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Abstract

We consider directed polymers in random environment. Under some mild assump-
tions on the environment, we prove here: (i) equivalence between the decay rate of the
partition function and some natural localization properties of the path, (ii) some quan-
titative estimates of the decay of the partition function in dimensions one or two, or at
sufficiently low temperature, (iii) the existence of quenched free energy. In particular, we
generalize to general environments, the results recently obtained by P. Carmona and Y.
Hu for a Gaussian environment. Our approach is based on martingale decomposition and
martingale analysis. It leads to a natural, asymptotic relation between the partition func-
tion, and the probability that two polymers in the same environment, but independent
otherwise, end up at the same point.
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1 Introduction and Main Results

1.1 Directed Polymers in Random Environment

The models we consider in this paper are defined in terms of a random walk and of a random
environment, which we introduce now:

o The random walk: ({Sy}n>0,{P"}sezd) is a simple random walk on the d-dimensional
integer lattice Z?. More precisely, let € be the path space Q = {w = (Wy)n>0;wn €
Z% n > 0}, let F be the cylindric o-field on Q, and, for all n > 0, S, : w — w, the
projection map. For any x € Z? we consider the unique probability measure P* on
(Q, F) such that Sy — Sp,...,S, — S,_1 are independent and

P{Sy=z}=1, P{S,—S,.1=%45}=02d)7", j=12,...,4,

where §; = (0x;)¢_, is the j-th vector of the canonical basis of Z?. For z = 0 we will
write simply P by PY.

e The random environment: & = {&(x,n) : x € Z% n > 1} is a sequence of random
variables which are real valued, non-constant, and i.i.d. defined on a probability space

(2, €&, Q) such that
Qlexp(BE(x,n))] < oo for all 5 € R. (1.1)

(Throughout, Q[Y] denotes the Q-expectation of a r.v. Y.) Let A(3) be the logarithmic
moment generating function of &(x,n),

A(B) = InQlexp(B¢(z,n))], BER (1.2)
For any n > 0, define the probability measure p,, on the path space (Q, F)
ia(dw) = Plea] e, P(dw), (13)
where
en = (&, 5) = exp ( > (BE(S;,4) - A(@)) (1.4)

1<j<n
with a parameter 3 € R. Here, the graph {(S5}, j)};>0 may be interpreted as a polymer chain
living in the (d + 1)-dimensional space, constrained to stretch in the (d + 1)-th direction, and
governed by the Hamiltonian
—B) &(55,4)
i>1

i.e. the so-called directed polymer in the environment £. Note that the term A((3), from the
exponent in (1.4), cancels out in definition (1.3) of w,. The reason why to add it in (1.4),
is to normalize Ple,], which has now expectation equal to 1. If § > 0, then the parameter
[ > 0 plays the role of the inverse temperature in this interpretation. Since this Hamiltonian is
parametrized by &, the polymer measure i, is random. The polymer is attracted to sites where
the random environment is large and positive, and repelled by sites where the environment is
large and negative. Here are two standard choices for .
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Example 1.1 Gaussian environment (Carmona and Hu, 2001) This is the case in which
&(z,n) is a standard normal random variable, so that A(3) = 36°.

Example 1.2 Bernoulli environment (Bolthausen 1989, Imbrie and Spencer 1988, Song
and Zhou 1996): This is the case in which £(x,n) takes two different values a and b with
probability p > 0 and 1 — p > 0, respectively, so that A\(3) = In(pe®® + (1—p)e). As
discussed by Johansson (2000, Remark 1.8), directed percolation can be understood as the
case of 0 = a > b and zero-temperature (5 — o), which however is outside the scope of this

paper.

