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1. Introduction

This note contains some more details of the second author’s talk with
title “Generic degree ratios at roots of unity” for the 10-th workshop “Rep-
resentation theory of algebraic groups and quantum groups” at Sophia Uni-
versity Seminar House, Karuizawa on the occasions for celebrating Shinoda
and Shoji’s 60-th birthdays. The second author really thanks all the par-
ticipants for coming to this workshop. And, special thanks to Meinolf Geck
and Sungsoon Kim for coming from abroad to attend this workshop.

One aim of this note is to emphasize the importance of the ratios of
specialized generic degrees in three different ways: (i) Morita invariants (ii)
To define the parity (iii) Structure constants of algebras. The main aim is
related to this (ii), and is to state some structural conjectures in § 6 (parity,
Koszulity, and Kazhdan-Lusztig theory in the sense of Cline-Parshall-Scott).
To state some conjectures on the existence of Kazhdan-Lusztig theory we
need to define the parity condition on the extension groups between two
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simples over a certain finite dimensional quasihereditary algebra S. In this
note, we are not interested in arbitrary quasihereditary algebras.

In [Rou] R. Rouquier introduces a notion of quasi-hereditary cover of a
(symmetric) order, whose prototype is the algebra of type A and its associ-
ated (full) q-Schur algebra. In this note we consider Iwahori-Hecke algebras
for Coxeter groups W and their quasi-hereditary covers. The main conjec-
ture is about this cover S. For Rouquier’s cover S, one of the most important
things is the order on Irr(W ). We are not interested in arbitrary orders on
Irr(W ), and are only interested in a special order on Irr(W ) defined by M.
Geck.

Now, we roughly explain the picture for the parity . The isomorphism
classes of simple objects over S is indexed by Irr(W ). We shall make a
partition Irr(W ) = B+ ∪ B−, namely a parity of simple objects over S. To
define this partition, we shall use the generic degree ratios at a root of unity.
Along this parity, we hope that there is Kazhdan-Lusztig theory of S-mod
in the sense of Cline-Parshall-Scott, something similar to the category O
for complex semisimple Lie algebras or the category of finite dimensional
modules over a divided power quantum group at a root of 1.

This note is organized as follows: In §2, we recall what is the generic
degrees for Coxeter groups. In §3 we shall recall some known results on the
ratios for the specialized generic degrees at roots of unity. Those facts are
very important in representation theory of finite (reductive) groups, which
are very traditional, like the height zero conjecture and Morita (and derived)
invariants. In §4 we state the numerical results, which are important as
well to define the parity. In §5 we recall the block partitions of Iwahori-
Hecke algebras, Geck’s ordering of Irr(W ) via Lusztig’s a-function and his
theorems on simple modules over Hecke algebras. In §6 we shall define
the parity precisely using the fact in §4 and 5, and shall state the Main
Conjecture 13. In §7, we pick up the cases that the Main Conjecture 13
can be settled affirmatively in an infinite series of classes of block algebras
(Theorem 15) and some quasihereditary covers of exceptional Hecke algebras
of type E6, F4 and H4 (Theorem 16) . As a bonus, we shall show a way
(Theorem 23) to classify the block algebras of exceptional Hecke algebras
up to Morita equivalence. Even here, the generic degree ratios at roots of
unity are important. In §8, using Geck’s ordering and indices for simples, we
shall look at how our proof for Theorem 23 works. A new method we employ
here is a Hecke algebra analogue of Plesken-Nebe’s method. And, we shall
give a naive construction of Rouquier’s quasihereditary cover for a block
algebra of type F4. In §9, we shall complete our proof for Theorem 4 on
the numerical result. In §10, we import our results to the category O’s over
certain rational Cherednik algebras. §11 is occupied by the tables for the
ratios of specialized generic degrees, which will be used for Proposition 28.
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2. Generic Degrees and Schur elements

For a finite Coxeter system (W,S) and a domain R with an invertible
element q we denote by HR,q = HR,q(W ) the 1-parameter Hecke algebra of
W over R. HR,q has so-called standard (Schur) bases Tw satisfying (Ts −
q)(Ts + 1) = 0 for s ∈ S. HR,q has a symmetrizing trace form τ

τ(Tw) =
{

1 if w = 1,
0 otherwise .

Following Geck-Pfeiffer[GP00] we know that there exists a unique decom-
position

τ =
∑

χ∈Irr(H
Q(v1/2),v

)

1
cχ
χ

where v is an indeterminate, Irr(HQ(v1/2),v) is the set of irreducible charac-
ters for HQ(v1/2),v

∼= Q(v1/2)[W ] and cχ ∈ Q[v, v−1]. cχ is called a Schur
element.

HR,q has the index representation ind, which is the q-analogue of the
trivial representation. cind is the Poincaré polynomial PW for HQ(v1/2),v.

PW =
∑
w∈W

ind(Tw) =
∑
w∈W

vl(w) =
∏
d

vd − 1
v − 1

∈ Z[v].

D(χ) := PW /cχ is called generic degree corresponding to χ. The closed
formula for D(χ) is well-known, [Lus84],[GP00]. For q = pf ∈ Z, D(χ)(q)
is the actual degree of the principal series unipotent character of the finite
Chevalley group G(Fq) corresponding to χ. [Lus84]

3. Ratios of specialized generic degrees

Let the triplet (K,R,k) be a large enough modular system for HR,v. i.e.
R is a complete discrete valuation ring with the unique maximal ideal ℘,
K is the quotient field of R, k ∼= R/℘ is the residue field, q := v + ℘ ∈ k,
HK,v(W ) is split semisimple, and HR,v(W ) is a symmetric order . Hk,q(W )
is not semisimple in general.

There is a unique decomposition Hk,q =
⊕

iBi where Bi is an indecom-
posable (Hk,q,Hk,q)-bimodule. In such a decomposition Bi is called a block
algebra.

