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Abstract

We consider branching random walks in d-dimensional integer lattice with time-space
i.i.d. offspring distributions. This model is known to exhibit a phase transition: If d > 3
and the environment is “not too random”, then, the total population grows as fast as
its expectation with strictly positive probability. If, on the other hand, d < 2, or the
environment is “random enough”, then the total population grows strictly slower than its
expectation almost surely. We show the equivalence between the slow population growth
and a natural localization property in terms of “replica overlap”. We also prove a certain
stronger localization property, whenever the total population grows strictly slower than
its expectation almost surely.

Key words and phrases: branching random walk, random environment, localization, phase
transition.
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1 Introduction

1.1 Branching random walks in random environment (BRWRE)

We begin by introducing the model. We write N = {0,1,2,...}, N* = {1,2,...} and Z =
{#x; x € N}. For z € Z%, |z| = (Jz1> + .. 4 |z4[>)"/2. The following formulation is an
analogue of [10, section 4.2], where non-random offspring distributions are considered. See
also [3, section 5] for the random offspring case.

Let X = {X{,}t2)enxzixne be Z%-valued independent random variables defined on a
probability space (Q x,Fx, Px) such that

1 .
| — — dﬁf 2d 1f|$—y|:1,
For each (t,z) € N x Z, let
qt,x = (Qt,x(k))kGN E 0 1 Zth =1
keN

be a probability measure on N, which we refer to as the offspring distribution. We consider
a measurable space (2, Fx) and, for each fixed ¢ = (¢t,2)(¢,2)cnxze, @ probability measure
P such that N-valued random variables K = {K}{,} 1 1 ,)enxzaxn+ defined on (Qu, Fi, Pi)
are independent with the laws:

PL(KY, = k)= qu(k), keN. (1.2)

For each fixed ¢ = (qt2)(t2)enxzd, We realize the families X and K of random variables
simultaneously on the probability space

(QXxQK,fx(X)]:K,Pq) where Pq:PX®PIq<. (1.3)

Then, the branching random walk (BRW) with the fixed offspring distributions ¢ = (Qt,x)(t,z)eNde
is described as the following dynamics:
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e At time t = 0, there is one particle at the origin z = 0.

e Suppose that there are IV; , particles at each site z € 7% at time t. At time ¢ + 1, the
v-th particle at a site = (v = 1,.., N¢ ;) jumps to a site X¢,. At arrival, it dies, leaving
K}, new particles there.

We now go on to define the branching random walk in random environment (BRWRE). We set
Q, =P(N)N 2% where P(N) denotes the set of probability measures on N. Thus, each ¢ €
is a function (t,7) — ¢ = (qr.2(k))ren from N x Z? to P(N). The set P(N) is equipped
with the natural Borel o-field induced from that of [0,1]Y. We denote by F, the product
o-field on €2;.We fix a probability measure @ on (€24, F), under which {grs} s)enxze are
ii.d. offspring distributions. Finally, we define the probability space (2, F, P) by

Q:QXXQKqu, f:fX®FK®fq,

P(A) = /A Q) P(dw), Ac F. (1.4)

In this setup, we consider the dynamics explained as before. In particular, we look at the
population N, at time-space location (t,z) € N x Z¢, which is defined inductively by

Nt—l,y

NO,:(: = 50,957 Nt,x = Z Z 5x(th/71,y)Ké:1,y7 t>1 (15)
yezd v=1

We consider the filtration:

Fo=1{0,Q}, Fi=o(X,., K,

S

s s<t—1) t>1, (1.6)

which the process t — (Nyz),eza is adapted to. The total population at time ¢ is then given
by

Ni_1,.y
Ne=> New=> > Kfy, (1.7)
x€Z4 yezd v=1

We remark that the total population is exactly the classical Galton-Watson process if ¢; » = g,
where ¢ € P(N) is non-random. On the other hand, if Z? is replaced by a singleton, then N;
is the population of the Smith-Wilkinson model [11].

For p > 0, we write

m® = Qm")] with m{") =3 kg, (k), (1.8)
keN

Note that for p > 1,

by Holder’s inequality. We set
Nt@ = Nt,x/mt and Nt = Nt/mt. (110)
Ny = Ny/m! is a martingale, and therefore the following limit always exists:

Ny = li{nﬁt, P-a.s. (1.11)



We denote the density of the population by:

N, N
Pra = ]\t,t‘” = N” teN,z ez (1.12)
t

Interesting objects related to the density would be

p; = max prq, and R; = Z p?’x. (1.13)
e z€Z?

pf is the density at the most populated site, while R; is the probability that two particles
picked up randomly from the total population at time ¢ are at the same site. We call
R the replica overlap, in analogy with the spin glass theory. Clearly, (p})? < Ry < pi.
These quantities convey information on localization/delocalization of the particles. Roughly
speaking, large values of pf or R; indicate that the most of the particles are concentrated on
small numbers of “favorite sites” (localization), whereas small values of them imply that the
particles are spread out over large number of sites (delocalization).