We are interested in the large time behavior of the path {Sy}}_; under the (sequence of)
polymer measures u,. As is the case in many other models in statistical mechanics, one of the
fundamental questions is the asymptotic behavior of the partition function

Z, = Z,(€) = Plen] . (1.5)

Since Z,, is a positive martingale on (=, £, Q), the following limit exists Q-a.s.:

Zo L lim Z, . (1.6)
n /0o

The event {Z., = 0} is measurable with respect to the tail o-field

Nolel.d): j=n, v e 2]

n>1

and therefore by Kolmogorov’s 0-1 law
Q{Zx =0} =0or1. (1.7)

We refer to the former case as weak disorder and the latter as strong disorder. It is known
(e.g., Song and Zhou 1996) that for d > 3,

Q{Zu =0} =0 if 1(8) = AM208) — 2\(8) < —In(1 — q) (1.8)

where ¢ = P{S,, # 0 for all n > 1}; similar results for weak disorder were obtained by Bolthausen
(1989) and Sinai (1995). Note that () is decreasing on (—o0, 0], increasing on [0, 00) and
71(0) = 0 so that the condition in (1.8) does hold if |3] is small. In dimension d > 3, this
condition amounts to L?-convergence in (1.6), and it allows using the so-called second moment
method: for small § and d > 3, Imbrie and Spencer (1988) first, then Bolthausen (1989) with
martingales techniques, proved that the polymer is diffusive, i.e., ,,[S?] ~n as n /" co; more
recently Albeverio and Zhou (1996) showed that the invariance principle holds for almost every
environment. On the other hand, for the strong disorder, it can be seen that

def.

Q{Zo = 0} = 1 i 1(8) L BN(8) — A(B) = In(2d). (L9)



This was shown by Kahane and Peyriere (1976) for a different model called Mandelbrot martin-
gale (or, equivalently, multiplicative chaos), where graphs {(S;, j)};>0 are replaced by infinite
paths, without loops and starting from the root, on the d-ary tree. Although the directed
polymer we are considering here is more intricate due to correlations, the same argument ap-
plies as far as to deduce (1.9). Note that v2(8) is decreasing on (—o0, 0], increasing on [0, 00)
and 72(0) = 0 so that the condition in (1.9) roughly says that || is large enough. Recently,
P. Carmona and Y. Hu (2001) proved for Gaussian environment that for all 3 # 0,

Q{Zo=0}=1, d=1,2, (1.10)

which, together with (1.8) and (1.9), displays a non-trivial dependence on the dimension.

In the present paper, we consider general environments and present some results mainly
for the strong disorder case: Q{Z. = 0} = 1, including the extension of (1.10) to non-
Gaussian case. Using martingale analysis, we also obtain natural localization properties which
characterize the strong disorder regime. More precisely, the decay of the partition function
is equivalent to concentration of the path on favourite sites. We present the proofs in a self-
contained way, except for that of Proposition 1.4(b).

Among other interesting subjects related to the directed polymer are superdiffusivity and
critical exponents. Although we will not discuss about them here, we refer to Johansson (2000),
Licea et al (1996), Petermann (2000) and Piza (1997) for rigorous results in this direction.

1.2 Results

On the product space (Q2, F®?), we consider the probability measure u? = p%?(dw, dw), that
we will view as the distribution of the couple (S, S) with S = {Si}r>0 an independent copy of
S = {Sk}x>0 with law ,,. An important role in the analysis is played by the random sequence

I, = ngl(sn = Sn) ) (1'11)

which conveys some information on the localization of paths under p,, see (1.18) below.
Roughly, large values of I,, € (0,1] indicate that the polymer concentrates, at time n, on
a few significant sites, though small values indicate that it spreads out on a large number of
sites. Our basic result relates the partition function Z,, and the expected intersection time
> i<n L of two independent polymers in the same environment.

Theorem 1.1 Let 3 # 0. Then,

{Z =0} = {Zln:oo}, Q-a.s. (1.12)

Moreover, if Q{Z-x = 0} = 1, then there exist c¢1,ca € (0,00) such that

—c1InZ, < Z I; < —c;InZ, for large enough n’s, Q-a.s. (1.13)

1<j<n



We make a brief comment on the result. On the one hand, we recall the definition — below
(1.7) — of weak and strong disorder, which is natural in view of the high temperature behavior
(in high dimension) (1.8) and the low temperature behavior (1.9). On the other hand, when
the polymer strongly feels the environment, it is strongly attracted to sites with favourable
environment and it follows from the definition (1.11) that I, takes large values. Our result
is a rigourous statement of equivalence of these two properties. The decay property of Z, is
reflected in some specific localization property of the path {S,},>1 under the random mea-
sure (1.3). The proof of Theorem 1.1 is based on a general estimate for the summation of
i.i.d.random variable (Lemma 2.1 below) and martingale analysis.