The identity element 1B of B is uniquely lifted to R, i.e. K, as

1̂B =
∑
χ∈B

∑
w∈W

D(χ)
PW

χ(Tw)Tw−1

for a unique B ⊂ Irr(HK,v(W )) = Irr(W ). B is also called a block .
In the case that q is a primitive e-th root of unity, B and B are sometimes

called a Φe-blocks.
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Theorem 1 (Geck). [Gec92, Prop. 7.4] Consider a modular system (K,R,k)
where q = ζe := exp(2πi/e) ∈ k ⊂ C. So, ℘ = (Φe), Φe is the e-th cyclo-
tomic polynomial.

νe(D(λ)) = νe(D(µ))
for any λ, µ ∈ B. Here, νe is the valuation of R.

Thanks to this Geck’s theorem, the ratio (D(λ)/D(µ))|v=ζe is now well
defined for B. And, also the following definition makes sense:

Definition 2. For a block B ⊂ Irr(W ), define the Φe-weight (or simply
e-weight) of B to be

wt(B) := νe(PW ) − νe(D(λ))

for some λ ∈ Irr(W ).

We introduce some more notation: for an R-order Λ we define aK-algebra
KΛ and a k-algebra kΛ 1 by

K ⊗R Λ and k ⊗R Λ.

One answer why the generic degree ratios are important is the following
Broué’s theorem [Bro94, 3.B&4.B]:

Theorem 3 (Broué). Let A and B be finite dimensional algebras over R
with symmetrizing forms. Suppose that KA and KB are split semisimple.

• Suppose A-mod and B-mod are equivalent. Then, there exists an
induced bijection ı between A and B such that the Schur element
ratios are preserved modulo ℘ by ı.

• Suppose Db(A-mod) and Db(B-mod) are equivalent. Then, there
exists an induced bijection  between A and B such that the Schur
element ratios are preserved, up to sgn, by .

4. Numerical Results

Theorem 4 (Rationality). If W is of type A,E,F,G,H, then (D(λ)/D(µ))v=ζe

is a nonzero rational number for any λ, µ ∈ B.

Remark 5. For type A, we postpone the proof at corollary 36. For excep-
tionals, by a direct computation, we can check the fact. 2

The runner removal Morita equivalence defined in [CM07] has another
shadow 3like:

Theorem 6. For type A, the Runner Removal Morita Equivalence preserves
the ratios of specialized generic degrees.

1used by R. Rouquier.
2 For type A we didn’t deduce those facts by a direct computation. And, we haven’t

got those results for type B and D. It is very welcome that one could deduce those facts
by only combinatorics.

3Actually, before going to the main result in [CM07], the authors checked this property
because of Broué’s theorem.
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Example 7. We think about the second example of [JM02, 5. Examples].
Put rλ,µ(x) to be D(λ)(x)/D(µ)(x) where D(ν)(x) is the generic degree cor-
responding to ν.

(1) D(µ)(x) :=
xd(xn − 1)(xn−1 − 1) . . . (x− 1)∏

h(xh − 1)
∈ N[x]

where d =
∑

j(µ
′
j)

2 −
∑

i iµi and h runs over the hook lengths of µ.
In this notation, the matrices (rλ,µ(ζe))λ,µ∈Te

are given as


1 −1 1/3 −1/2 −1/3 1/2 1/3 −1/3 1 −1
−1 1 −1/3 1/2 1/3 −1/2 −1/3 1/3 −1 1
3 −3 1 −3/2 −1 3/2 1 −1 3 −3
−2 2 −2/3 1 2/3 −1 −2/3 2/3 −2 2
−3 3 −1 3/2 1 −3/2 −1 1 −3 3
2 −2 2/3 −1 −2/3 1 2/3 −2/3 2 −2
3 −3 1 −3/2 −1 3/2 1 −1 3 −3
−3 3 −1 3/2 1 −3/2 −1 1 −3 3
1 −1 1/3 −1/2 −1/3 1/2 1/3 −1/3 1 −1
−1 1 −1/3 1/2 1/3 −1/2 −1/3 1/3 −1 1




for e ∈ {2, 3, 4, 5} and Te’s are given as follows:

T2 :=
{
(6), (5, 1), (4, 2), (4, 12), (32), (3, 13), (23), (22, 12), (2, 14), (16)

}
T3 :=

{
(11, 2, 12), (10, 3, 12), (8, 5, 12), (8, 32, 1), (7, 6, 12),
(7, 32, 2), (52, 4, 1), (52, 3, 2), (5, 32 , 22), (4, 32, 22, 1)

}

T4 :=
{

(16, 4, 22), (15, 5, 22), (12, 8, 22), (12, 52, 2), (11, 9, 22),
(11, 52, 3), (82, 6, 2), (82 , 5, 3), (8, 52 , 32), (7, 52, 32, 1)

}

T5 :=
{

(21, 6, 32), (20, 7, 32), (16, 11, 32), (16, 72 , 3), (15, 12, 32),
(15, 72, 4), (112, 8, 3), (112 , 7, 4), (11, 72 , 42), (10, 72 , 42, 1)

}

Proof. Note that we can’t directly employ Broué’s Theorem 3 since there
is no Morita equivalence between a block of HR′

e,v(Sm) and a block of
HR′

e+k,v(Sn) where k > 0 and R′
i ⊂ Q(v) is the complete discrete valua-

tion ring with maximal ideal (Φi(v)).
The generic degreesD(χ) live in Z[x] and their specializations ofD(χ)/(Φe(x)νe(D(χ)))

at e-th root of unity ζ are therefore in Z[ζ]. Now given two characters in the
same block, we know that the ratio of specialized generic degrees is defined,
and lives in the cyclotomic field Q(ζ). Now suppose that two (combinato-
rial) blocks B and C are runner removal equivalent. Then, the corresponding
block algebra B� and C� over some extension of F� are Morita equivalent for
infinitely many 	 >> 0. By this fact and Broué’s Theorem 3, we deduce
that

