On the Whitehead Spectrum of the Circle

Lars Hesselholt

Abstract The seminal work of Waldhausen, Farrell and Jones, Igusa, and Weiss
and Williams shows that the homotopy groups in low degrees of the space of home-
omorphisms of a closed Riemannian manifold of negative sectional curvature can be
expressed as a functor of the fundamental group of the manifold. To determine this
functor, however, it remains to determine the homotopy groups of the topological
Whitehead spectrum of the circle. The cyclotomic trace of Bokstedt, Hsiang, and
Madsen and a theorem of Dundas, in turn, lead to an expression for these homotopy
groups in terms of the equivariant homotopy groups of the homotopy fiber of the
map from the topological Hochschild T-spectrum of the sphere spectrum to that of
the ring of integers induced by the Hurewicz map. We evaluate the latter homotopy
groups, and hence, the homotopy groups of the topological Whitehead spectrum of
the circle in low degrees. The result extends earlier work by Anderson and Hsiang
and by Igusa and complements recent work by Grunewald, Klein, and Macko.

Introduction

Let M be a closed smooth manifold of dimensionm > 5. Then, the stability theorem
of Igusa [22] and a theorem of Weiss and Williams [35, Theorem A] show that, for
all integers ¢ less both (m  4)/3 and (m  7)/2, there is a long-exact sequence

oo+ = Hy42(Ca, 153 Wh™ (M) — 7, (Homeo(M )) — 7, (Homeo(M )) —

where the middle group is the ¢th homotopy group of the space of homeomorphisms
of M . In particular, the group mo(Homeo(M )) is the mapping class group of M. The
right-hand term is the gth homotopy group of the space of block homeomorphisms
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of M and is the subject of surgery theory. The left-hand term is the (¢ + 2)th
homotopy group of the Borel quotient of the 2-connective cover of the topologi-
cal Whitehead spectrum of M by the canonical involution. It is one of the great past
achievements that the left-hand term can be expressed by Waldhausen’s algebraic
K-theory of spaces [32-34].

Suppose, in addition, that M carries a Riemannian metric of negative, but not
necessarily constant, sectional curvature. Another great achievement is the topolog-
ical rigidity theorems [11, Remark 1.10, Theorem 2.6] of Farrell and Jones which,
in this case, give considerable simplifications of the left and right-hand terms in the
above sequence. For the right-hand term, there are canonical isomorphisms

7, (Homeo(M)) = 7,(HoAut(M)) < m,(HoAut(M)),

where HoAut(M) and Hadut(M ) are the spaces of self-homotopy equivalences
and block self-homotopy equivalences of M, respectively. We note that, as M is
aspherical with 771 (M) centerless [27, Theorems 22, 24], it follows from [13, Theo-
rem II1.2] that the canonical map from HoAut(M ) to the discrete group Out(s; (M ))
is a weak equivalence. For the left-hand term, there is a canonical isomorphism

P Whir(s) = WhiP(M),
©

where the sum ranges over the set of conjugacy classes of maximal cyclic subgroups
of the torsion-free group 71(M); see also [24, Theorem 139]. Hence, in order to
evaluate the groups , (Homeo(M )), it remains to evaluate

WhiP(S1) = 7, (Wh'™(S "))

and the canonical involution on these groups. We prove the following result.

Theorem 1. The groups WthP(S Y and WhTOP(S 1) are zero. Moreover; there are
canonical isomorphisms

wh(sh S P z/2z

rzl jeZ~N2Z

wnrsH SP P zrze P P z2z

r=0 jEeZ~27 r=1 jEZ~2Z

The statement for ¢ = 0 and ¢ = 1 was proved earlier by Anderson and Hsiang
[1] by different methods. It was also known by work of Igusa [21] that the two sides
of the statement for ¢ = 2 are abstractly isomorphic. The statement for ¢ = 3 is
new. We also note that in recent work, Grunewald et al. [15] have proved that for p
an odd prime and ¢ < 4p 7, the p-primary torsion subgroup of WhEOP(S Disa
countably dimensional IF ,-vector space,if ¢ = 2p 2or2p 1, and zero, otherwise.
Hence, we will here focus the attention on the 2-primary torsion subgroup.
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We briefly outline the proof of Theorem 1. The seminal work of Waldhausen
establishes a cofibration sequence of spectra