The most interesting case relative to the following, straightforward corollary is a, = n,
n>1.

Corollary 1.2 For § # 0 and a sequence a, /" oo of positive numbers, the following
properties are equivalent:

(Z1) There exists ¢ > 0 such that

Q{li_m —iannZC} =1 (1.14)

n/ oo On

(I1) There exists ¢ > 0 such that
.1
Q{h_m—ZIjzc}zl. (1.15)
n /oo Qp 1<j<n

Remark 1.1 The equivalence presented in Theorem 1.1 was shown first by Carmona and
Hu (2001, Theorem 1.1 and Proposition 5.1) in the Gaussian case.

Some sufficient conditions for (Z1) and (I1) in Corollary 1.2 are provided by the following
result.

Theorem 1.3 (a) (Z1) in Corollary 1.2 holds for a, = n if v(5) > In(2d) (cf. (1.9)).
(b) If B # 0, then for Q-a.s.,

7 = O (exp(—cin'’?)), asn /oo ifd=1
" — 0, asn /oo ifd=2,

where ¢y 1s a positive constant.

The proof of Theorem 1.3 is carried out by estimating fractional moment: Q[Z%], 0 < 6 < 1;
see Lemma 3.1 below. Beside the quantitative bound for the rate of decay for d = 1 presented
above, we also give quantitative bound for the fractional moment for d = 1,2 in the course of
the proof.

Remark 1.2 Theorem 1.3(b) generalizes Theorem 1.1 in Carmona and Hu (2001) to non-
gaussian environments. Moreover, the proof in this paper shed more light on the decay rate.
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We now go on to discuss sufficient conditions for another localization property of the polymer
chain, described in terms of I,,;

Proposition 1.4 Consider the following property:

(I2) There is a constant ¢ € (0,00) such that

li/_m I, >c¢c, Q-as. (1.16)

Then,

(a) (I2) holds true if Property (Z1) in Corollary 1.2 holds with a, = n, in particular if
Y2(8) > In(2d) (c¢f. (1.9) and Theorem 1.3(a)).

(b) (12) holds true if d = 1,2.
(c) If Q{Z~ > 0} =1, then, in contrast with (12),
lim 7, =0, -a.s.
n /oo Q
Assume moreover that v1(8) < —In(1 — q) (cf.(1.8)). Then, there is a constant ¢ > 0

such that
I, = 0(n™°) in Q-probability. (1.17)

A natural quantity of interest here, related to localization phenomenon, is the favorite site for
the path at time n. First observe that

max jt,_1 (S, = z)? < I, < max p, (S, = ) . (1.18)
z€Z? zE7d
Therefore, all statements we obtained for I,, can be translated into those for max,cza 1 (S, =
x). In particular, we showed in Proposition 1.4 that the probability of the favorite site vanishes
for weak disorder, but does not vanish for strong disorder. In the latter case the polymer
localizes (in a set of lattice points depending on the evironment), though in the former it
spreads out somewhat similarly to the usual simple random walk.

Remark 1.3 Proposition 1.4(b) generalizes Theorem 1.2 in Carmona and Hu (2001) to
non-gaussian environments. To prove this, and only there, we refer the readers to some of the
arguments in Carmona and Hu (2001).

Finally, we remark that the “quenched free energy”

lim l InZ,
n /0o 1

exists @-a.s. under our assumption (1.1).



Proposition 1.5 The limit
1
= lim —Q[InZ, —00,0
¥(B) = lim ~QlnZ,] € (—o0,0]
exists. Moreover, for any e > 0, there is an ng = ng(5,€) < oo such that

£2/3,,1/3
> &?} < exp (— 1 ) . n > ng. (1.19)

Q{‘lann—Q {lann]
n n

As a consequence,

lim lln Zn =v(P), Q-a.s.

n,/'0co T
Remark 1.4 The inequality (1.19) is a concentration inequality with the stretched expo-
nential decay rate. An inspection of our proof reveals that an exponential concentration result
can be obtained by a slightly stronger assumption. In fact, if we assume that there is § > 0
such that

Q [exp(31¢ . m)P)] < oo, (1.20)
then, we obtain the following; for any € > 0, there is an ny = no(3,€) < oo such that

1 1 2
Q{‘—ann—Q {—ann] >5} < exp (—ﬂ) , N> ng. (1.21)
n n c

where ¢ = ¢() > 0. See Remark 5.1 below for the proof. Note also that (1.20) is true if (x, n)
is a Gaussian or Bernoulli r.v. as in Example 1.1 or Example 1.2.

