Localization transition of d-friendly walkers

HIDEKI TANEMURA AND NOBUO YOSHIDA

Chiba University and Kyoto University

Abstract

Friendly walkers is a stochastic model obtained from independent one-

dimensional simple random walks {S;?}jzo, k=1,2,...,d by introducing
“non-crossing condition”: S} < S]2 < ... < S;i,j =1,2,...,n and “re-
ward for collisions” characterized by parameters (o, ..., 34 > 0. Here, the

reward for collisions is described as follows. If, at a given time n, a site in
7Z is occupied by exactly m > 2 walkers, then the site increases the prob-
abilistic weight for the walkers by multiplicative factor exp(8,,) > 1. We
study the localization transition of this model in terms of the positivity
of the free energy and describe the location and the shape of the critical

surface in the (d — 1)-dimensional space for the parameters (32, ..., 3q)-
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1 Introduction

1.1 The model

Friendly walkers is a stochastic model studied in connection with the Domany-
Kinzel model, directed percolation, wetting and various other models; See [2, 5, 7]
and references therein. Roughly speaking, the d-friendly walkers (of the length
n) is obtained from independent one-dimensional simple random walks {S]’C }iso,

k=1,2,...,d by introducing the following additional rules:

e Non-crossing condition; the walkers are conditioned to preserve the order
S} <82 <...< 8% =1,2,...,n This restriction makes the walkers

repel each other to avoid violating the order.

e Reward for collisions; We introduce an attractive interaction among the
walkers characterized by parameters (35,...,04 > 0 as follows. If, at a
given time n, a site in Z is occupied by exactly m > 2 walkers, then
the site increases the probabilistic weight for the walkers by multiplicative

factor exp(f,,) > 1.



The localization transition we will be discussing in this paper is the consequence
of the above two competing effects.

To give a precise definition of this model, we start by introducing a d-
dimensional random walk (.S}, P7) such that the coordinates {Sj’?}jzo, k=1,2,....d,
are independent simple random walks on Z. To be consistent with the non-
crossing condition and to ensure the possibility of collisions for d > 2, we always

take the starting point x from the set;

k1 _ gk

2

X

7L E o= (M) ezt €N, j=1,...,d}, (1.1)

where N = {0,1,2,...}. For d = 1, we agree with the convention: ZlS = 7' We
will refer to the number d as the “dimension” of the model.
The reward for collisions is described by a parameter § = (s, 3s,...,04) €

)dfl

[0, 00 and the parameter comes into play with the random walk (S}, P7) as

follows. We define the multiplicity of a site z € Z for a state x € Z? by
m(z,2) =t{1 <k <d:az"=2). (1.2)

We then define

Figure 1: An example of 3-friendly walkers.



Xi = Y, Buse (1.3)

z€Z : m(Sj,z)>2

n—1
Ly = ) xj n>1, (1.4)
j=0
zma(B) = exp(Ln){S;€ZL,j=1,2,...,n}, n>1, (1.5)
204(8) = 1, (1.6)

where 1{---} denotes the indicator function.
In this paper, we are concerned with the existence and the the positivity of

the free energy: .
Ya(0) = lim —In Z7 4(53),

n—oo M,

where ZJ; ,() is the partition function

Zna(B) = FPilzna(B)]- (1.7)

Note that z,; = 1 for d = 1 and hence trivially, 1; = 0. We sometimes drop

parameters d and [ from the notations, if it does not generate confusion.

Definition 1.1 The system is said to be localized if 14(3) > 0 and delocalized
if 1a(8) = 0.

Plausibility of this terminology might be explained as follows. Consider a prob-

ability measure ur, x € Zé, defined by

1 (dw) = %P;[%dw)  dw]. (1.8)

We look at the paths under this probability measure. Then, as is usual the case
with models in statistical mechanics, we see competition of energy (=—L,, in

this case) and entropy.

e The entropy is maximized when the walkers travel separately as they would
do if By = ... = (B3 = 0, with only a small number of collisions which can
be ignored in a macroscopic scale. In this case, the “width” SJ*1 — SJ
1 < j <d-—1, should diverge as n /" oo (delocalization). On the other



hand, this strategy does not let the walkers pick up much reward, and
therefore, can be optimal only when (;’s are small so that the gain in

entropy makes up the loss in energy.

e The strategy for walkers to minimize the energy (i.e., maximize the reward)
is to travel together, so that they can collect as much reward as possible.
In this case, the “width” of the group of walkers should remain small as
n / oo (localization). On the other hand, this strategy lowers the entropy
considerably, and therefore, can be optimal only when (3,’s are large so that

the gain in energy exceeds the loss in entropy.