Remark: The BRWRE we discuss in this paper is closely related to the directed polymers
in random environment (DPRE) [4, 6, 7]. In fact, it is easy to see that

t
=Ty = Z H Muy—1 gy P(Tu—1,2y), with xg =0 and z; =z, (1.14)

$17...xt_1€Zd u=1

which is exactly the partition function of the DPRE with the end point . Roughly speaking,
the study of DPRE consists in analyzing the large time behavior of Z; .. In this respect, our
main object N;. in this paper is “more random”, since it is inside P9-expectation in (1.14).

1.2 The phase transition in terms of the population growth

Due to the random environment, the population N; has much more fluctuation as compared
with the non-random environment case, e.g.,[10, section 4.2]. This fluctuation results from
“disastrous locations” in time-space, where the offspring distribution ¢ (k) happens to assign
extremely high probability to small k’s. Thanks to the random walk, on the other hand, some
of the particles are lucky enough to avoid those disastrous locations. Therefore, the spatial
motion component of the model has the effect of moderate the fluctuation, while the random
environment intensifies it. These competing factors in the model give rise to a phase transition
as we will discuss below.

We first look at the case where the randomness of the offspring distribution is well moderated
by that of the random walk.

Let (S¢) be a simple symmetric random walk on Z?, starting from 0. We denote by 74 the
probability of the event U;>1{S; = 0}. Asis well known 74 < 1 if and only if d > 3. 74 equals

the probability of the event Utzl{St(l) = Sf@}, where (Sgl)) and (St(z)) are two independent
simple symmetric random walks on Z?, both starting from 0. To see this, note that St(l) —St(Q)
and Sy have the same distribution for each ¢ and that 1/(1 — m4) = >, P(S2t = 0).

Proposition 1.2.1 (a) There exists a constant o > = such that, if
d

2
m
m>1, m® <oo, d>3, and o< Q[mé’z] <o, (1.15)

then P(No > 0) > 0.



(b) If one assumes the stronger assumption

1
m>1, m? <o, d>3, and a < —, (1.16)
Td
then
Ry =0(T~%?) in P (‘INoo > 0)-probability,

i.e., the laws P (Td/273;r € |Noo > O), T > 1 are tight.

Conditions (1.15) and (1.16) control the randomness of the environment in terms of the
random walk. Proposition 1.2.1(a) says that, under (1.15), the total population grows as
fast as its expectation with strictly positive probability. This was obtained in [3, Theorem
4]. Proposition 1.2.1(b) is a quantitative statement for delocalization under (1.16) in terms
of the replica overlap [12, Proposition 1.2.3].

Next, we turn to the case where the randomness of the environment dominates:

Proposition 1.2.2 Suppose one of the following conditions:
(al) d=1, Q(miy =m) # 1.
(a2) d=2, Q(miy =m) # 1.

mi g

(a3) d >3, Q [% In W] > In(2d).

Then, P(N = 0) = 1. Moreover, in cases (al) and (a3), there exists a non-random number
¢ > 0 such that

—_— In Nt
h%n

< —c, a.s. (1.17)

Proposition 1.2.2 says that the total population grows strictly slower than its expectation
almost surely, in low dimensions or in “random enough” environment. The result is in
contrast with the non-random environment case, where P(N,, = 0) = 1 only for offspring
distributions with very heavy tails, more precisely, if and only if P[K}, In Ky, | = oo [1, page
24, Theorem 1]. Here, we can have P(No = 0) = 1 even when K, is bounded. Also, (1.17)
is in sharp contrast with the non-random environment case, where it is well known —see e.g.,

[1, page 30, Theorem 3] —that

In Nt

{Noo >0} %= {li%n =0} whenever m > 1.
Proposition 1.2.2 was obtained in [3, Theorem 4] without (1.17), and in [12, Corollary 3.3.2]
with (1.17).

1.3 The results: the localization/delocalization transition

In this paper, we aim at the localization problem for the branching random walk in random
environment. We shall prove that for d = 1,2 and for “random enough environment” in
d > 3, almost surely, there exists a sequence of time t¢’s such that both the maximal density
pf and overlap R; are bigger than some positive constant.

We first characterize the event {N = 0} in terms of the replica overlap. Thanks to this
characterization, we can rigorously identify the phase transition in terms of population growth
as discussed in section 1.2 with the localization/delocalization transition in terms of the
replica overlap.