SLAK(S) S KSE]) — Wh(s!) 5 581 A K(S),

which identifies the topological Whitehead spectrum of the circle as the mapping
cone of the assembly map in algebraic K-theory [33, Theorem3.3.3], [34, The-
orem0.1]. Here S is the sphere spectrum and S[x*!] is the Laurent polynomial
extension. If we replace the sphere spectrum by the ring of integers, the assembly
map

a: S A K(Z) — K(Z[xE'])

becomes a weak equivalence by the fundamental theorem of algebraic K-theory
[28, Theorem 8, Corollary]. Hence, we obtain a cofibration sequence of spectra

SUAKS. 1) S K] 1[x*]) - WhT(s1) 5 £81 A K(S. 1),

where the spectra K (S, /) and K(S[x*!], I[x%!]) are defined to be the homotopy
fibers of the maps of K-theory spectra induced by the Hurewicz maps £: S — 7Z and
£:S[x*!] — Z[x*"], respectively. The Hurewicz maps are rational equivalences, as
was proved by Serre. This implies that K (S, /) and K (S[x*!], I [x*!]) are rationally
trivial spectra. It follows that, for all integers ¢,

WhI(S) ® Q = 0

Therefore, it suffices to evaluate, for every prime number p, the homotopy groups
with p-adic coefficients,

WhP(S";Z,) = m,(Wh™(S"),),
that are defined to be the homotopy groups of the p-completion [6].
The cyclotomic trace map of Bokstedt et al. [4] induces a map
tr: K(S, 1) — TC(S, I; p)
from the relative K-theory spectrum to the relative topological cyclic homology
spectrum. It was proved by Dundas [8] that this map becomes a weak equivalence

after p-completion. The same is true for the Laurent polynomial extension. Hence,
we have a cofibration sequence of implicitly p-completed spectra

SUATC(S. I: p) % TCESE']. I[x1]: p) — Wh™(s") 5 8! ATC(S. 1 p)

There is also a “fundamental theorem” for topological cyclic homology which was
proved by Madsen and the author in [19, Theorem C]. If A is a symmetric ring
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spectrum whose homotopy groups are Z,)-modules, this theorem expresses, up
to an extension, the topological cyclic homology groups TC,(A[x*!]; p) of the
Laurent polynomial extension in terms of the equivariant homotopy groups

TR, (4: p) = [SY A(T/Cpn 1)+. T(A)]r
of the topological Hochschild T-spectrum 7'(A) and the maps

R:TR}(4; p) — TR} Y(4; p) (restriction)
F:TR)(A; p) — TR} Y(4; p) (Frobenius)

V: TR} Y(4; p) — TR} (A: p) (Verschiebung)

d: TRy (A; p) — TR, (A4: p) (Connes’ operator)

which relate these groups. Here T is the multiplicative group of complex numbers
of modulus 1, and C,, + C T is the subgroup of the indicated order. We recall
the groups TRy (A; p) in Section 1 and give a detailed discussion of the fundamen-
tal theorem in Section 2. In the following Sections 3 and 4, we briefly recall the
cyclotomic trace map and the skeleton spectral sequence which we use extensively
in later sections. A minor novelty here is Proposition4 which generalizes of the
fundamental long-exact sequence [17, Theorem 2.2] to a long-exact sequence

<o > H,(Cpm, TR"(A; p)) — TRZ’+"(A;p) pit TRy (A;p) — -+
valid for all positive integers m and n.