Remark 1.5 We can define a similar model by considering a Markov chain ({S,, }»>0, { P* }zer)
on a certain state space I' instead of the random walk on Z?¢. The proofs presented in this
paper apply without change to this generalization.

2 Proof of Theorem 1.1

We first state some technical estimates.
Lemma 2.1 Let n;, 1 < 1 < m be positive, non-constant i.i.d. random variables on a
probability space (Z,E,Q) such that
Qml =1, Qi +Wn*n] < ococ.

For {ai}i<icm C [0,00) such that 3, i = 1, define a centered random variable U > —1
by U = Zlgigm a;n; — 1. Then, there exists a constant ¢ € (0,00), independent of {c; b 1<i<m
such that

1 ) [ U? }
- Q; S Q ) (21)
¢ 1<i<m 2 + U
1
= of < —QMIm(1+U)<c > of, (2.2)
¢ 1<i<m 1<i<m

Q [an(l + U)} <c Z o?. (2.3)

1<i<m



Remark 2.1 These estimates are proved in Carmona and Hu (2001) for the Gaussian case
with the help of Brownian motion and making use of It6’s formula. Here, we present a simple
argument which works in the general case.

We postpone the proof of Lemma 2.1 to the end of the section, and, assuming the lemma, we
start to prove Theorem 1.1. To conclude (1.12) and (1.13), it is enough to show the following
(2.4) and (2.5):

{Z.=0}C {Z I, = oo} . Q-as. (2.4)

n>1

There are ¢1, ¢ € (0,00) such that
{Z I, = oo} C {—cl InZ, < Z I; < —cyIn Z,, for large enough n’s.} , Q-as. (2.5)
n>1 1<j<n

The proof of (2.4) and (2.5) is based on Doob’s decomposition for the process —In Z,. It
is convenient to introduce some more notations. For a sequence (a,),>o (random or non-
random), we set Aa, = a, — a,_1 for n > 1. We denote by &, the o-field generated by
{&(z,5); 1 <j<mn, z€Z¥, and we denote by Q% the conditional expectation with respect
to @ given &,. Let us now recall Doob’s decomposition in this context; any (&,)-adapted
process X = {X,, },>0 C L'(Q) can be decomposed in a unique way as

X, =M, (X)+ A,(X), n>1,
where M (X) is an (&,)-martingale and
Ay =0, AA, =Q5 |[AX,], n>1.

M, (X) and A, (X) are called respectively, the martingale part and compensator of the process
X. If X is a square integrable martingale, then the compensator A,(X?) of the process
X? = {(X,)?}n>0 C LY(Q) is denoted by ( X ),, and is given by the following formula;

A(X )n = Qri[(AX,)?]

Here, we are interested in the Doob’s decomposition of X,, = —In Z,,, whose martingale part
and the compensator will be henceforth denoted M,, and A, respectively;

—InZzZ,=M,+ A,. (2.6)
To compute M, and A,,, we introduce

It is then clear that
Zn)Zpw1=1+U, (2.7)



and hence that
AA, =—Q In(1+U,), AM,=—-In(1+U,)+Q% ,In(1+U0,). (2.8)

In particular,

A(M ), < Q5 (14 Uy). (2.9)
On the other hand, we have that

]n = Z ,un,l(Sn = 2)2.

lzli<n
We now claim that there is a constant ¢ € (0, 00) such that

Y < a4, <el, (2.10)
C

A(M)Y, < cl,. (2.11)

Indeed, both follow from (2.8), (2.9) and Lemma 2.1; {n;}, {a;} and @ in the lemma play the
roles of {exp(ﬁg(z,n) - )‘(5))}|Z|1§n7 {un—l(Sn = Z)}|z|1§n and sz—l'

We now conclude (2.4) from (2.10), (2.11) as follows (the equalities and the inclusions here
being understood as Q-a.s.):

{ZIn<oo} = {A. < 0}

) — {Ay <00, (M) < o0}

C {Ax < o0, lim M, exists and is finite}
n /0o
C

{Z > 0}.