Theorem 1.3.1 Suppose that

m® < oo, Qmy,=m)#1, Q(q..(0)=0)=1. (1.18)
Then,
P(Noo =0) = P(> R, =00) € {0,1}, (1.19)
s=0

where (R¢)t>0 s defined by (1.13). Moreover, if the probabilities in (1.19) are one, then there
exist constants c1,co € (0,00) such that,

t—1
—c;1InN; < ZRS < —coInN; for large enough t’s, a.s. (1.20)
s=0

We will prove Theorem 1.3.1 in section 2.

As we referred to before, the large values of the replica overlap, or the maximal density,
indicate the localization of the particles to a small number of sites. We have the following
lower bound for the replica overlap and the maximal density:

Theorem 1.3.2 Suppose (1.18) and that P(N = 0) = 1. Then, there exists a non-random
number ¢ € (0,1) such that
lim p; > lim Ry > ¢, a.s. 1.21
BeizfmReze o 2
where (pf)i>0 and (Ri)i>o0 are defined by (1.13). In particular, (1.21) holds true if we assume
any one of (al) — (a3) in Proposition 1.2.2.

(1.21) says that the replica overlap persists, in contrast with Proposition 1.2.1(b), where the
replica overlap Rp decays like O(T*d/ 2). The proof of Theorem 1.3.2 will be presented in
section 3. Some more remarks on Theorem 1.3.2 are in order:

1) In cases (al) and (a3) in Proposition 1.2.2, (1.21) follows easily from (1.17) and (1.20).
However, the proof we present does not rely on (1.17), so that we can cover two-dimensional
case (a2) as well.

2) We prove (1.21) by way of the following stronger estimate:

t 3/2
R
lim Z""f# >c1, a.s. (1.22)

t,/o0 Zs:O RS

for some non-random number ¢; > 0. This in particular implies the following quantative
lower bound on the number of times, at which the replica overlap is larger than a certain
positive number:

where ¢y and c3 are non-random positive numbers.

3) For both Theorem 1.3.1 and Theorem 1.3.2, similar results are known for the directed
polymers in random environment (DPRE) [4, 6, 7]. In fact, we have used ideas and techniques
from the DPRE case. However, the results for DPRE do not seem to directly imply our
results.



2 Proof of Theorem 1.3.1

2.1 Lemmas

For sequences (a¢)ien and (by)ien (random or non-random), we write a; < by if there exists a
non-random constant ¢ € (0,00) such that a; < cb; for all t € N. We write a; < by if a; < by
and b; < a;.

Lemma 2.1.1 (a) Ifm® < 0o and Q(migy =m) # 1, then, P[(Ny — mN;_1) |ft 1] Z Nt2 1L

z€Z4
(b) Ifm® < oo, then |P[(Ny —mN,1)*| Foa]| 2 > N2y,
x€Z4

Proof: (a): Since
Nt—l,:v

Ny—mNey =Y Y (KY,, —m),
r v=1
we have (N; — mN;_1)? = >y .y Frr 2oy Where

Ntfl,zl Ntfl,zz

Fxlva = Z Z (Kli/ll T )(K;/QI Ty m)

If z1 # @3, then K|~ and K,  are mean m independent random variables under
P(-|Fi-1), and hence
PlFyy 25| Fi1] = 0.

We may therefore focus on the expectation of Fy, 5, with z1 = 2o = x. In this case,

{Kf_l’m}i\];_ll’x are independent under P(-|ft,1), where

ﬁt—l = U(Ft—lv (qt—LZ)xGZd>'
Thus,
P[Fypu|Fio1] = Nec1o(Nim1e — 1) (mem1,0 — m)? + Ne—1 o PU(KY 1, —m)?).

The first and second terms on the right-hand-side come respectively from off-diagonal and

diagonal terms in F} ;. We now set a det- Q[m7,]/m?. Then, a > 1 (since Q(my, =m) # 1)
and

PlF.|Fic1] = (a—1)m*Ny_12(Ny_10 — 1) + (m® — m?) N1
= (a-— 1)m2Nt2,17x + (m® —am?)Ny_1 ..