Then problem now is to determine which strategy becomes “typical” depending
on the choice of (;’s. The answer to this question is believed to be given by the
positivity of the free energy mentioned above. In fact, it is known [3, 4] for d = 2
that

0, if o <In %,

{21+ /-22)} >0,  if >l

eP2—1

V2(B2) = (1.9)

The corresponding pathwise descriptions are obtained by Isozaki and Yoshida [4]

as follows;

e For (35 <In(4/3), the width (sz — S})?:l diverges like \/n, and, if properly
scaled (i.e., divided by y/n), converges to Brownian meander if 3, < In(4/3)

and to reflecting Brownian motion if £y = In(4/3).

e For 3, > In(4/3), the profile of the width (S? — S})7_, remains bounded

and converges to an exponentially mixing Markov chain.

For higher dimensions, we have a set of thermodynamic parameters (s, ..., (4),
so that we should have a critical surface in [0, 00)?~! as the boundary between the
delocalization and localization region. In this paper, we describe the shape and
the location of the critical surface (Theorem 1.2) by studying how the free energy
depends on the parameters (Theorem 1.1). In some situation, the information
we obtain on the critical surface is good enough to determine exactly when

localization occurs, e.g., in d = 3 (cf. Figure2) and in Corollary 1.1 below.



Remark 1.1 Consider the mesure pu,, without the reward for collisions, i.e.,
B = ... = [y = 0. In this setting, Katori and Tanemura [6] recently prove a
functional central limit theorem for the process (S5;)i<j<, for arbitrary d > 2
with the non-intersecting Brownian motion as the scaling limit. We expect the

same limit theorem for all § in the interior of the delocalized region.

Remark 1.2 Our original formulation of the friendly walkers was based on
a d-dimensional random walk conditioned to stay above diagonal. We remark
that the model can be reformulated in terms of a (d — 1)-dimensional nearest

neighbor random walk conditioned to stay in the first quadrant N, Define a
map Ty : R — R4 by

2 _ 1 .3 .2
Talyloy?,. .y =L L LY Y

d(y Yo, Y ) ( 9 ) 2 ) ’ 9

Then (Y4S;);>1 is a (d — 1)-dimensional nearest neighbor random walk. The

non-crossing condition reads:
T,8;, € N 5 =1,2,... n. (1.10)

In this way, the friendly walkers model can be translated into a random walk
in the first quadrant with attractive interactions with the boundary ON?—! =
uHe e N1 2t = 0},

1.2 Main Results

For d > 2 and n > 1, a vector k = (k,)'_;, € {1,2,...,d}" is said to be a
partition of d with length n, if >°,_ . k., = d. The length of a partition k is
denoted by n(k). In particular, the number d in itself can be considered as an

partition of d with n(d) = 1. For a partition k of d, we introduce an event

n(k) a—1 a
Appe= (S5 =50 if Y k+1<i<i’' <) k). (1.11)
a=1 u=1 u=1
In particular, A, 4 = {S} = 52 = ... = S}

Theorem 1.1 Let d > 2 and 8= (B, 33, ..., B4) € [0,00)%7 L.
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(a) The following limit exists and is independent of a partition k of d and an

initial configuration x € Z%;

va(B) = nh_)nolo%ln Py alzna(B) : Anxl- (1.12)
In particular, .
Yul() = lim ~1nZ2 (). (113)

(b) It holds for any partition k of d that

n(k)

YalB) =Y ko (B2, B, Bra)- (1.14)
a=1

Although ¢y, 1 < k < d is a function of (s, (s, . .., Bx), we often regard them as
functions of 8 = (Ba, Bs, - - ., Ba)-