Here, on the third line, we have used a well-known property for martingales, e.g. (4.9) page
255 in Durrett (1995) or Neveu (1975).
Finally we prove (2.5). By (2.10), it is enough to show that

{Aw = 0} C { lim _InZ,

n /0o n

= 1} , Q-as. (2.12)
Thus, let us suppose that Ay, = oo. If { M ), < oo, then again by (4.9) page 255 in Durrett
(1995) or Neveu (1975). li/m M, exists and is finite and therefore (2.12) holds. If, on the
contrary, { M ),, = oo, then

mZ, M, (M)

n 1 1 -a.s.
A, (MY, 4, il Gas

by (2.10), (2.11) and the law of large numbers for martingales, see (4.10) page 255 in Durrett
(1995) or Neveu (1975). This completes the proof of Theorem 1.1. O
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Proof of Lemma 2.1: In this proof, we let ¢y, ¢, ... stand for constants which are independent
of {ai}1<i<m. We have by direct computations that

Q[UQ] = C Z Oéiz, Q[US] < Co Z OZ?.

1<i<m 1<i<m

Then, (2.1) is obtained as follows;

6 Y a? - @[ﬂZ_UWH—U]

Uz 12 9 371/2
Q{Z%—U] Q[QU —i—U]

PRREY 1/2
< 3@ {2_‘_[]} (Z a?) :

1<i<m

To prove the other inequalities, it is convenient to define a function ¢ : (—1,00) — [0,00) by
o(u) =u —In(1l + u), so that

—QIn(1+U)] = Qp(U)].
Since 122 < o(u), u > —1, the left-hand-side inequality of (2.2) follows from (2.1). The

4 24u
right-hand-side inequality can be seen as follows. We have for any ¢ € (0, 1),
Qlp()] = QlpU):1+U >el+Q[p(U): 1+ U < ¢
< QlpU):1+U>¢e]—-Q[n(1+U):1+U <¢].

Since p(u) < L(u/e)® if 14+u > e,

Qle(U):1+U >¢] < 15—2Q[U2]

— 2

= %57201 Z 04?, (2.13)

1<i<m

We now set v = —Ql[lnn;] > 0 and choose £ > 0 so small that In(1/¢) — v > 1. We introduce
another centered random variable V' = 37 . a;(Inn; + 7). We then see from Jensen’s
inequality that
{1+U<¢e} = {V-9y<In(l+U)<Ine}
C {-In(1+0U)<-V+yin{l <=V}

Hence we have

—QMIn(1+0U):1+U<e] < Q[-V:1<-V]+4Q{1<-V}
L+l

= (4 E O{,?.

1<i<m
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This, together with (2.13) proves the right-hand-side inequality of (2.2). The proof of (2.3) is
similar. Indeed, since |In(1 4+ u)| < e 'In(e™)|u| if € < 1 + u, we have that

QIn*(1+U): e <1+U] <e?Iln*(cHQ[U?.
We see on the other hand that

{1+U<¢e} = {V—-y<In(1+U)<lIne}
C {In*(1+0U) <2V +2921n{1 < -V}

Therefore, we obtain

Qn*(1+U):1+U < ¢ 20[V?] +29°Q{1 < -V}

Cx E Oé?.

1<i<m

VAN VAN

O

3 Proof of Theorem 1.3

3.1 A sufficient condition for (Z1) via fractional moment

Lemma 3.1 Suppose that there exist constants ¢ € (0,00), 0 € (0,1) and a sequence
a, /" oo such that
Q[Z)) < cexp(—ay), n>1. (3.1)

Then Q{Z~ = 0} = 1. If moreover

Zexp(—dan) < oo for somed € (0,1),

n>1
then (Z1) in Corollary 1.2 holds true.