’

Therefore,

P[(N; — mN;_ 1)} Fi1] = (o — 1)m? ZNE . @) — am?)Ny_1,
which implies the desired bound.
(b): We have (N; — mN;_1)3 = >y gy P ,wa,ms, Where

Ntfl,wl Ntfl,wg Ntfl,ws

Fxl,IQ,xs = Z Z Z szll 1 )(Kty21 T2 )(Kéjgl T3 _m)‘
v3=1



If, for example, 1 ¢ {x2,z3}, then K;jil,m is independent of {K;?, a0 K3, 25} under
P(-|Fi-1), and hence P[Fy, 4, 24|Ft—1] = 0. This implies that
P[(N; — mN;_1)*| Fi 1] ZP Fr ool Fia)-
On the other hand, we have that
PlFppalFio1] = Neo1oPU(KY, —m)?]
+3N12(Ne1e — DPI(KY g, — m)?|PIKY, , —m)
+Nt-12(Ni—1,0 — 1) (Ni—1,2 — 2)PUKY —m]?,
and therefore that ~
| PPyl Fioal| € NPT, = m),
Putting things together, we obtain
|P(N: = mN; 1| Fea]| <Y NPy, with ¢ = QK. , —m[?].
xX
O

Let us now recall Doob’s decomposition in our settings. An (F;)-adapted process X =
(X1)t>0 C LY(P) can be decomposed in a unique way as

X = My(X) + A(X), t>1,
where M (X) is an (F;)-martingale and
Ao =0, AA = P[AX)|Fi1], t>1.

Here, and in what follows, we write Aa; = a; —a;—1 (t > 1) for a sequence (a¢)ten (random or
non-random). M;(X) and A;(X) are called respectively, the martingale part and compensator
of the process X. If X is a square-integrable martingale, then the compensator A;(X?) of
the process X2 = (X?)i>0 C L1(P) is denoted by (X ); and is given by the following formula:

A(X ) = P[(AX)YFi1).

Now, we turn to the Doob’s decomposition of X; = — In N;, whose martingale part and the
compensator will be henceforth denoted M; and A; respectively;

- tht == Mt + At, AAt == —P[A lnﬁt|_7:t,1] (21)
Lemma 2.1.2 Suppose (1.18). Then, A{ M )y < Ri—1 =< AA;.

Proof: We set Uy = %—N’; to simplify the notation. We first note the following:
t—

1
pa— —1.

(2) |[Aln Ny <m|Uy.

3) P [Uf]}'t_l] = Pl (Up) | Fi—1] X Ri—1, where ¢(x) = z — In(1 + ).



In fact, Ny_1 < N; by (1.18), and hence (1/m)N;—1 < N;. These imply (1). (2) follows
directly from (1) since

m|z — y|

|Inz —Iny| < if z,y >0and z/y > 1/m.

As for (3), we have by Lemma 2.1.1(a) that

P [|AN,*|Fi-4]

-2

P U} Fia] = ~
t—1

= Rt—l‘

We now note that there exists ¢ € (0, 00), which depends only on m such that
x? ) 1
MSSO(SU)SC:U for all z > L — 1.

This, together with (1) implies that
Plp(Up)|Fi-1] < cP [UZ|Fi1] =< Reoa.
On the other hand, we have by Lemma 2.1.1(b) that

1

1
[P (U1 Fe] | = 55— PN = mNe )| Fia]| 2 = Y Nbae < Rer.
t—1

t=1 pepd

Thus,

U
Ri1 = PUF_1] =P | ———U\/2+ U|Fs_
t—1 [t\tl] [mt +t|t1:|
U? 1/2 9 3 1/2 1/2 51/2
< P 51 1, \Fio1| P [2U7 + UP|Fi] Plo(Un)|Fea] "Ry,

and hence Ry—1 = P [p(U;)|Fi—1].
The rest of the proof is easy. We have by (3) that

AA; = —P[AIn Ny Fiq1] = —P[In (1 + Uy) | Fe-1] = Pl (Up) | Fi—1] < Re-1.
Similarly, by (2) and Lemma 2.1.1,
P[(AInNy)?|Fooq] X P [UZ|Fia] =< Reor.
This, together with AA; < R;_1 implies that

A{M ) = P[(AM;)?|Fi_1] < 2P[(AIn Ny )?|Fi1] + 2(AA)? < Ri_1.

Lemma 2.1.3 Suppose Q(qi,(0) =0) =1. Then, P(N« > 0) € {0,1}.