D(λB)/D(µB)(ζ) ≡ D(λC)/D(µC)(ζ) modulo ℘�
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for any runner removal pairs (λB, λC) and (µB, µC). Here, (K�, R�, R�/℘�) is
a suitable modular system with parameter, namely, R� contains Z[ζ] and is
a complete discrete valuation ring with maximal ideal ℘�, K� is the quotient
field of R�, R�/℘� has characteristic 	 > 0 and R�/℘� is a Z[ζ]-module via
the action of ζ by ζ in R�/℘�. For an infinite number of maximal ideals m
in Z[ζ], the quotient J := (D(λB)/D(µB))/(D(λC)/D(µC))x=ζ is in the local
ring Z[ζ]m and moreover its valuation with respect to m takes the value 1
(in some finite field F�). �

5. Classification of blocks and Geck’s theorem on

decomposition numbers

5.1. The block partitions. Take a block B of Hk,q. Suppose that Hk,q

has quantum characteristic e > 0, i.e. q is a primitive e-th root of unity in
k or q = 1, in which case char(k) = e. 4

The classification of blocks of Hecke algebras is independent of char(k).
[DJ86],[DJ87],[DJ92],[GR97].

Theorem 8 (Dipper-James, Geck-Rouquier). The block partition

Irr(HQ(v1/2),v) =
⊕
B

B

doesn’t depend on char(k) and depends only on e as long as char(k) is not
bad (e.g. , �= 2, 3, 5).

5.2. Geck’s theorem on decomposition numbers and basic sets. For
type Xr of W , χ ∈ Irr(W ) and e ≥ 2, we define a (partially) ordered block
Ge(Xr, χ) and Geck’s basic set Ge(Xr, χ)basic [Gec98] as follows:

Ge(Xr, χ) is the data χ ∈ Irr W with order < determined by
(i) λ ∈ Ge(Xr, χ) ⇔ λ and χ are in the same block,
(ii) λ < µ ⇔ a(λ) < a(µ). Here, a is the a-function on Irr W (See

[GP00]).
For A = Ge(Xr, χ), we have the block algebra kA of Hk,q(W ) corre-

sponding to A by definition. Choose a complete set {P1, P2, . . . , Pk} of
representatives of projective indecomposable A-modules. All the projective
kA-modules are uniquely lifted over R. So, we write P̂i for the lifted module
over R of Pi for i = 1, . . . , k. Write [P̂i] for the character of P̂i. Define

Ge(Xr, χ)basic :=
{
χ ∈ Irr W | 1 ≤ ∃i ≤ k, χ = min{λ | 〈λ, [P̂i]〉 > 0}

}
.

Here, the minimal element min{λ | 〈λ, [P̂i]〉 > 0} is well-defined by [Gec98].
For the unequal parameter case HR,x,y(F4) of type F4, we have a conjec-

tural definition following Geck’s approach for Ge(F4, x, y, χ), which can be
checked to be true in many cases by [Bre94],[MP99]. It is known that this
conjecture is true if Lusztig’s conjecture in [Lus03] is so. 5

4The notation “e” came from [FS82].
5The authors learned this fact from M. Geck.
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6. Conjectures

In this section, we assume that the blocks have ’abelian defect’. For the
readers who are not familiar with ’abelian defect’, one simplification of this
assumption is to just replace ’abelian defect’ by ’char(k) is very large or 0’.
We use the dominance order on B by a-value (as in Geck’s talk).

Definition 9. We shall define a partition of B as follows: Take λ0 ∈ B
whose a-value is minimal in B. We declare that λ0 ∈ B+. Then,

B+ = {µ ∈ B | (D(µ)/D(λ0))v=ζe > 0}
B− = {µ ∈ B | (D(µ)/D(λ0))v=ζe < 0}

Remark 10. By Theorem 4, the above definition is well-defined.

Similarly, consider Geck et al ’s canonical basic set Bbasic of B, which is
used for the indices of simples Dλ over Hk,q.

Bbasic
+ = {µ ∈ Bbasic | (D(µ)/D(λ0))v=ζe > 0}

Bbasic
− = {µ ∈ Bbasic | (D(µ)/D(λ0))v=ζe < 0}

Conjecture 11. Suppose q �= −1. If λ ∈ Bbasic
± , µ ∈ Bbasic and Ext1Hk,q

(Dλ,Dµ) �=
0, then µ ∈ Bbasic

∓ .

Let SR,v and Sk,q = kSR,v be the Rouquier’s quasi-hereditary covers [Rou]
of HR,v(W ) and Hk,q(W ) respectively, whose order on the weight set is given
by a-values. So, Sk,q has standard objects ∆(λ) and ∇(λ) for λ ∈ Irr(W ).
Put L(λ) := ∆(λ)/Rad(∆(λ)).

Conjecture 12 (Parity). If λ ∈ B±, µ ∈ B and Ext1Sk,q
(L(λ), L(µ)) �= 0,

then µ ∈ B∓.

Conjecture 13 (Main Conjecture). Take a block algebra B of Sk,q. Suppose
that B has an ’abelian defect’ or char(k) = 0. Then,

(1) B is Koszul.
(2) There exists a unique length function l : IrrW → N0 such that

Sk,q-mod has an abstract Kazhdan-Lusztig theory in the sense of
Cline-Parshall-Scott [CPS93].

(3) The parity function l modulo 2 is nothing but the parity function by
the partition B+ ∪ B−.

Remark 14. • At least if char(k) = 0, many people expect that (1)
holds. (see for example [Rou05].)

• The so-called small quantum groups in characteristic zero are known
to be Koszul [AJS94, 18.17] ([CPS92], [BGS96]). By this fact, the
divided power quantum group Uk,

√
q-mod is known to be Koszul if

char(k) = 0 or huge (without any explicit bound) 6 . Uk,
√

q(gln)-mod
is much larger than Sk,q-mod where Hk,q = Hk,q(Sn).

