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Exercise 1. Consider the function

f(x1, . . . , xn) = e
x1+2x2+···+nxn .

(a) Calculate Df(0, . . . , 0) and Hf(0, . . . , 0).
(b) Determine the first and second-order Taylor polynomials of f at

0.
(c) Write the Taylor polynomial of f using part (a).

Proof. (1) Case (a): Because

∂f

∂xi
= if,

we have
∂f

∂xi
(0, . . . , 0) = i.

Then,

Df(0, . . . , 0) = (1, 2, . . . , n).

And,
∂
2
f

∂xi∂xj
= i

∂f

∂xj
= ijf.

So
∂
2
f

∂xi∂xj
(0, . . . , 0) = ij.

Then,

Hf(0, . . . , 0) =




1 . . . n

. . . ij . . .

n . . . n
2





n×n

.

(2) Case (b): Let x := (x1, . . . , xn). The Taylor expansion for a n

variables function f at the point a = (a1, . . . , an) is

f(x1, . . . , xn) = f(a) +
n�

i=1

∂f

∂xi

����
x=a

(xi − ai) + . . .

+
1

n!

�

(i1,...,in)∈(1,...,n)

∂
n
f

∂xi1 . . . xin

����
x=a

(xi1 − ai1) . . . (xin − ain) + . . . .

1



Using the case (a), we can get that, the first order Taylor poly-
nomials of f at 0 is

n�

i=1

∂f

∂xi

����
x=0

xi =
n�

i=1

ixi,

the second order Taylor polynomials of f at 0 is

1

2!

�

{i,j}∈{1,...,n}

∂
2
f

∂xi∂xj

����
x=0

xixj =
1

2!

�

{i,j}∈{1,...,n}

ijxixj.

(3) Case (c): Using (a), (b), we have the Taylor polynomial of f at
the point 0 as follows,

f(x) = f(0) +Df(0)xT + xHf(0)xT + . . .

= 1 + (1, . . . , n)xT + x




1 . . . n

. . . ij . . .

n . . . n
2





n×n

x
T + . . . .

�

Exercise 2. Concerning the function

f(x, y) = 4x+ 6y − 122 − y
2 :

(a) There is a unique critical point. Find it.
(b) Determine whether this critical point is a maximum, a minimum,

or a saddle point.

Proof. (1) Case (a):
Since f is a polynomial, it is differentiable everywhere, any ex-

tremum must occur where ∂f/∂x, ∂f/∂y vanish simultaneously.
Thus, we solve

� ∂f
∂x = 4− 24x = 0
∂f
∂y = 6− 2y = 0.

and find that the only solution is x = 1/6, y = 3. Consequently,
(1/6, 3) is the only critical point of this function.

(2) Case (b): To determine whether (1/6, 3) is is a maximum or min-
imum or saddle point, we use the second derivative test for f at
the critical point (1/6, 3), we calculate:

d1 = fxx(
1

6
, 3)− 24 < 0,

d2 = Hf(
1

6
, 3) =

�
−24 0
0 −2

�
= 48 > 0.

So f has a local maximum at (1/6, 3).
�
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Exercise 3.

(a) Evaluate the integral
� 2

−1

� 2−y

y2−2y

(x+ y)dxdy

(b) Sketch the region of the plane determined by the limits of inte-
gration of the previous integral.

Solution (a)

� 2

−1

� 2−y

y2−2y

(x+ y)dxdy =

� 2

−1

1

2
x
2 + xy

���
2−y

y2−2y
dy

=

� 2

−1

(−1

2
y
4 + y

3 − 1

2
y
2 + 2)dy

= − 1

10
y
5 +

1

4
y
4 − 1

6
y
3 + 2y

���
2

−1

=
99

20
.

Solution (b) The plane determined by the limits of integration is
between the lines x = 2− y and x = y

2 − 2y on the interval y ∈ [−1, 2],
i.e.,

D = {(x, y)
��y2 − 2y ≤ x ≤ 2− y,−1 ≤ y ≤ 2}.

It is shown in the following figure.
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Exercise 4. Consider the integral

� 2

0

� 2x

x2

(2x+ 1)dydx.

(a) Evaluate this integral.
(b) Sketch the region of integration.

3
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(c) Write an equivalent iterated integral with the order of integration
reversed. Evaluate this new integral and check that your answer
agrees with part (a).

Solution (a)

� 2

0

� 2x

x2

(2x+ 1)dydx =

� 2

0

(2x+ 1)y
���
2x

x2
dx

=

� 2

0

(−2x3 + 3x2 + 2x)dx

= −1

2
+ x

3 + x
2
���
2

0

= 4.

Solution (b) The region of integration D is bewteen the lines y = 2x
and y = x

2 on the interval x ∈ [0, 2], i.e.,

D = {(x, y)
��x2 ≤ y ≤ 2x, 0 ≤ x ≤ 2}.

It is shown in the following figure.
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Solution (c) We can solve x from the limits of integration.

x =
y

2
, x =

√
y.

It means that D can also be described as

D = {(x, y)
��y
2
≤ x ≤ √

y, 0 ≤ y ≤ 4}.
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Then we change the order of integration.
� 2

0

� 2x

x2

(2x+ 1)dydx =

� 4

0

� √
y

y/2

(2x+ 1)dxdy

=

� 4

0

x
2 + x

���
√
y

y/2
dy

=

� 4

0

(
√
y − y

2

4
+

y

2
)dy

=
2

3
y
3/2 − 1

12
y
3 +

1

4
y
2
���
4

0

= 4.

We see that this new integral agrees with the original one in part (a).

Exercise 5. Evaluate the integral

� 2

−1

� z2

1

� y+z

0

3yz2dxdydz.

Solution
� 2

−1

� z2

1

� y+z

0

3yz2dxdydz =

� 2

−1

� z2

1

3xyz2
���
y+z

0
dydz

=

� 2

−1

� z2

1

(3y2z2 + 3yz3)dydz

=

� 2

−1

y
3
z
2 +

3

2
y
2
z
3)
���
z2

1
dz

=

� 2

−1

(z8 − z
2 +

3

2
z
7 − 3

2
z
3)dz

=
1

9
z
9 − 1

4
z
4 +

3

16
z
8 − 3

8
z
4
���
2

−1

=
1539

16
.
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