The problem to evaluate WhgDp (S1) is thus reduced to the homotopy theoretical
problem of evaluating the equivariant homotopy groups TRy (S, /; p) along with
the maps listed above. In the paper [15] mentioned earlier, the authors approx-
imate the Hurewicz map £:S — 7Z by a map of suspension spectra 6:S[SG| — S
and use the Segal-tom Dieck splitting to essentially evaluate the groups
TR} (S, I; p), for p odd and g < 4p 7. However, this approach is not available,
forq > 4p 7, where a genuine understanding of the domain and target of the map

TR} (S; p) — TRY(Z; p)

appears necessary. We evaluate TRZ (S,1;2), for ¢ < 3, and we partly evaluate
the four maps listed above. The result, which is Theorem 25, is the main result of
the paper, and the proof occupies Sects. 5—7. The homotopy theoretical methods we
employ here are perhaps somewhat simple-minded and more sophisticated methods
will certainly make it possible to evaluate the groups TRy (S, /; p) in a wider range
of degrees. In particular, it would be very interesting to understand the correspond-
ing homology groups. However, to evaluate the groups TRZ (S, I; p) is at least as
difficult as to evaluate the stable homotopy groups of spheres. In the Section 8, we
apply the fundamental theorem to the result of Theorem 25 and prove Theorem 1.
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This paper was written in part during a visit to Aarhus University. It is a pleasure
to thank the university and Ib Madsen, in particular, for their hospitality and support.
Finally, the author would like to express his gratitude to Marcel Bokstedt for the
proof of Lemma 17.

1 The Groups TR} (4; p)

Let A be a symmetric ring spectrum [20, Section 5.3]. The topological Hochschild
T-spectrum 7'(A) is a cyclotomic spectrum in the sense of [17, Definition 2.2]. In
particular, it is an object of the T-stable homotopy category. Let C, C T be the
subgroup of order r, and let (T/C,)+ be the suspension T-spectrum of the union of
T/C, and a disjoint basepoint. One defines the equivariant homotopy group

TR, (A: p) = [S? A(T/Cpn )4 T(A)]r

to be the abelian group of maps in the T-stable homotopy category between the
indicated T-spectra. The Frobenius map, Verschiebung map, and Connes’ operator,
which we mentioned in the Introduction, are induced by maps

SAT/Cpn 2)4 = (T/Cpn 1)+
vi(T/Cpn 1) — (T/Cpr 2)+
8:X(T/Cpn 1) = (T/Cpr 1)+

in the T-stable homotopy category defined as follows. The map f is the map of
suspension T-spectra induced by the canonical projection pr: T/Cpn > — T/C 1,
and the map v is the corresponding transfer map. To define the latter, we choose an
embedding ¢: T/C,» » < A into a finite dimensional orthogonal T-presentation.
The product embedding (¢, pr): T/Cpn 2 — A X T/C s 1 has trivial normal bun-
dle, and the linear structure of A determines a preferred trivialization. Hence, the

Pontryagin—Thom construction gives a map of pointed T-spaces
S* A(T/Cpr )4 = S* A(T/Cpr 2)+

and v is the induced map of suspension T-spectra. Finally, there is a unique homo-
topy class of maps of pointed spaces §”: S' — (T/C 1)+ such that image by
the Hurewicz map is the fundamental class [T/C . 1] corresponding to the counter-
clockwise orientation of the circle T C C and such that the composite of §” and the
map (T/C,n 1) — S that collapses T/C,» 1 to the non-base point of S is the
null-map. The map §” induces the map of suspension T/C . 1-spectra

8 S(T/Cpr 1)4 = (T/Cpr 1)

which, in turn, induces the map 4.
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The definition of the restriction map is more delicate. We let £ be the unit sphere
in C* and consider the cofibration sequence of pointed T-spaces

Ey —>S8S">E—>3XE,

where the left-hand map collapses E onto the non-base point of S’; the T-space E
is canonically homeomorphic to the one-point compactification of C*°. It induces a
cofibration sequence of T-spectra

E4+ AT(A) = T(A) > EAT(A) — SE4 AT(A),

and hence, a long-exact sequence of equivariant homotopy groups. By [17, Theo-
rem 2.2], the latter sequence is canonically isomorphic to the sequence