Proof: The first statement follows from Fatou’s lemma and the second from the Borel-Cantelli
lemma. O

3.2 Proof of part (a)
We will check (3.1) with a,, = ¢n for some ¢ > 0. Set n(z, j) = exp(5¢(z, j) — AN(B)) and

2= P

exp ( > (BE(S+n) - A(ﬁ)))] . n,m > 1. (3.2)

1<j<m

For 6 € (0,1), by the subadditive estimate (u + v)? < u? + 1%, u,v > 0, we get

Zn< )" Yz, )27, )"

z,|z|1=1

11



Since Z7,,_; has the same law as Z,, 1,

Q(Z,] < r(0)Q[Z,_1],

where r(0) = (2d)'7°Q[n(z,1)?]. Note that 6 — Inr(6) is convex, continuously differentiable,
and that In(2d) = Inr(0) > Inr(1) = 0. Therefore r(0) < 1 for some 0 € (0,1) if and only if
0< dh;l—g(e) - which is equivalent to 1o(3) > In(2d). O

3.3 Proof of part (b)
We will check (3.1) with
V5 ifd=1
[ an i
n = { covVinn ifd=2 (3.3)

where ¢1, ¢y € (0,00) are some constants. In this respect, we first prove an auxiliary lemma.

Lemma 3.2 For 6 € [0,1] and A C Z¢,

QlZ)_\] _2p

AP # ) (3.4)

1
QZnal] 2 iy

Proof: Repeating the argument in Liggett (1985, page 453), we see that

[n Z Zﬂnfl(s =
zEA
1
1
1
> ﬁ (1~ 2401(S0 & A)') .

Note also that

Q20 1 tnr(Sn 0] < QZurptnr(Sn &N’

= P(S, ¢ N
We therefore see that
9 1 0 _ 2 9 9
Q [Zn—lln} > |A| [Zn—l] |A| [Zn—llu'n—l(sn g A) }
1
> 70 | - =-P(S, & A\’

12



Assume now that 6 € (0,1), and define a function f: (—1,00) — [0, 00) by
flu) =1+ 60u— (1 +u)’.

It is then clear that there are constants c¢;, ¢y € (0,00) such that

C1 u2

24u

< f(u) < cpu* for all u € (—1,00).

We see from (2.7), (3.5) and (2.1) that

QadZy = Z,,Qn . (L+U.)" 1)
= ~Zy @ f(U)

< =32y 41
We therefore have by (3.4) that
2
Qﬁ§<kw%)QV&J+ﬁ?m%¢M¢

For d =1, set A = (—n?/3 n?/3]. Then,

nl/3

Sy,
zm“)gzwm—jfx

P(S, ¢ \) =P (‘W

so that (3.6) reads,

1/3
) Q [ZZ—J + 4cs exp(—nT).

C3
T op2/3

07° < (1

It is not difficult to conclude (3.1) with a, = ¢;n'/3 from the above.
For d = 2, we set
A= (—n1/2 In'/*n, n'/? /4 n)?

to get (3.1) with a,, = coVInn in a similar way as above. O

4 Proof of Proposition 1.4

4.1 Proof of part (a)
This follows directly from (1.15). O
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4.2 Proof of part (b)

We now state the following lemma which corresponds to Lemma 2.2 in Carmona and Hu
(2001).

Lemma 4.1 Let n;, 1 < ¢ < m be positive, non-constant i.i.d. random variables on a
probability space (Z,E,Q) such that

me < QY] < oo for 0 =+4 and my = 1.

For {ai}1<icm C [0,00)™ such that }_,.;,, & =1, define a centered random variable U > —1
by U = Z1gigm a;n; — 1. Then,

1
L= 2(m V(e )+ 5 3 o < Q{%} <mayTT (A1)
m—2(m—m)a—|—lZa2<Qn—%< mam (4.2)
2 3 2) ¢ 2. = a+07| = AM_yg, :

where C' > 0 1s a constant which depends only on my.