6learned from R. Bezrukavnikov.
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• All the e-weight 1 blocks of Iwahori-Hecke algebras the Main Con-
jecture is easily shown to be true.

7. Structural Results

Theorem 15. For the Rouquier block Rw,cw of q-Schur algebras of type A
with e-weight w and Rouquier e-core cw, the main conjecture is true unless
0 < char(k) ≤ w. The grading is given by the (Jacobson) radical.

(See [CM07, §5]).

Theorem 16. Suppose that q �= −1, char(k) �= 2, 3. Take a block algebra A
of the Hecke order HR,v(W ). Suppose wt(A) > char(k).

(i) We have a path algebra presentation k[Q]/kI for kA and the basic
R-order AQ corresponding to A when W is of type F4, E6.

(ii) We have a naive construction of the quasihereditary cover

ΛQ = EndAQ

( ⊕
λ∈Irr W

Y λ

)

of AQ, whose order on IrrW is given by a-value. Here, Y λ is a
Young like module.

(iii) The main conjecture is true for HR,v(W ) when W is of type F4,
E6.

(iv) The cover ΛQ is radically graded.

Remark 17. • A precise path algebra presentation for a Hecke alge-
bra of type F4 will be given at Proposition 28 below. This is the case
for one of the most common decomposition matrices of all the finite
Hecke algebras. The differences between them are only distinguished
by some ratios of specialized generic degrees.

• The argument is really case by case. And, probably, it never covers
the whole cases. The cover ΛQ is really artificial. But, the category
ΛQ-mod is really natural. To get path algebra presentations, we use
Hecke algebras version of Plesken-Nebe’s method [Ple83],[Neb02] for
group algebras. In particular, Nebe computed many path algebra
presentations for group algebras. The crucial assumption for this is
that the decomposition numbers are 0 or 1. And, we need to know
some vanishings of Ext1.

• The crucial part for Ext1 comes from Geck-Rouquier’s filtration
[GR01] of the projective indecomposable modules. The filtration es-
sentially comes from Lusztig’s asymptotic Hecke algebra J [Lus85],[Lus87a],
[Lus87b],[Lus87c]. We use the standard modules by Geck-Rouquier
[GR01], which are probably the ones given in Geck’s talk.

• The same method is applicable for many case in type E7, E8. For
type H, probably Plesken-Nebe method works. And, the main con-
jecture is shown to be true by the same argument.
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7.1. Morita equivalent classes.

Conjecture 18 (Scopes’s type equivalences). Suppose that char(k) is not
bad for E8.

(i) The blocks algebras for G2(E6, φ1,0) and G2(E8, φ112,3) are Morita
equivalent.

(ii) The blocks algebras for G4(E6, φ1,0) and G4(E8, φ300,8) are Morita
equivalent.

(iii) The blocks algebras for G6(E6, φ1,0) and G6(E8, φ112,3) are Morita
equivalent.

Remark 19. • We can know that Conjecture 18 is consistent with
the results on decomposition matrices due to [Gec93] and [Mül01].
Namely, the corresponding decomposition matrices for the block al-
gebras listed in Conjecture 18 are identical.

• The naming comes from [Sco91]. But, we can’t take a method which
is analogous to hers. Inducing a simple module over co-rank 1 Hecke
subalgebra of H to H, taking projection to a block and taking its socle
doesn’t give us a simple module.

• The second author could deduce that (ii) is true in the case where
q is an element of the prime field of k or an element of C and
char(k) > 3. This goes as follows: Suppose char(k) > 0. We regard
q as a power prime, say q = pk, k > 0, so that q · 1k is contained
in the prime field. Next, we show the Morita equivalence between
blocks of finite Chevalley groups E6(Fq) and E8(Fq) corresponding
to G4(E6, φ1,0) and G4(E8, φ300,8) respectively. 7 Then, we have the
corresponding result for Hecke algebras in positive characteristics.
Finally, to deduce the result over C, we use a lifting argument (see,
[CM07]).

Conjecture 20 (Isomorphisms). Suppose that q and q′ are primitive e-th
roots of unity in k. Then,

Hk,q(W ) ∼= Hk,q′(W ).

Remark 21. • In the case q′ = q−1, one can show this conjecture
very easily.

• In the case char(k) = 0, one can show this conjecture by using
Lusztig’s asymptotic Hecke algebra.

• For type A, ’abelian defect’ case or char(k) = 0, we know that this
conjecture is true in a block-wise way by using Rouquier blocks and
derived equivalences. This is shown in [CM07] as a corollary.

7By the origin of the Iwahori-Hecke algebra, there is an idempotent e ∈ k[G(Fq)] such
that ek[G(Fq)]e is isomorphic to Hk,q·1k

(W ) where W is the Weyl group of G(Fq) For a
block algebra B of k[G(Fq)], eBe is in general a direct sum of block algebras of ek[G(Fq)]e.
But, in the case of Conjecture 18, eBe is a single block as long as char(k) isn’t bad. This
is a fact by [Sch85] and [BMM93].
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Lemma 22. Suppose block algebras A and B in Hecke algebras with quantum
characteristic e have different e-weights. Then, A and B are not Morita
equivalent.

As remarked before, our argument is really case by case. Nevertheless,
the following is remarkable.

Theorem 23. Suppose char(k) is greater than w or equal to 0. Suppose
that we can decide whether Conjectures 18(i),(ii) and (iii) are true or not
in each case. Suppose that Conjecture 20 is true.

Then, we can classify the block algebras with e-weight w over a splitting
field k of all the exceptional Hecke algebras including multiparameter cases
into Morita equivalent classes.