Inequality (1.14) is the main point in this paper. It enables us to describe
the shape and location of the critical surface as follows. Let 1 be the first hitting

time to the diagonal set;

n=inf{n>1: S, € Z4,, }, (1.15)
where Z3,, = {z € Z z' = 2> = ... = 2%}. We then introduce the following

power series in s € [0, 1];

Woa(Ba, -, Bac1) = > 8" Pllzna(Bas .- Ba-1,0) :n =n] € (0,00].  (1.16)

n>1
Theorem 1.2 Ford > 2, define a concave, decreasing function 35 : [0, 00)%2 —
[—OO, OO) by
crit(ﬁ 5 ) ln%’ Zfd:2;
250y Md—1) = = .
I —In <Wl,d(ﬁ27"'7ﬁd—1)> € [_00700)7 Zfd > 3.
(1.17)
Then, it enjoys the following properties;
(a)
i * * * * 2d
By, B5) > B3, where 35 = lnm > 0. (1.18)



(b) Va(Ba,-..,B4) >0 if and only if Bq > BT (Ba, - -, Ba1)-
(c) Ya(B2, ..., B4) >0 if By > B Bay ..., Be_1) for some k =2,...,d.

Remark 1.3 The important point here is not just the existence of the lo-
calization transition, but the information we get on the precise location and the
shape of the critical surface. In fact, it is not difficult to prove by a simple per-
turbative argument that, if all 5;’s are small (resp. large), then ¢4(3) = 0 (resp.
¥q(B) > 0). The argument of this kind, however, does not seem to provide any

information on the precise location or the shape of the critical surface.

Remark 1.4 The meaning of 3 can best be explained by the following iden-

tity whose proof is elementary:

xt...,xd m<13, Z) +1
z€Z4
We see from (1.19) that, in Z, with 8 = (5;)¢{_,, the amount of the mass an-
nihilated by non-crossing restriction is exactly compensated by the creation due

to L,,.

Remark 1.5 Part (a) of the above theorem can be made more precise;

=3 ifd=2,3,

crit (g% *
d (ﬁ2,~-,ﬁd_1){ -3 ifd> 4

The proof is based on the following observation. If 3 = (3;)¢_,, then the process
(ngj) j>1 referred to in Remark 1.2 is a reversible Markov chain under the the
measure (1.8). It is not difficult to see that the Markov chain is recurrent for

d = 2,3 and is transient for d > 4.

Consider now a special case By = (k—1)82, k = 2,...,d, in which the reward for
a collision is propotional to the multiplicity. This is in fact the “friendly walkers”
in the sense of [5] (with p = exp(—/f,) and 7 = 1 in notations there), for which

we have the following.
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Figure 2: The delocalized phase for 3-friendly walkers.

Corollary 1.1

Va (02,282, ...,(d—1)B2) >0 if and only if B2 > In(4/3). (1.20)

Proof. The “if” part follows immediately from Theorem 1.2 (¢). Suppose that
Be < [B5. Since 5 > (k—1)55 > (k — 1)52, we see that

2rit(/8272ﬁ27”.7(d_2)ﬁ2) Z ;rit(ﬁ;w'wﬁs—l)
> B

> (d—1)ps,

and hence that 14 (52,202, ..., (d —1)F2) = 0 by Theorem 1.2(b). O

2 Proof of Theorems

2.1 Proof of Theorem 1.1(a)

Since 1 =}, 1a,,, (1.13) follows from (1.12). To prove (1.12), we will use the

following notations;

Zna(A) = Pjlzaa:A], foran event A,
Zyy = Pilza: Su=1y] foryeZL.
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Stepl: We first prove that lim — ln Zy 4(A, q) exists. Note first that Z% (Ana) =

n—oo N,
Z9) ((Anq) for any = € Z%;, . . We use thls to show that n — Z) (A, 4) is super-

diag. "
multiplicative; for any m,n > 1,

Zgz—i-n d(Am+n,d) 2 Z ZO . Zy )
yeZdlag
= Zpi(Bma)Z,) 4(An ).
Step2: We next show that
1 1
lim (— InZZ (Anx) — —In ng(An,k)) =0, (2.1)
n—oo n ’ n ?

for any z € ZZ. Note first that
Rﬁldg'{zeZd Z5 >0} 30 for some m > 1.