The proof we present is due to Yuval Peres (private Communication) We prepare some
notation. For (s,y) € N x Z%, we define the (s, y)-branch (N; 'Y )eeza; t € N of the branching

random walk as follows:
N, ts yl -1

S7y j— 7y j—
NO,:E - 533,@’7 t,.x Z Z 6 s+t 1 z s+t—1,z7 te N (22)
ze74 v=1



N can be thought of as the number of particles at time-space (s + t,z) € N x Z% which

t,x
descend from a single particle at time-space (s,y) € N x Z¢. In particular, N;, = Ng f in
this notation. We define the set of occupied sites O;"Y of the (s,y)-branch by

O ={z ez’ NY >1}, O,=0)".
Note that O} C Z4, if y € Z¢ and t — s € 2N, where
28 ={xeZ; x4+ .. +1x4€ 27}

Proof of Lemma 2.1.3: We fix £ € N and define an event E;Y (s,t € 2N, y € Z) by:

= U {(-eat+onzic o) B

vezZd

that is, the set of occupied sites of the (s,y)-branch at time ¢ contains a cube with the
side-length 2¢. We first note that for any ¢ € N,

(D) 7% inf {t € 2N ; E; occurs} < oo, a.s.
To prove (1), we take s € 2N large enough so that

P(E,) > 0.
We then define a sequence 0 = 4, y1, ... € Z¢ inductively by
(kfl)svy - *
N =1k e NF,

yr = max O

where the maximum is relative to the lexicographical order of Z?. By the assumption,
OBt 2 () for all k € N*. Now,

P(T>ks) < P <(Es)°, (ESY1)E, .., (Eék—l)s,yk_1)c)
= P ((ES)C’ (E5VS, .., (E§k72)s,yk72)c) (1 - P(E,))
= (1-P(E)"

This implies that Plexp (¢T')] < oo for some ¢ > 0 and hence (1).
Let T be defined by (1) and

vp = max{v € Zg ; ([*faf]d +v)N Zg - O%O}'
We then have that

PN >01Fr) = P |J{NZ >0} Fr
y€Or

Y
|

U (N > 0}| Fr
ye([—609+vr)nzd

=rl U >0,
ye[—£,£4NZ2

9



where we have used the invariance under the time-space shift on the last line. Hence, by
taking expectations and letting ¢ — oo,

P(Ne>0)>P | | J{N >0}
yezd

The above inequality is in fact an equality, since Nﬁf = No. Moreover, the event on the
right-hand-side is invariant under the shift by = € ZZ, which is ergodic with respect to P. Tt
is thus, zero or one depending on whether P(N ., > 0) is zero or positive. a

2.2 Proof of Theorem 1.3.1

The proof is based on the decomposition (2.1). By Lemma 2.1.3, it is enough to prove the
following:

(1) {Noo =0} C {As =00} = {3024 Rs = 00}
(2) {2 Rs =00} el {—c1lnN; < Zi;% Rs < —coIn Ny for large enough #’s.}.

To prove these, we recall the following general facts on square-integrable martingales—see for
example [9, page 252, (4.9) and page 253, (4.10)]:

(3) {(M)s < o0} C {lim M; converges.}.

a.s. . Mt
(4) {{M oo = 00} € {lip 77 = 0)

By (3) and Lemma 2.1.2, we get (1) as follows:
t—1
{ZRS <oo} = {Ay <00} ={Ay <00, (M )e < o0}
5=0
& {Ax < 0, 1i¥/n M converges.} C {N4 > 0}.

We now turn to (2). Since {As = 00} = {d o0 Rs = 00} and

tht 1HNt Mt
Tl = tL
Zs:O Rs At At

by Lemma 2.1.2, (2) is a consequence of:
a.s.
(5) {Au =00} € {4 — 0},
Let us suppose that Ao = co. If (M ) < 00, then again by (3), li{n M; converges and
therefore (5) holds. If, on the contrary, ( M )o, = 00, then by (4) and Lemma 2.1.2,

M, _ M <M>t—>0 a.s

A (M) A

Thus, (5) is true in this case as well. O

10



3 Proof of Theorem 1.3.2

We shall prove Theorem 1.3.2 in the same spirit as that of [4]. In the following subsection,
we give some preliminary estimates and the final proof is given in the last subsection.

3.1 Lemmas

A technical result at first:

Lemma 3.1.1 Let n;, 1 < i < n (n > 2) be positive independent random variables on a
probability space with the probability measure P, such that P[n?] < oo fori=1,..,n.Then,

N2 } S mama 2m2var(m) + myvar(nz) (3.1)

P[(Z?zlm)“’ S VE e :
Pl 2 SR () 200

M
where m; = Pln;] and M =% | m;.

(3.2)

Proof: We set . .
U:Z(m—mi)zzm—M> —M.
i=1

i=1

Note that (u+ M)~2 > M~2(1 — 24) for u € (—M, 00). Thus, we have that

*lotir] = el 200 (s gyt

PlmnU] = Plmna(m —ma)] +Pmnz2(n2 — ma)] = mavar(n:) + myvar(nz).