Proof. Suppose char(k) > w. There are still identical decomposition matri-
ces, which are not covered by Conjectures 18 and 20. In exceptional Hecke
algebras those cases don’t happen so often except semisimple or e-weight
1 cases. We can also use the fact that all e-weight 1 block algebras are
Brauer tree, their ratios are ±1 and their Morita equivalence classes are de-
termined by the coefficient ring (field) and the number of simple modules,
up to isomorphisms as in Remark 14.

The remained cases are: (i)G3(F4, φ1,0), G3(F4, φ4,1), G3(F4, q, q
2, φ1,0),

G3(F4, q, q
2, φ4,1) (ii) G6(H4, φ1,0) and G10(H4, φ1,0), (iii) the list in Lemma 24.

The case (i) is dealt in [Miy01]. The fact is that they are all Morita equiva-
lent. For cases (ii) and (iii), we use Hecke algebras analogue of Plesken-Nebe
method. In § 8, we shall do it by taking (iii) as one typical example.

We can exclude the case char(k) = 0: Consider a modular system with
parameter (F,R,k�) where (F,R′,k�) is a modular system together with
Z[ζe] ⊂ F , F� ⊂ k�, Z[ζe] acts on k� by ζe → q. To exclude the case
char(k) = 0 we can use a lifting argumtent using modular system (F,R,k�)
to show a Morita equivalence for two block algebras FA and FB once we
could find infinitely many prime 	 > 0 such that two block algebras k�A and
k�B over some extension k� of F� are Morita equivalent.

On the equivalence over R, one can use Broué’s Theorem 3.
By the fact in the first paragraph of this proof, as a necessary condition

that two block algebras k�A and k�B are Morita equivalent we have that
the ratios of specialized generic degrees lying in blocks FA and FB are
identical since the ratios over k� factor though the ratios over F . Then, as
a fact, the condition that blocks k�A and k�B have identical decomposition
matrices and ratios of specialized generic degrees at complex roots of unity is
a necessary and sufficient condition to deduce that k�A and k�B are Morita
equivalent. �

8. Identical decomposition matrices and Morita equivalences

As we promised in §1 and the proof of Theorem 23, we shall investigate
the block algebra structure listed in Lemma 24 below as one example that
Theorem 16 is true.
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The poset structure on Irr(W ) by the a-function for unequal parameter
cases is listed in [Gec04, p.362, Table 1].

Lemma 24. (i) G4(F4, φ1,0) = {φ1,0, φ4,1, φ9,2, φ12,4, φ
′
6,6, φ4,8, φ9,10, φ4,13, φ1,24}

(ii) G10(F4, q, q
4, φ1,0) = {φ1,0, φ4,1, φ9,2, φ12,4, φ

′
6,6, φ4,8, φ9,10, φ4,13, φ1,24}

(iii) Ge(F4, q, q
3, φ1,0) = {φ1,0, φ4,1, φ9,2, φ12,4, φ

′
6,6, φ4,8, φ9,10, φ4,13, φ1,24}

(iv) G∞(F4, q,−q, φ′1,12) = {φ′1,12, φ
′
4,7, φ

′
9,6, φ12,4, φ

′
6,6, φ4,8, φ

′′
9,6, φ

′′
4,7, φ

′′
1,12}

(v) G3(H4, φ1,0) = {φ1,0, φ16,3, φ25,4, φ40,8, φ10,12, φ8,12, φ25,16, φ16,21, φ1,60}
(vi) G3(H4, φ4,1) = {φ4,1, φ4,7, φ16,6, φ16,13, φ16,11, φ8,13, φ16,18, φ4,31, φ4,37}
(vii) G5(H4, φ1,0) = {φ1,0, φ9,2, φ16,3, φ24,6, φ8,12, φ6,20, φ16,21, φ9,22, φ1,60}
(viii) G5(H4, φ4,1) = {φ4,1, φ16,6, φ36,5, φ48,9, φ24,7, φ16,13, φ36,15, φ16,18, φ4,31}

(ix) G3(A10, φ(9,12)) =
{
φ(9,12), φ(6,4,1), φ(6,3,2), φ(5,4,2), φ(32,22,1),
φ(6,15), φ(6,15), φ(32,2,13), φ(3,18), φ(3,23,13)

}

Remark 25. The block at Lemma 24 (ix) is one example of Rouquier Φ3-
block with e-weight 2.

Lemma 26. The Geck’s basic set Ge(Xr, χ)basic for Ge(Xr, χ) in the list of
Lemma 24 is given by taking the first 5 terms in Ge(Xr, χ).

The decomposition matrices for blocks Ge(Xr, χ) in the list of Lemma 24
are known by [GL91] [Bre94], [Mül97] 8 and [MP99]. If we use Geck’s ba-
sic set with a-function order, we have identical decomposition matrices as
follows:

Lemma 27. Suppose char(k) > e. We fix a total order ≤ as in Lemma 24
i.e. we read them from left to right. Ge(Xr, χ) in the list of Lemma 24
has the following decomposition matrix via the correspondences Ge(Xr, χ) =
{φi | i = 1, . . . , 9} and Ge(Xr, χ)basic = {φi | i = 1, . . . , 5} :

φ1 1 . . . .
φ2 . 1 . . .
φ3 1 1 1 . .
φ4 . 1 1 1 .
φ5 1 . 1 . 1
φ6 . . 1 . .
φ7 . . 1 1 1
φ8 . . . 1 .
φ9 . . . . 1

Here, dot · stands for zero.