If n > m, we have

er,d(An,k) = Z Ly md(An—m,k>

zERE,

> (mm Z;Z) VA md(Bnmk)-

2ERZE
This, together with the similar argument with the role of x and 0 exchanged,

proves (2.1).
Step3: Lastly, we show that for any partition k of d,

lim —an a(Any) = lim — an a(Bna).
n—oo N n—oo N,
Since A, x D A, 4, it is enough to prove that
lim —ln Zod = lim —an a(Ana). (2.2)

n—oo N, n—oo N,

1
Clearly, lim mf —InZ) ;> hm ln Zy 4(An.q). We have on the other hand that

n—oo M

ZZn,d(AQn,d)

Vv

Zgn,d(SQn = 0)
0,y 7y —
maif Zn,dZn,d(Sn - 0)

YELS

75(1 O’y 2
e Pdmax(Z
yEZ%( n,d)

n—2d(Zo d)2;

n,

v

vV

—Ba

v

(&
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1 1
which implies limsup —In Z ; < lim ~InZ ;(A,4). O

n—oo M n—oo 1

2.2 Proof of Theorem 1.1(b)
We will use the following notation in what follows;
Mgl {as}, b)) = {I8] — a] < bj, £<Vj<miel},
for sequences {a;}, {b;}, ¢ > 1, and a subset I C I; = {1,2,...,d}.
Lemma 2.1 Let {a;};>1 C N be such that ap =0 and a; —aj_1 € {0,1}. Then,
Pylzn,a : Mown(la, {as}, {b;3) N And]
> (279" Pilzn-ana : Noj—an (12, {0}, {0;1) N An_a, dl, (2.3)
for any increasing positive sequence {b;};>1

Proof: Let {t;},>1 ={1 <j <n; a; —a;j—1 = 0}. We define a random walk U
by
Uj = (Stl - Stl—l) + ...+ <Stj — Stj—l)'

On an event defined by

En:{Sj—Sj,l:(1,1,...,1)if1gjgnandaj—aj,lzl},

we have
S; :Uj,aj+aj(1,1,...,1), 1<j<n.
Therefore,
Zn,d[S] Z Zn—an,d[U] on Em
NaNZ, = {UL, =U:, ...=U, }NE,,

Aon(las{a}, {0} NEn = {|Uj_,, | <b;, 1<Vj<niclyynE,
> {|lU}] <bj, 1<Vj<n—ayi€lNE,.
Since U is independent of Z,, and has the same law as S, (2.3) follows from the

observation above. [

We will also use the following lemma whose proof is given in Section 2.4.

11



Lemma 2.2 For any d > 2, § € [0,00)% and v > 1,
| .
fim Tim =0 Py [20a(3) : Ana N Bon (1 {0} {G +07D] = ¢a(B).  (24)

Proof of Theorem 1.1(b): We introduce sequences { R} >0, @ = 1,2,...,n(k) of
N such that

R;=0, Rf =0, R}, —R; €{0,1}, 1<a<n(k), j>1
R}, — Ry <Ry =R, 1<a<nk) -1, j>1
2j7+2< R — Ry <27 +3, j>L, 1<a<n(k) -1,

for some L > 1 and v € (3, 1). Note that for j > L and 1 < o < o/ < n(k),

{(z€Z: Ry —2| <+ 1}N{z€Z:|RY — 2| < j"+1} = 0. (2.5)
We now introduce index sets I = {Zj;i k., —i—j}?il, 1 < o < n(k). Then by
the Markov proprety, we have
Pg [%’L,d(ﬁ) : An,k]
[ n(k)
Z Pc(l) Zn,d(ﬁ) : An,k N m Aé,n ([1?7 {R?}, {]'y + 1})
a=1
[ n(k)
=P | 20a(B) P | 20-0a(B) : Anrae N (1) Nom—e (T2 ARG} A+ ) +1})
a=1

