
Consequently,
PN* = Y My xMomeg[et] (4.8)
z,z€Z4
and
sup P[[M|?] < o0 = supng [ef] < o0 (4.9)
teN teN

= P[|Mxl] = |Mo]. (4.10)

Lemma 4.2.1 can be used to obtain the following criteria for slow growth for GOSP, DPRE,
GOBP as in (2.15), (2.17) and (2.19):

p > Mo for OSP,
sup P[[M*] <00 <= d>3and { m+ % <1 for GOBP, (4.11)
ren A(28) — 2A(8) < In(1/m) for DPRE.
sup P[[M|?] <oo <<= d>3andpAq>m for GOSP with ¢ # 0. (4.12)

teN
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Let us now turn to sufficient conditions for the dual process to be in the slow growth phase.
We first note that exactly the same statement as Theorem 3.1.1 holds true with IV replaced
by M}, since the proof works for the dual process without change. In particular,

2dp +q < 1 for GOSP and GOBP,
M| = O(e™), ast— oo, as. if{ BN(B) — A(B) >1n(2d) for DPRE,
ptg<l for BCPP.

In analogy with Theorem 3.2.1, we have:
Theorem 4.2.2 Let d = 1,2. Suppose that P[A:%,O,y} < oo for all y € Z¢ and that

the random variable Z A1 20 15 not a constant a.s. (4.13)
reZd

Then, almost surely,

— [ =O0(exp(—ct)) ifd=1,
]Mt|{ 0 ifd—2 ast — o0, (4.14)
where ¢ > 0 is a non-random constant.
To explain the proof of Theorem 4.2.2, we introduce

1 * *
= (a2 PiiyArey, tEN

r,y€Zq

where pi_y = 1,500 M1,/ Mi—1].

Vi
(4.15)

We then have |M;| = V;|M;_1|, t € N*. Using this relation instead of (3.9), we can show
Theorem 4.2.2 in the same way as Theorem 3.2.1, except that we replace Lemma 3.2.2 by
Lemma 4.2.3 below.

Lemma 4.2.3 For h € (0,1), there is a constant ¢ € (0,00) such that
P [1 ~ vthyft_l] > ¢|(pr_1)?| for all t € N*.

Proof: We may focus on the event {|M;_1| > 0}, since the inequality to prove is trivially
true on {|M;_;| = 0}. By the last part of the proof of Lemma 3.3.1, we see that there exists
a constant ¢; € (0,00) such that

1 2
(1) P |:1 — V;:h’}—t_11| > Clp [(V%l)|ft_1] for all t € N*.

Vi +
We write 1
Vi = Z lel,yvt,y with V;, = m Z Aty

(EGZd LBEZd

For fixed t € N*, {V;,},ez4 are non-negative random variables, which are i.i.d. with mean
one, given F;_1. Furthermore, V; , is not a constant a.s., because of (4.13). We therefore see
from [3, Lemma 2.1] that there exists a constant ¢y € (0, 00) such that

P |:W|Ft_]_ 2 02|(pt—1)2‘ for all ¢ S N y

which, together with (1), proves the lemma. O
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