We would like to compare the module categories for algebras whose de-
composition matrices are identical as in Lemma 27. The condition that two
algebras A and A′ have an identical decomposition matrix up to permu-
tation of rows and columns is weaker than the condition that A-mod and

8 In [Mül97], Müller assumed that the coefficient field has characteristic zero. We can
erase this assumption by some direct computations and some arguments on the so-called
adjustment matrix.
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A′-mod are equivalent. So, towards the classification of block algebras up
to Morita equivalences, one need to investigate not only the decomposition
matrices, but more structures on algebras. The following is one answer on
this problem for the blocks in Lemma 24:

Proposition 28. Suppose that B is a symmetric R-order in KB, and that
every irreducible character of KB has weight two. Suppose further that the
decomposition matrix of B is

ϕ∗ ϕ0 ϕ1 ϕ2 ϕ3

χ0 1 1 1 . .
χ1 1 . 1 1 .
χ2 1 . . 1 1
χ3 1 1 . . 1
ψ∗ 1 . . . .
ψ0 . 1 . . .
ψ1 . . 1 . .
ψ2 . . . 1 .
ψ3 . . . . 1

,

and that Ext1(ϕ∗, ϕ∗) = 0 and Ext1(ϕi, ϕj) = 0 for all i, j ∈ Z/4Z. Here,
dot · stands for zero.

Then kB is Morita equivalent to the path algebra of the quiver with vertex
set {∗} ∪ Z/4Z and arrows α+

i and α−
i from ∗ to i and from i to ∗, for

i ∈ Z/4Z, modulo the following relations:∑
i∈Z/4Z

α+
i α

−
i = 0,

α−
i α

+
i+2 = 0, i ∈ Z/4Z,

α−
i (α+

i+1α
−
i+1 − λiα

+
i−1α

−
i−1) = 0, i ∈ Z/4Z · · · (♥),

(α+
i+1α

−
i+1 − λiα

+
i−1α

−
i−1)α

+
i = 0, i ∈ Z/4Z · · · (♠).

The scalar λi ∈ k∗ is the image in k of the ratio of Schur elements cχi/cχi−1

i.e. a ratio of specialized generic degree at a root of unity.

Proof. We can determine the nontrivial exponent matrices [Ple83, p.8,(II.2)
Definition] for B:

M(χi) =
ϕ∗
ϕi

ϕi+1


 0 1 1

0 0 1
0 1 0


 , i ∈ Z/4Z.

Let P∗, P1, P2, P3, P4 be projective indecomposable B-module whose simple
heads are ϕ∗, ϕ1, ϕ2, ϕ3, ϕ4, and put Λ = EndB(P∗ ⊕ P1 ⊕ P2 ⊕ P3 ⊕ P4), so
that Λ is a basic R-order Morita equivalent to B. Following Nebe[Neb02] we
define embeddings HomB(Pi, Pj) ↪→ E, where E = EndKB(V ) ∼= Z(KB) =∑

χKεχ is the endomorphism ring of V = ⊕χVχ, by choosing embeddings
Pi ↪→ V . Let Λij be the image of HomB(Pi, Pj) in E. We note that (the
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image of) Λ in E is a symmetric order with respect to the bilinear form on
E defined by 〈εχ, εχ′〉 = δχχ′c−1

χ ; this is not the restriction of the symmetric
form on KB to Z(KB) ∼= E – in each component End(Vχ) we need to divide
by dim(Vχ).

From the calculation of exponent matrices we have, for each i ∈ Z/4Z,

℘εχi + ℘εχi−1 =
(
℘εχi + ℘εχi−1

)# ⊆ (Λ∗i)# = Λi∗ � Rεχi +Rεχi−1 .

Here, the dual # is defined as in [Ple83]. Hence Λ∗i is a rank two lattice
generated by aiεχi + εχi−1 and πεχi−1 where ai ∈ R∗ and ℘ = (π). We can
normalize this basis by modifying the embedding Pi ↪→ V by postmultiplying
by a−1

i εχi , obtaining

Λ∗i = 〈γ+
i := εχi + εχi−1, δ

+
i := πεχi−1〉

and

Λi∗ = (Λ∗i)# = 〈γ−i := cχiπ
−1εχi − cχi−1π

−1εχi−1 , δ
−
i := π2εχi−1〉.

We have for all i ∈ Z/4Z,

γ+
i−1γ

−
i−1γ

+
i = cχi−1π

−1εχi−1 = cχi−1π
−2δ+i ∈ Λ∗i,

γ−i γ
+
i−1γ

−
i−1 = c2χi−1

π−2εχi−1 = c2χi−1
π−4δ−i ∈ Λi∗.

Together with our assumptions on Ext-groups, this implies that Λ is gener-
ated by

idΛ∗ , idΛi , γ
+
i , γ

−
i , i ∈ Z/4Z.

By direct calculation we have∑
i∈Z/4Z

γ+
i γ

−
i = 0,

γ−i γ
+
i+2 = 0, i ∈ Z/4Z,

γ−i

(
γ+

i+1γ
−
i+1 −

cχi

cχi−1

γ+
i−1γ

−
i−1

)
= cχiπ

−1γ−i , i ∈ Z/4Z,(
γ+

i+1γ
−
i+1 −

cχi

cχi−1

γ+
i−1γ

−
i−1

)
γ+

i = cχiπ
−1γ+

i , i ∈ Z/4Z.

�
Remark 29. • The statement also contains the case of the principal

3-block of GL5(Fq) with 3 | q+1 and 32 � q+1 , which is a Rouquier
block (see [KM00]).

• The ratios cχi/cχi−1 of specialized generic degrees for the blocks in
Lemma 24 are given in Appendix.

• By a similar fashion, one can compute the path algebra presentation
of block algebras in Hecke algebras with e-weight 2, 3.

Now, we shall explain a naive construction of a quasihereditary cover of
B of Proposition 28 and Theorem 16 as an example. We only consider the
case G4(F4, φ1,0) since the other cases are similar to this case.
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For a domain R with invertible element u, let H′
R be a subalgebra of

HR,u(F4) generated by Ts1 , Ts2 , Ts3. Then, H′
R is isomorphic to HR,u(B3).