By (2.5) and independence of {S*},i=1,2,...,d, for { > L

n(k)
Py zn—ea(B) : Dy N n Ao (e AR o} (G +0) +1})

a=1
o
= H Pkakx [Zn—é,ka (B) : Atk N Ao (Ikm {R7 A+ 07 + 1})} ,
a=1

where I'fz = (2')ieje € Z*. For any £ > L we can take y € Z¢ such that
PY[S; =1y] > 0 and

I'vy=(Ry,Ry,...,Ry)or (Ry +1,Ry +1,....,R; +1), (2.6)

12



1 < a <n(k). Hence
Pylzna(B) : Anxl > PPlzea(B) : Se =y

n(k)
< TT PEY [on e (B) At 0 Aot (T A RS, (G + 07 +11)].
a=1
By shifting the space by —T'¢y!, from (2.6) we have

PEY [znseha(8) : Ancti N Aome (Teas AR 1A+ 07+ 13)]
Z Pl?a [Zn—&ka (ﬁ) : An—f,ka N AO,n—Z (Ikav {R?-l-j,@}v {(] + g)W})] ) (27)

where R, = R} — R}. By (2.3), applied to a; = R}, ,,, we see that the last

n

displayed expectation is bounded from below by

(27 P [zneore, (8) Anceng ko D B0 ey, (T {01 LG+ 071

Noting that v < 1 and R}, /n — 0, n — oo, form the inequalities above we have

1
liminf = In PY[z,.4(3) : Al

n—oo N
n(k)

el .
> Z hgg.}f n In Pl?a (20 (B) + Ange N Ao (k{03 {(G +0)7}H)]
a=1

for any ¢ > L. Therefore, (1.14) follows from Lemma 2.2. [J

2.3 Proof of Theorem 1.2

We first show the following expansion formula for the generating function of
P glzna(B) : Angl,n > 1.

Lemma 2.3

NP ()  Andl = D[ Waa(B)], (2.8)

n>1 m>1

where Wsyd(ﬁ) is defined by (1.16). In particular, 1q(3) is characterized by the
relation;

exp (—y(B)) = supq{s: eﬁdwsvd(ﬁ) < 1} (2.9)

13



Proof. We set

no =0 and n; = inf{k > n;_1 : S} € Zgiag_}, j>1. (2.10)
We then see that if x € Zﬁiag., then
def.

Wn(ﬁ) = Pm[zn,d(ﬂ%ﬁ?n cee 7ﬁd7170) ‘o= 77/]

does not depend on x. Therefore, by the Markov property,

Pg,d[zn,d(ﬁ) WA]

:Z Z PO[Zn(ﬁ)1771:i17772:2'27---a77m:im]

m=10=ig<i1 < <im—1<im=n

= Z efam Z H Plzi i (Bay ooy Ba1,0) sy = g, — 1]
m=1

0=10<i1 < <im—1<itm=n k=1

=Y S WA B)Wa(B). W, ()

CJ1,J25-0Jm 21
J1tjet+-+im=n

The desired equality (2.8) is now immediately obtained by computing the gener-
ating function of the right-hand-side. By Theorem 1.1, exp(—1,) gives the radius
of convergence of the power series on the left-hand-side of (2.8). We therefore
see (2.9) from (2.8). O

Proof of Theorem 1.2: (b): By (2.9), the positivity of ¥4(3) is equivalent to
that

/Ws(ﬁ) > exp (—[4) for some s < 1. (2.11)
On the other hand, we have by monotone convergence theorem that
lim W,(6) = W1(5) = exp (=85 (Bay -+, Bar)) - (2.12)

If By > BB, ..., Ba_1), then we see from (2.12) that (2.11) holds. Conversely,
if (2.11) holds true, then /Wl(ﬂ) > exp(—34), and hence By > BBy, ..., Ba_1)-
(a): It is not difficult to see from (1.19) that

Zn(By, -3 Ba) = Z1(By, -, Bg), n=1

and hence that ¥4(3;,...,0;) = 0. We therefore have 85 < 85(55,..., 55 1)
by part (b).
(c): This follows from part (b) and (1.14). O

14



2.4 Proof of Lemma 2.2

We first introduce an event
Ot =D a NV — Nner <M, 0<m <7,} (2.13)
where 7,,, m > 0 are stopping times defined by (2.10) and
7,(S) = max{m : n,, < n}. (2.14)
We will use the following lemma which relates ¥4(3) with P9[z,.4(3) : O]