Proof: Since the proofs of (4.1) and (4.2) are similar, we present that of (4.1) only.
Qmm(1+U)7]" < miQ[(1+0)7]

< mQ [ > ozm[“]
1<i<m

= m3m_y,

where, on the second line, we have used the Jensen inequality for the measure {c;}.
To prove the other inequalities, it is convenient to define a function ¢ : (—1,00) — [0, 00)
. . 2

by p(u) = (1 +u)"2 — 1 + 2u. By an elementary inequality: e < p(u), u>—1, we have
mipU”
24U |’

Q mn(1+U)7% >1-2Q[mnU] + c1Q { (4.3)

On the other hand, we have by direct computations that

QmmU] = (mg—1)(a1 + ag),
1
p Z af <QmmpU?] < ¢ Z oz,
1<i<m 1<i<m
QmmU’] < ¢ Y af
1<i<m
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Therefore,

1 Z o < QmnU?

- Q[YIEL jmuva ]

771772U2 12 2 3711/2
S Qo Q [2mn2U? + mnaU?]

0 1/2 1/2
< 2] (2 ) -

1<i<m

Putting things together, we get (4.1) O

With Lemma 4.1 established, Proposition 1.4(b) is obtained merely by following the argu-
ment in Carmona and Hu (2001, Section 6). In doing so, we use Lemma 4.1 above in place
of Lemma 2.2 in that paper. In fact, Carmona and Hu used the specific properties of the
Gaussian random variable only in the proof of Lemma 2.2. O

4.3 Proof of part (c)

The first statement is derived using the convergence of I,, to 0. We now prove (1.17). Since
Q{Z > 0} =1 in the present case -see (1.8)-,it is enough to show that

72 I, =0(n"°) (4.4)
in Q-probability. With v = A(28) — 2A(8) < —In(1 — g), we compute

Q[22.L] = Q[PP(ens(§ Senr(€5): 5= 5]
= P®2( [Gn 1(6 S)Gn 15 S n S

() s

< p®? (exp{on/zls S}) P®2(S :Sn)l/o/,

j=1

using Hoélder’s inequality with the conjugate exponents «, a’. Since ) i>1 5 3, is geometri-
cally distributed with failure probability 1 — ¢ € (0,1) with ¢ as in (1.8), the first factor on
the right-hand side is bounded for ey < —In(1 — ¢). The second factor is O(n~%2)). From
this we obtain (1.17) for arbitrary ¢ < d[1 +v/In(1 —¢)]/2. O
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5 Proof of Proposition 1.5

Though the first statement is well known, we give a proof here for completeness. Recall the
notation Z;; = introduced by (3.2) and note that for m,n > 1,

Zn+m = Zn Zlun{sn = x}Zz,m )

Since Z;7 ., has the same law as Z,,, we have by Jensen’s inequality that

I Zoim > Zy + > pin{Sn =2} In 2%,

Recall also the notation &, and @ introduced in the proof of Theorem 1.1. Taking expectation
and using independence, we obtain

QInZyym] > QnZ,]+ Q[Z find Sn = x}Qi[ln Zﬁ,m“

= QnZ,]+Q[nZ,],

i.e., Q[In Z,] is super-additive. From the super-additive Lemma we see that

lim ~Qlin Z,) = sup QI Z,] = 6(5).

In order to prove the second statement (1.19), we write In Z,, — Q[In Z,,] as a sum of (&;)1<j<n-
martingale differences,

InZ, - QnZ,) = > Vi,
j=1

with V,; = Q5[In Z,] — Q5_[In Z,]. Set

€nj = €Xp ( > (B(Sk. k) — A(ﬂ))) » Zng = Plenl.

1<k<n,k#j

Clearly Q§ [In Z\m] = Qﬁfl[ln Z@JL and hence,

Ly Ly
Voj = Q=" —Qfy |In 5=
n,j n,J

By (2.2) in Lemma 2.1 with n. = n(+, j) = exp(B&(-,j) — A(6)) and a. = PlngSi=1 | e see that

Zn,j
N [ R [@ lln (Zazn(az]’)) &m-”
n,J z

e [0,q,
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where &, ; = o[{(-,k) ; 1 <k < n,k # j]; note that n(z, j) is independent of &, ; and that «.
is &, j-measurable. Therefore, for 6 € R, we have by Jensen’s inequality that

.