These prove (3.1). Similarly,
2 2
Ui Ui -2 2 2 2 >
Pleesi—| = P|l——-=|>M (P - —=PnU|),
) = Fl ] 2o (p - e i
PniU] = P[i(m —my)] =P nf] —mP [n}].
These prove (3.2). 0

As an immediate consequence, we have (by applying Lemma 3.1.1 to a;n; instead of n;):

Corollary 3.1.2 Let n;, 1 < i <n (n > 2) be as in Lemma 3.1.1. Then, for any «; > 0
satisfying > iy a; = 1, we have

p(— 1" 1— (P(F?) — 1)(c1 + as), 3.3

(<z?_1ami>2 > 1 (PGR) - (o1 +as) (3:3)

P ) > (1 200)P(@) - 200P)), (3.4)
(25 i)

where 71 := 11 /Pm].

11



Lemma 3.1.3 Assume Q(q(0) =0) =1 and Q(q,(1) =1) < 1. Then,

1
lim 7 In N; > ¢, a.s. (3.5)

t—o0
where cg = — In Q[Zk21 k™ qa] > 0.

Proof: For any (¢,y,v), K, is independent of F;, hence

Pty 1) = (i) ) = e
It follows by Jensen’s inequality that

-1
Nt—l,y

1
P(y15a) = P K| 170
Yy v=1

Nt 1,y

N Nj_1P Nt 1 Z Z K1yl 5=
1 1 Netw (o1
= Ntflp Niq Zy: Z:: (Kt—l,y> | Fe—1
e “
T Nt
Hence P ( ) < e%! and (3.5) follows from the Borel-Cantelli lemma. O

We denote by (P;,t = 0,1,...) the semigroup of a simple symmetric random walk on Z,
namely, Py f(z) := >, Pi(z,y) f(y) where Py(x,y) is the probability that the random walk
starting from x resides at y on the t-th step. Plainly, P;(z,y) = p(x,y). We write P = Py.
Let for any z € Z¢,

7t = Par(2, 2) = Par(0,0) ~ ct™¥? t — oo.

For the sake of notational convenience, we write p(z) = pt 5, so that p; stands for a function
on Z¢.

Lemma 3.1.4 Assume (1.18). For any (y1,v1) and (y2,v2), t > 1, we have

K2 K |
p(M ]:> > 7[04—11 ) — C —c } 3.6
N, N7 @7 Dl ) —apdin) = 5 (36)

2
on the event {Ni,, A Niy, > 1}, where a = Q[Z;I] and c¢1 and cy are some constants.

Consequently,

Plonlw)mal ) = (L= )P Poe) + (0= 1) 30 ool mnz,00)

—e1[Poi (1) P(o?) (w2) + Ppuly) P(oF) (1)
3, 2P p(z 1)) (3.7)

12



Proof: Firstly, we consider (3.6) in the case (y1,v1) # (y2,12). Let A € F and A C
{Nty, ANt y, > 1}. Under P, {K},},, are independent (but not identically distributed) and

independent of . Since Ny1 = 3., Yot K, we have My = P4[Nyy1|F] = 32, myyNey.

Thus, by applying (3.1) to n; = Ké’;jl and 2 = Ky, , we get
P (1 Kﬁ/l KZ?Jz ) > pi <1 mt7y1mt,y2) 2p4 |1 m ,yzmz(% y)1 + My, mz(SQy)g
A— s — ) 2 A— 5 | — A )
N{i M? N?

since M; > N;. Therefore, by taking Q-expectation,

(2)

vy Ko, (2)
P(lf“w) 2P <1Amt“’”mt’y2> —92p <1A Mg Mgy + mtvylmt,m) .

NE My N}

Observe that under P, my. are i.i.d. and independent of F;. It turns out from (3.3) and
(3.4), with . and 7. playing the roles of p;(-) and m; . respectively, that

mt7y1 mt,y? 1 mt7y1 mt’yQ
p (Dt ]-"t> - P |7
( M N? <(Zy pe(y)may)?
1
Z W2 [1+ (@ = Dly=yy) — c1pe(y1) — c1pe(ya)] -
t

On the other hand, we have
P (mnmegi}l + mt7y1m§?;2| ft) <2m® < o0

by our integrability assumption. Hence, with ¢y = 4m®),

KV K2 ¢
P(l t,y1 Y2 ) > P |:1 — 1)1 . _ — — 7:| ,
A 7Nt2+1 Nt + (@ = D1(y=y) — c1pe(y1) — c1pt(y2) N,

yielding (3.6) in the case (y1,v1) # (y2,v2). The case (y1,v1) = (y2,12) is obtained in the
same way by applying (3.2) instead of (3.1) and by eventually modifying the constants.
To obtain (3.7), we have that