Lemma 2.4
Ya(B) = lim lim lln P2n.a(B) : ©nu]- (2.15)

M—oon—oo N,
Proof. The first limit (in n) on the right-hand-side exists by the superadditivity
while the second one (in M) by monotonicity. To identify the limit, take any
¢ < Yq(B). Then, by Lemma 2.3, we can take a positive integer M = M(c) such

that
M(c)

Z e~ " P’[zna(B2; B3, - - - Ba-1,0) -y = n]e > 1.

n=1

By the same procedure to show Lemma 2.3 we have

1
lim = In PY[2,4(8) : Onu] > ¢

n—oo 71}
This proves (2.15). O
Proof of Lemma 2.2: We write A0 = Non(Lg, {0}, (j + €)7) for simplicity.
By Lemma 2.4, our task is reduced to proving the following statement: for given
M > 0, there exists a constant L(M) such that if ¢ > L(M), then

Pl2na(B) : An N Aol > =P)2na(B) : Onn], n>1. (2.16)

1
2
Proof of (2.16): First we introduce spaces of d-dimensional finite paths W(n),
Wi (n), n > 1 defined by

W(n) ={w={w;}]_; : [w) —w,_ | =1, 1<j<n1<i<d,
Wo, Wy, € Zgiag_},

Wi (n) ={weW(n):wy=0,w; € Z%,.,1 <j<n-—1}.

diag.’
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For w' € W(n;) and w" € W(ny), ni,ne > 1, w’ - w” represent the path in
W(ny + ny) defined by
w;‘a if 0 S j S ny,

/ "

/) . .
Wy, +Wj_,, — Wy, if ng <5 <ng+no.

Recall that we have defined stopping times 7,, by (2.10) and suppose that S,, = 0.
Then we define w(m) € Wi (0 — im—1), 1 <m < 7, as

w(m)] = Snmfl‘i'j - S”]m717 0 S j S T]m - T]m—l-

It is clear that S; = (w(1) - w(2)---w(7,));, for 0 < j < n. We introduce a map
r from W, (n) to Wy (n) defined by

(T’UJ)] = wn—j — Wp, 0 S] S n, w € W+(n)

Figure 3: Fxamples of w and rw.

For £ = (&n) € [[,us1{—1, +1}, we define S* inductively by

Ssm—l + w<m)j*77m—17 if Nm—1 S] < M, fm = 1, 1<m< Tn,s
S§ - S'Sm—l + (Tw(m))J*nm—17 lf /r’m*l Sj S 77m, fm - _1, 1 S m S TTL:
S,%—FS]'—S”, 1fj>n

16



. s . ‘,‘ . . "o
AS /w(l) \\/\ S : * 7

‘K"// N ‘\)"'//
rw(2\)v \ VU’Z?’)

Figure 4: Ezxamples of S and S, in the case that 7, = 3, & = 1, & = —1 and
& =1.

Now, let &1, &, ... be ii.d. random variable on a probability space (Z,G, Q)
such that Q(&,, = 1) = 1/2. Note that 2,(3)[S] = 2,(8)[S] and that S €
Onn < S¢ € 0,,1. We therefore have that

P(g [Zn,d(ﬁ) : An N AO,'rL,Z] > Pc(l) [Zn,d<ﬁ) : @n,M N AO,n,Z]
_ / QAE) P20 a() : Oas N {SE € Noe)].

In what follows, we will assume that (7 > 4M. We define Uy, (S) = S¢  for
m=1,...,7,. We then see that

Onar C [ ({I(SO)] = U, (89| < M}

j=1a=1

and hence that

(VAU (S < (m+0)7 = M} N O, € {S° € Moy} N O

m=1

This implies that
/Q(df)Pg[Zn,d(ﬂ) O, NS € Moni}] > Plzna(B)pe(S) : Onnr],  (2.17)

where

pe(S) = @ (ﬂ {IUn(S9)] < (m+6)" - M}> :

m=1

17



Since

Um(Sé) - Umfl(Sé) = (Um(s) - Um,l(S)) &is

the process (U,,(S%))7"_, is of independent increments bounded by M. We can
therefore use Azuma’s inequality [1, page85] together with observation (m+¢)7 —
M > (mY Vv £7)/2 and |U,,(S%)| < mM to conclude that