Z
Qlexp OV, &yl < e Q expQS |In =

L n,j

i )
Z,
cHt n
e’ Q = Enj
<Zw' ) ’

[ 0
= 669+Q <Z%77<$a])> gn,j 5

where 67 = max{0,0}. For § € (0, 1), the function x — 2% is concave on (0, 00) and hence

IN

0
Q[exp 0Vn,j| gn,j] S eceQ [Zamﬁ(%]) gn,j] = 660-

For 6 ¢ (0,1), the function x — 2’ is convex on (0, 00) and hence

Qlexp OV, ;| &yl < e ZO@Q [n(2,5)°| €ny]

= ¢y a,Qln(z, 1))

= exp{ct” + \(08) — OA(B)},
Finally we conclude that
Qlexp Vi l] < Qlexp(Viy) + exp(~ Vi) < 1 < o0 .

Therefore, the large deviation estimate for sum of martingale-differences of Lesigne and Volny
(2001, Theorem 3.2) applies to our case, yielding (1.19). The final statement in Proposition
1.5 is now a simple consequence of the Borel-Cantelli lemma. O

Remark 5.1 Let us remark that the stronger assumption (1.20) implies the exponential
concentration (1.21). In what follows, ¢; = ¢;(§) (i = 1,2) and ¢; = ¢;(5,0) (1 = 3,4,...) are
positive constants. Note first that (1.20) implies that A(3) < ¢; + ¢o3? for all 3 € R and hence
that

Q [exp(0V,,)|En ;] < exp (3 + c0?), for all 6 € R, (5.1)

by the computations in our proof of Proposition 1.5. By expanding the exponential and using
the fact Q[V,,;|€,,;] = 0, we can improve (5.1) into the following stronger form;

Q [exp(0V,,.)|Enj] < exp (c56%), for all 6 € R. (5.2)

It is then not difficult to conclude (1.21) by (5.2) and a standard Gaussian estimate for a
martingale.

17



Acknowledgements: We would like to thank Philippe Carmona and Yueyun Hu for
sending us their preprint (2001) prior to its publication. FC thanks the Graduate School of
Science of Kyoto University for its hospitality. FC is partially supported by CNRS, UMR
7599 “Probabilités et Modeles Aléatoires”. TS is partially supported by JSPS Grant-in-Aid
for Scientific Research, Kiban(C) 13640103. NY is partially supported by JSPS Grant-in-Aid
for Scientific Research, Shorei(A) 40240303.

References

Albeverio, S., Zhou, X., 1996: A martingale approach to directed polymers in a random environment.
J. Theoret. Probab. 9, 171-189.

Bolthausen, E., 1989: A note on diffusion of directed polymers in a random environment, Commun.
Math. Phys. 123, 529-534.

Carmona, P., Hu Y., 2001: On the partition function of a directed polymer in a random environment.
Preprint, To appear in Probab. Theory Related Fields

Durrett, R., 1995: “Probability Theory and Examples”, 2nd Ed., Duxbury Press.

Imbrie, J.Z., Spencer, T., 1988: Diffusion of directed polymer in a random environment, J. Stat.
Phys. 52, Nos 3/4 609-626.

Johansson, K., 2000: Shape fluctuations and random matrices. Comm. Math. Phys. 209, No 2,
437-476.

Kahane, J.-P., Peyriere, J., 1976: Sur certaines martingales de Benoit Mandelbrot, Adv. in Math.
22, 131-145.

Lesigne, E., Volny, D., 2001: Large deviations for martingales, Stoch. Proc. Appl. 96, 143-159.

Licea, C., Newman, C., Piza, M., 1996: Superdiffusivity in first-passage percolation. Probab. Theory
Related Fields 106, no. 4, 559-591.

Liggett, T.M., 1985: “Interacting Particle Systems”, Springer Verlag, Berlin-Heidelberg-Tokyo.
Neveu, J., 1975: “Discrete Parameter Martingales”, North Holland, Amsterdam.

Petermann, M., 2000: Superdiffusivity of directed polymers in random environment, Ph.D. Thesis
Univ. Ziirich.

Piza, M.S.T., 1997: Directed polymers in a random environment: some results on fluctuations, J.
Statist. Phys. 89 , no. 3-4, 581-603.

Song, R., Zhou, X.Y., 1996: A remark on diffusion on directed polymers in random environment, J.
Statist. Phys. 85, Nos.1/2, 277-289.

Sinai, Y., 1995: A remark concerning random walks with random potentials Fund. Math. 147 no.
2, 173-180.

18