N R
co = Hy(Cp 1,T(A)) - TR}(A: p) > TR) '(4:p) — -+

which is called the fundamental long-exact sequence. The left-hand term is the
group homology of C,. 1 with coefficients in the underlying C,. 1-spectrum of
T (A) and is defined to be the equivariant homotopy group

Hy(Cpr 1,T(A)) =[S, E4+ A T(A)]Cpn 1

The isomorphism of the left-hand terms in the two sequences is given by the
canonical change-of-groups isomorphism

[S4.Ex AT(ADle, | = [SYA(T/Cpp 1) E+ AT(A)lr
and the resulting map N in the fundamental long-exact sequence is called the norm
map. The isomorphism of the right-hand terms in the two sequences involves the
cyclotomic structure of the spectrum 7'(A) as we now explain. The C,-fixed points
of the T-spectrum T'(A) is a T/ C,-spectrum T (A)“7. Moreover, the isomorphism
pp:T —T/C,
given by the pth root induces an equivalence of categories that to the T/C),-
spectrum D associates the T-spectrum pj’jD. Then the additional cyclotomic struc-
ture of the topological Hochschild T-spectrum 7'(A) consists of a map of T-spectra
rips((E AT(A)) — T(A)

with the property that the induced map of equivariant homotopy groups

[S9 A (T/Cpr ) p(E A T(ANDr = [SYA(T/Cp )4, T(A)]r
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is an isomorphism for all positive integers n. The right-hand sides of the two
sequences above are now identified by the composition

[S1A(T/Cpn 1) EAT(A)]r < [SYA(T/Cpu 1) (E AT(A) " ]ryc,
= ST A(T/Cpr )4 py (E ATA)D]r =[S A(T/Cpr 2)4. T(A)]z

of the canonical isomorphism, the isomorphism pl’j, and the isomorphism induced
by the map r. By definition, the restriction map is the resulting map R in the fun-
damental long-exact sequence. Since r is a map of T-spectra, the restriction map
commutes with the Frobenius map, the Verschiebung map, and Connes’ operator.

We mention that, if the symmetric ring spectrum A is commutative, then 7' (A)
has the structure of a commutative ring T-spectrum which, in turn, gives the graded
abelian group TR/, (A; p) the structure of an anti-symmetric graded ring, for all
n = 1. The restriction and Frobenius maps are both ring homomorphisms, the
Frobenius and Verschiebung maps satisfy the projection formula

xV(y) = V(F(x)y),

and Connes’ operator is a derivation with respect to the product.

In general, the restriction map does not admit a section. However, if A = S is the
sphere spectrum, there exists a map

$T() = p3(T(E))
in the T-stable homotopy category such that the composition
T(S) = py(T(O)) = py((E AT(E)) = T(S)
is the identity map [25, Corollary 4.4.8]. The map s induces a section
S = 8,: TR} IS:p) — TR} (S; p) (Segal-tom Dieck splitting)

of the restriction map. The section S is a ring homomorphism and commutes with
the Verschiebung map and Connes’ operator. The composition F.S, is equal to
S, 1F, forn = 3, and to the identity map, for n = 2. It follows that, for every
symmetric ring spectrum A, the graded abelian group TR (A4; p) is a graded mod-
ule over the graded ring TR. (S; p) which is canonically isomorphic to the graded
ring given by the stable homotopy groups of spheres. It is proved in [16, Section 1]
that Connes’ operator satisfies the following additional relations

FdV =d +(p 1D)n,
dd =dn=nd,
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where 7 indicates multiplication by the Hopf class € TR%(S; p). It follows from
the above that FV = p,dF = pFd,and Vd = pdV.