Suppose that q is a primitive 4-th root of unity in k i.e. e = 4. Then, any
block algebra of H′

R is simple or a Brauer tree without multiplicities. The
characters φ((3).∅) and φ((2,1).∅) in Irr(W (B3)) have minimal a-values in their
own blocks. So, there are corresponding two simples D((3).∅) and D((2,1).∅)

which are selfdual trivial source modules. For a suitable modular system
(K,R′,k), since trivial source modules are uniquely lifted over a discrete
valuation ring R′, we may forget the subscript R′.

Write Y φ9,2 (resp. Y φ4,8) for e · IndHH′(D((3).∅)) (resp. e · IndHH′(D((2,1).∅)) )
where e is the block idempotent of B. Define Y λ for λ ∈ B ⊂ Irr(W (F4))(�=
φ9,2, φ4,8) for the principal Φ4-block B as follows:

Y φ1,0 := Dφ1,0 , Y φ4,1 := Dφ4,1 , Y φ12,4 := P φ4,1 , Y φ′
6,6 := P φ1,0 ,

Y φ9,10 := P φ9,2 , Y φ4,13 := P φ12,4 , Y φ1,24 := P φ′
6,6 .

Here, P λ (resp. Dλ) is the projective indecomposable (resp. simple) module
corresponding to λ ∈ Bbasic. Note that Dφ4,1 is also uniquely lifted over R′.
Put

S(B) := EndH

(⊕
λ∈B

Y λ

)
⊃ EndH


 ⊕

λ∈Bbasic

P λ


 =: H(B) ∼Morita B.

The decomposition matrix of S(B) is given as follows:

∆(φ1,24) 1 . . . . . . . .
∆(φ4,13) . 1 . . . . . . .
∆(φ9,10) 1 1 1 . . . . . .
∆(φ12,4) . 1 1 1 . . . . .
∆(φ′6,6) 1 . 1 . 1 . . . .
∆(φ4,8) . . 1 . . 1 . . .
∆(φ9,2) . . 1 1 1 1 1 . .
∆(φ4,1) . . . 1 . . 1 1 .
∆(φ1,0) . . . . 1 . 1 . 1

Matrix 1

Here, the vertical line separates the Hecke algebra part projective indecom-
posable modules and properly projective indecomposable modules over the
cover of the Hecke algebra.

Next, we artificially construct S ′(B) and kS ′(B) such that
(i) K S ′(B) is semisimple.
(ii) the decomposition matrix of kS ′(B) is the same with Matrix 1.

So, in particular, the partial orders on Irr(W (F4)) for S(B) and
S ′(B) are identical.

(iii) kS ′(B) is quadratic, its grading is given by the length of pathes
and the arrows are degree 1 homogenous elements.
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(iv) The relations for kS ′(B) are consistent with the ones in Proposi-
tion 28. In particular, the relations (♥) and (♠) can be resolved by
the quadratic relation involving β+ and β− where β+ is the arrow
from the vertex φ9,10 to the vertex φ4,8 and β− is the arrow from
the vertex φ4,8 to the vertex φ9,10.

(v) Rouquier’s condition, i.e. HomkS′(B)(∆′(λ′),∆′(µ′)) ∼= HomB(V λ, V µ)
where ∆′(τ) is the standard module over kS ′(B) for τ ∈ IrrW (F4)
which is analogous to the one for kS(B), λ′ means λ⊗ sgn and V λ

is the standard module corresponding to λ ∈ IrrW (F4) defined in
[GR01]. 9

By the main results in [Rou], namely, the uniqueness and the existence
of the cover, we deduce that S(B) and S ′(B) are Morita equivalent, hence
they are isomorphic.

Therefore, we deduce that kS(B) is quadratic.
To deduce Koszulity of kS(B), we have a numerical criterion [BGS96].

However, this case is easy since Rouquier blocks with abelian defects are
Koszul by Theorem 15 and the fact that as in Lemma 24 (ix) the statement
of Proposition 28 contains a Rouquier block case. Moreover, the parity
condition is also identical to the Rouquier case.

Remark 30. Let σ ∈ Aut(Hk) be the Goldman involution 10 of Hk :=
Hk,q(F4), i.e. σ(Ts) := −qT−1

s , s ∈ S. For an Hk-module M we denote by
Mσ the σ-twisted module of M via σ : Hk → Hk → End(M).

By the construction above, we have an isomorphism

S(B) = EndHk

(⊕
λ∈B

Y λ

)
∼= EndHk

(⊕
λ∈B

Y λ
σ

)
.

This fact is useful to deduce that S(B) is Ringel selfdual (see [Don98, p.84]).

9. Ratios for wreath products on GLe(Fq) and Hq(Se).

In this section, we shall complete the proof for Theorem 4 by using a
Morita equivalence and some easy computations.

By using (1) and a direct computation, we have

Lemma 31. D(e− k, 1k)(ζe) = (−1)k .

Definition 32. For an e-multipartition λ of w, put n := (|λ1|, . . . , |λe|) and

D(λ)(v) := |Sw : Sn|
e∏

i=1

(dimSλi

)D(e− i, 1i)(v)|λ
i| ∈ N[v]

Remark 33. Note that D(λ)(q) is the degree polynomial for the unipotent
character of GLe(Fq) � Sw corresponding to λ.

9In our case, this space is at most 1-dimensional, so, it is almost automatically satisfied.
But, in general, this assumption is strong.

10The naming is due to N. Iwahori.
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As a corollary of Lemma 31, we have

Corollary 34. D(λ)(ζe) is a non-zero integer. Any ratio D(λ)(ζe)/D(µ)(ζe)
is a non-zero rational number for any λ, µ.

Using a Morita equivalence between the principal block of GLe(Fq) � Sw

and the unipotent block of GLew+|ρw|(Fq) with e-weight w and Rouquier
e-core ρw with respect to w, we can know that there is a Morita equivalence
between the principal block of HQ(ζe),ζe

(Se)�Sw and a Rouquier block Rw,ρw

of HQ(ζe),ζe
(Sew+|ρw|) (see [CM07, §6] for the details). So, we have

Corollary 35. Any ratio D(λ)/D(µ)|v=ζe is a non-zero rational number for
any λ, µ whose e-core is Rouquier and whose e-weight is w.