Nt )21 Nt 1,29

(X2 )0y (X2 KO K
P<pt+1(y1)pt+1(y2)!7:t> = > > > P < = Nt2+t12 P ’ft>

21,22 v1=1 vo=1
Nt )21 Nt 129

= Y3y ¥ h12P< ’*”K’fm@ |Ft> (3.8)

21,22 v1=1 va=1

) and (ft,Nt+1,KV1 K?

t,217 " t,22

by means of the independence between (X;% , X;? ), and the func-

t,217 < t,z2
tion hq 2 is defined as follows:

ha = P(0,(X7)0,(X02,))
= L) =(220)) P21 Y1) Ly =go) T L((e1 1) £ (20,00))P(21, Y1)P(22,2)  (3.9)
L((21 ) #(z2,00))P(21, Y1) (22, Y2).-

v

13



Applying (3.6) we get

P(pt+1(y1)pt+1(y2)\ -7:t> > Z Z hi 2 N2 {1 + (o= 1)1 =) — c1pe(21) — c1pe(22) — %J

21,22 V1,12

1
> > (e v)p(z2, 1) Nz 9¢(21,22) + (o — 1)1(z1:zQ)},
(21,01)#(22,v2) t
with gi(21,22) = 1 — c1pe(z1) — capi(z2) — 5%. Let us compute explicitly the above sum
Z(21,1/1);J£(22,l/2) R
1
Z = Z Nt 2y Nt 2p(21, y1)p(22, y2) N2 gt(z1, 22)
(z1,v1)#(z2,12) z17#22 t
1
+) (N2, = Ni2)p(z, 91)p(2,2) N7 [g1(2, 2) + o — 1],
B i

by removing the diagonal terms. Using the definition of p(z) = N; . /Ny, we get

Z = Z pt(21)pe(22)p(21, y1)p(22, y2) 9¢ (21, 22)

(21,111)75(22,112) 21,22

+(a—1) Zm (2, y1)p(2,y2) szm zy2)p]\(,t)[gt(22)+04—1}

v

(1- *)Pﬁt(yl) Poe(y2) + (a = 1) Zpt p(z,y1)p(z,2)

—a [Pm(ylwp%)(y?) + Pl Plodn)] = 5 Eplemner ().

as desired. .

Recall that Ry = >, p7(z). Let t > 2. The following lemma shows the role played by the
semigroup in analyzing R;.

Lemma 3.1.5 Assume (1.18). There exists a constant cz > 0 such that for all1 < s <t—1,

P (Z (Pt*(sJFl) p5+1(x))2 fs) = Z (Pt—sps(x))Q + (a - 1) Tt—sRs — 201R§/2 - ]C\T?’S

xT xT

Proof: Observe that

Z(Pt (s+1) Pst1( Z Z Pr—(s+1) (%, Y1) Py—(511) (7, y2) pst1 (Y1) ps+1(y2)-

x T Y1,y2

Applying (3.7) gives

C (6%
P (%: (Pi—(ss1) Pst1(x))” fs) > (1- ﬁi)b + (=13 —cly — EI5’

L = Y > Py (@ y1) Po(orn) (@, 42) Pps(y1) Pps(y2),

T Y1,Y2
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I3 = Zzpt (s+1) (@, Y1) P (s41) (T, Y2 ZPS p(z,y1)p(2, y2),

T Y1,Y2

L= 3y Pt_(s+1)(mayl)Pt—(s+1)($a3/2)[73/)5(?/1)7)([)3)(?/2)+Pp5(y2)7)(p§)(yl) ;
T Y1,Yy2

I = Y > Py (@ y1)Pr(orn) (@, 1) sz y1)p(2, y2)ps(2)-
T Y1,Y2

Using the semigroup property and noting that »__ (Pi—s(z, z))2 = Por_2s(2,2) = r1—s for any
z, we obtain

I = Z(Pt ops(x))’,
I3:ZZPtsmz P2(z Zzpts:cz p2(z —rtsZps

Iy = QZ Prsps(@) Pes(p3) (),

I5 = Zzptsxz ps Zps Tt s = T't—s-

By the translation invariance and the Cauchy-Schwarz inequality, we see that

Re=) Prs(pd)(@) 2 Y (Peos(ps) () = max Py (ps) (@)%,

and hence that Iy < 27'\’,2/ 2, This implies the lemma with c¢3 = a + cs. O

Define

Lemma 3.1.6 Assume (1.18). Fiz j > 0. The martingale Z;(-) defined by
t
Z(Z Pips(x))’ _P<Z(P]ps ) | Fe- 1>> t>1.
s=1 T

satisfies the following law of large numbers:

a.s. Zt
{Voo = 0} C {%/() — 0, t— o0, }.
t

Proof: Let us compute the increasing process (Z;). associated to Z;. By the Cauchy-Schwarz
inequality, (32, Pips(z))® < 32, Pip2(z) = Ry < 1. Tt follows that

2 2
2 <Z <Pjps<m>>2> +2 (P(Z (Pyps(a))? ml))

IN

(Zi(s) — Zj(s — 1))°

T T

IN

2R} + 2P (Rs | Fomr)?
< 2R, +2P (R ]}'s_1>.