L= p(8) < 3 QUUAS)| > (m+ 07 — M)

m=1
Tn

S QUS| > m/2)

m=[¢7 /2M]
Z exp (—m* " /8)

m>{0v/2M]

1/2,

VAN

VAN

IN

if £ is large enough. We now obtain (2.4) by plugging this into (2.17). O

3 Remarks
By the free energies we define the following regions;

Dy = {#€[0,00)0"": vu(B) =0},
Dy = {B€0,00)" " 4(B) > ¢n(B), for any partition k # d of d},

where ¢y = Z?:(lf) Vi, We call Dy the delocalized phase in accordance with
Definition 1.1 and Dy the completely localized phase. For a partition k # d of d,

we define intermediate phase Dy as the interior of

{8 €10,00)"" "\ Dy = vha(B) = v(3)}-

It is a very interesting problem to study the phases Dy, k # d.
In the case d = 3, there is one intermediate phase D 1) = D(;2). We call the
region the phase of 2-walkers collision. Dy 1) # 0 if and only if
0

0ﬁ3¢3(ﬁ2’ B3) =0, (3.1)
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for some B, > 35 and 33 > 0. We expect the condition holds for (s, 33) in a
small neighborhood of (357, 0).

In the case d = 4, there are two intermediate phases D(22), D3,1) = D(1,3).
D(9) # 0 if and only if

%M(ﬁz,ﬁ&m) = %%(52753754) =0, (3.2)
for some By > 5" and B3, B4 > 0. D31y # 0 if and only if
%M(ﬂmﬁ?ﬂ@;) — %154(52753;54) =0, (3.3)

for some (s, B3, B1) with ¥3(52, F3) > 2109(B2) and By > 0. We also expect that
the condition (3.2) holds for (3;,0,0) € Dz2), for sufficiently large 35, and the
condition (3.3) holds for (0, 33, 8;) in a small neighborhood of (0, 35(0), 0).

Acknowledgement: The authors thank Professor Makoto Katori for pointing out physical
relevance of the problem and helpful discussions. H.T. thanks Professor John Cardy for his
valuable comments at the seminar. H.T. is partially supported by JSPS Grant-in-Aid for
Scientific Rearch Kiban (C) (No. 11640101) of Japan Society of the Promotion of Science. N.Y.
is partially supported by JSPS Grant-in-Aid for Scientific Research Shorei(A) (No0.40240303).

References

[1] Alon,N., Spencer, J. H., Erdés, P.: “The probabilistic method” John Wiley & Sons (1992).

[2] Cardy,J., Colaiori,F.: Directed percolation and generalized friendly walkers Phys. Rev.
Lett. 82 No. 11, 2232-2235, (1999).

[3] Fisher, M. E. : Walks, walls, wetting, and melting, J. Stat. phys.34, Nos 5/6, 667-729,
(1984).

[4] Isozaki, Y., Yoshida, N : Weakly pinned random walk on the wall: pathwise descriptions
of the phase transition, Stoch. Proc. Appl. 96, 261-284, (2001)

[5] Katori, M.: Percolation transition and wetting transitions in stochastic models, Brazil. J.
of Phys. 30, No. 1, 83-96, (2000)

[6] Katori, M. Tanemura, H.: Scaling limit of vicious walkers, arXiv.math.PR /0203286

19



[7] Tsuchiya, T., Katori, M. : Chiral Potts Models, friendly walkers and Directed percolation
problems, J. Phys. Soc. Jpn. 67 No. 5, 1655-1666, (1998)

Hideki Tanemura

Department of Mathematics and Informatics,
Faculty of Science,

Chiba University,

1-33, Yayoi-cho, Inage-ku,

Chiba 263-8522, JAPAN.

e-mail:- tanemura@math.s.chiba-u.ac.jp

Nobuo Yoshida

Division of Mathematics
Graduate School of Science
Kyoto University,

Kyoto 606-8502, Japan.

e-mail:- nobuo@kusm.kyoto-u.ac.jp

20