Since any derived equivalence preserves the ratio up to sign (M. Broué’s
Theorem 3) and the block algebras whose e-weight is w are all derived
equivalent [CR], we have

Corollary 36. Any ratio D(λ)/D(µ)|v=ζe is a non-zero rational number for
any λ, µ whose e-cores are identical.

10. Rational Cherednik algebras

The main reference for this section is [Rou05]. In this section, we only
pick up some concluding remarks on rational Cherednik algebras by our
result as follows:

• Suppose char(k) = 0.
• To use Rouquier’s quasihereditary cover theory to come to a ratio-

nal Cherednik algebra set up, we need to work over the complete
discrete valuation ring R.

• By using Rouquier’s quasihereditary cover theory, we deduce that
the module category of our quasihereditary cover ΛQ in Theorems
is equivalent to the category O over a certain rational Cherednik
algebra.

• Since Koszulity and any abstract Kazhdan-Lusztig theory are Morita
invariants, we know that the corresponding O is Koszul and a
Kazhdan-Lusztig theory.

• The reason that we insist the a-value ordering for IrrW , mainly
due to Geck, is that the cover is Morita equivalent to O. (See
for the images of standard objects by KZ functor [GGOR03].) In
other words, if we choose a different partial order on IrrW , then
the module category of the resulting cover is not equivalent to O in
general.

• The reason that we exclude the case q = −1 is that (1) it is the
hardest and (2) we can’t employ Rouquier’s cover theory since it
doesn’t satisfy his assumption.
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11. Appendix

A10, e = 3
D(φ542)/D(φ632)|v=ζ3 = −1/2
D(φ33221)/D(φ632)|v=ζ3 = −1/2
D(φ542)/D(φ332111)|v=ζ3 = −1/2
D(φ33221)/D(φ332111)|v=ζ3 = −1/2

F4, e = 4
D(φ12,4)/D(φ9,2)|v=

√
−1 = −1/3

D(φ′6,6)/D(φ9,2)|v=
√
−1 = −2/3

D(φ12,4)/D(φ9,10)|v=
√
−1 = −1/3

D(φ′6,6)/D(φ9,10)|v=
√
−1 = −2/3

F4, e = 10 : v − v = v4 − v4

D(φ12,4)/D(φ9,2)|v=ζ10 = −1/3
D(φ′6,6)/D(φ9,2)|v=ζ10 = −2/3
D(φ12,4)/D(φ9,10)|v=ζ10 = −1/3
D(φ′6,6)/D(φ9,10)|v=ζ10 = −2/3

F4, e = 8 : v − v = v3 − v3

D(φ12,4)/D(φ9,2)|v=ζ8 = −1/3
D(φ′6,6)/D(φ9,2)|v=ζ8 = −2/3
D(φ12,4)/D(φ9,10)|v=ζ8 = −1/3
D(φ′6,6)/D(φ9,10)|v=ζ8 = −2/3

F4, e >> 0 : v − v = (−v) − (−v), 11

D(φ′9,6)|u=−v = v4Φ2
6Φ8Φ12 (1/8)Φ2

4

D(φ12,4)|u=−v = v4Φ2
6Φ8Φ12 (1/24)(v − 1)4

D(φ′6,6)|u=−v = v4Φ2
6Φ8Φ12 (1/3)Φ2

3

D(φ′′9,6)|u=−v = v4Φ2
6Φ8Φ12 (1/8)Φ2

4

12

(D(φ12,4)/D(φ′9,6))|u=−v = (1/3)(v − 1)4/Φ2
4

(D(φ′6,6)/D(φ′9,6))|u=−v = (8/3)Φ2
3/Φ

2
4

(D(φ12,4)/D(φ′′9,6))|u=−v = (1/3)(v − 1)4/Φ2
4

(D(φ′6,6)/D(φ′′9,6))|u=−v = (8/3)Φ2
3/Φ

2
4

H4, e = 3

D(φ40,8)/D(φ25,4)|v=ζ3 = −1/5
D(φ8,12)/D(φ25,4)|v=ζ3 = −1
D(φ40,8)/D(φ25,16)|v=ζ3 = −1/5
D(φ8,12)/D(φ25,16)|v=ζ3 = −1

11e �= 2, 3, 4, 6, 8, 12
12One can easily check that there is no solution on v in C such that

(−(D(φ12,4)/D(φ′
9,6))|u=−v,−(D(φ′

6,6)/D(φ′
9,6))|u=−v) ∈ {(1/2, 1/2), (1/3, 2/3), (2/3, 1/3),

(1/5, 1), (1, 1/5), (1/4, 3/4), (3/4, 1/4)}.
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D(φ16,13)/D(φ16,6)|v=ζ3 = −1/2
D(φ16,11)/D(φ16,6)|v=ζ3 = −1/2
D(φ16,13)/D(φ16,18)|v=ζ3 = −1/2
D(φ16,11)/D(φ16,18)|v=ζ3 = −1/2

H4, e = 5
D(φ24,6)/D(φ16,3)|v=ζ5 = −1/4
D(φ8,12)/D(φ16,3)|v=ζ5 = −3/4
D(φ24,6)/D(φ16,21)|v=ζ5 = −1/4
D(φ8,12)/D(φ16,21)|v=ζ5 = −3/4

D(φ48,9)/D(φ36,5)|v=ζ5 = −1/3
D(φ24,7)/D(φ36,5)|v=ζ5 = −2/3
D(φ48,9)/D(φ36,15)|v=ζ5 = −1/3
D(φ24,7)/D(φ36,15)|v=ζ5 = −2/3
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