Hence,
(Z3)s = (23051 = P ((Z3(s) = Zi(s = 1))’ | Forr ) <4P(Rs| Fomr).

15



We will prove that
P(R|Fomt) < 2mPR, 1. (3.10)

Then, ( Z; )1 < 8m®V;_1, and the lemma follows from the standard law of large numbers
for a square-integrable martingale, cf. section 2.2,(4).
It remains to show (3.10). Using (3.8) and (3.9) to y1 = y2 = y, we have

P(Ry| o) ZP(ps )| Fom1)
Ns—1,21 Ns—1,29

K K?
=22 > X h12P<s 12]1\,25_1732&—1)

Yy 21,22 v1=1 vo=1

Ns— lles 1,29

<22 > >k

Yy 21,22 v1=1 vo=1

To obtain the last inequality, we used N5 > Ns_; and the independence between K;_; . and
Fs—1. We divide the last summation into the summation over (z1,v1) = (z2,12) and that
over (z1,v1) # (z2,12), to see that

Ns 1z1Ns 1,z9

222 Xy

Yy 21,22 vi=1 vo=1

h12

+ Rs—l < 272/3—1~

s—1

Here, we used Ry—1 =), N7 ; x/ 1 > 1/N4_1 to see the last inequality. Putting things
together, we have (3.10) and the proof of the lemma is now complete. O

3.2 Proof of Theorem 1.3.2:
We first note that there are ¢ > 0 and ¢y € N such that

Z He (3.11)

where the constant « is from Proposition 1.2.1. For d = 1,2, we take ¢ = 1. Then, (3.11)
holds for ¢y large enough, since > 52, rs = co. For d > 3, our assumption P(N = 0) =
implies a > o* > 1/my by Proposition 1.2.1. Since > 32, 7y = 174, (3.11) holds for small
enough e > 0 and large enough .

Let t > tg. Applying Lemma 3.1.5 to s =t —1,t — 2,...,t — tp and taking the sum on s, we
get

ti (2c1R? + ]cv—i)
> :Z (Z (Piosp(a))” = P( L (Pectery pesa @) m)) la-1) :Z risRy
- Z (z Prtusny poss ) —P@(m_(sﬂ)m(x)f\fs)) +

:Z (Z (Presp@))” = 3 (Peoges psmx»?) +(a-1) :2 risRy
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t—1 t—1

= Z [Zt—(s—&-l)(s + 1) s+1) } + Z Pto Pt— to Rt + (Oé - 1) Z Tt_sRs,

s=t—to s=t—to

where we recall that the martingale Z;(-) are defined in Lemma 3.1.6. By change of variable
s =t — 7, we have proven that

to to

C
ICICLES >3 [t -+ 1)~ Zat - ) - Rﬁa-erﬂem
— t=j j=1

Taking the sum of these inequalities for t = tg + 1,...,7", we obtain that

S SRl O L) > S [ZiaT = 4+ 1) = Zyoatto =+ 1)] - (Vi = Vi)
j=1

t=to+1 j=1

to
+Ha—=1) > ri(Vej = Vig—j)-
j=1
Since Ry < 1,
Vi =Vie—j > Vr—j—(to—j)=Vr—to,
t t
(a—1) zozrj(VT—j ~Vio—j) = (a—1) zo:TjVT —c9 > (14+€)Vr — ¢y,

j=1 j=1

with constant cg = (o — 1)ty 22021 r;. Hence,

to
C . .
E E 261R3/2 N3 ) > E |:Zj,1(T -7+ 1) — ijl(to -+ 1) + eV — co. (312)
t=to+1 j=1 t=j =1

Recall from Lemma 3.1.3 that )7, N% < 00, a.S., which combined with Lemma 3.1.6 implies
that the two sums involving respectively 7= ; and Z;_1(T — j + 1) in (3.12) are negligible,

relative to V. It follows that

hmmf— Z ZRf/i > 2; a.s.

T—o0
t to+1 j=1

Consequently,

liminf — Z R3/2 ‘ a.s.,

T—o00

which implies that

: € |2
limsupR; > a.s
t—»oop b= (201 to
This completes the proof of theorem. a
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