The zeroth space A( of the symmetric spectrum A is a pointed monoid which is
commutative if A is commutative. There is a canonical map

[ ]n:mo(Ao) — TRG(A; p) (Teichmiiller map),

which satisfies R([a],) = [a], 1 and F([a],) = [a”], 1;see [19, Section 2.5]. If A
is commutative, the Teichmiiller map is multiplicative and satisfies

Fd(lal,) = [a)! d([al, 1)

2 The Fundamental Theorem

Let A be a symmetric ring spectrum, and let I be the free group on a generator x.
We define the symmetric ring spectrum A[x*!] to be the symmetric spectrum

AxT = AAT,

with the multiplication map given by the composition of the canonical isomorphism
from AN AAAT 4 to ANAAT L AT that permutes the second and third smash
factors and the smash product ;14 A pr of the multiplication maps of A and " and
with the unit map given by the composition of the canonical isomorphism from S to
SA 8" and the smash product e 4 A er of the unit maps of 4 and I'. There is a natural
map of symmetric ring spectra f: A — A[x*!] defined to be the composition of the
canonical isomorphism from A4 to A A S and the smash product id4 Aer of the
identity map of A and the unit map of I'. It induces a natural map

Je: TR(A: p) — TRy (A*']: p)

Moreover, there is a map of symmetric ring spectra g:S[x*!] — A[x*!] defined
to be the smash product e4 A idr of the unit map of A and the identity map of I'.
The map g makes A[x*!] into an algebra spectrum over the commutative symmetric
ring spectrum S[x*!]. It follows that there is a natural pairing

v: TR (A[x*']: p) ® TRY (Sx™']: p) — TRY, / (A[x™']: p)
which makes the graded abelian group TR”.(A[x*']; p) a graded module over the
anti-symmetric graded ring TR” (S[x*']; p). The element [x], € TR} (S[x*']; p) is

a unit with inverse [x], ' = [x '], and we define

d log[x], = [x], 1d[x],7 € TR?(S[X:H];F)
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It follows from the general relations that
F(d log[x],) = R(d log[x],) = d log[x], 1

Now, given an integer j and elementa € TR} (A: p), we define

alxl] = v(fu(a) ® [x]]) € TR (Alx*']: p)
v(fx(@) ® [x]]d log[x]y) € TRy, (A™"]; p)

a[x],{ d log[x],

The following theorem, which is similar to the fundamental theorem of algebraic K-
theory, was proved by Ib Madsen and the author in [19, Theorem C]. The assumption
in loc. cit. that the prime p be odd is unnecessary; the same proof works for p = 2.
However, the formulas for F, V, and d given in loc. cit. are valid for odd primes
only. Below, we give a formula for the Frobenius which holds for all primes p.

Theorem 2. Let p be a prime number, and let A be a symmetric ring spectrum
whose homotopy groups are Zp)-modules. Then every element € TR} (A [x£]: p)
can be written uniquely as a (finite) sum

D ao )] +bojxlid loglxl,) + Y (Vilag,[¥l) )+ dVE(hs[x] )
JEZL 1<s<n

JEL~PZ
with ay.; = ay,j(w) € TRy *(A: p) and by ; = b, j(w) € TR} (A; p). The cor-
responding statement for the equivariant homotopy groups with 7 ,-coefficients is
valid for every symmetric ring spectrum A.

It is perhaps helpful to point out that the formula in the statement of Theorem 2
defines a canonical map from the direct sum

B (TRI(4:p) @ TR! ((4:p)) @ D (TR} “(4:p) ® TR! {(4: p))

JEL I1ss<n
JEL~DPZ

to the group TR} (A[x%']; p) and that the theorem states that this map is an
isomorphism. We also remark that the assembly map

«: TR (4: p) ® TR" | (A: p) — TR (A[x*1]; p)
is given by the formula
ala,b) = a[x]g + b[x]gd log[x],,

where [x]0 = [1], € TRE(S[x*!]; p) is the multiplicative unit element.

The value of the restriction and Frobenius maps on TR} (A[x*']; p) are readily
derived from the general relations. Indeed, if @ € TRy (A[xE1]; p) is equal to the
sum in the statement of Theorem 2, then
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R(w) = Z (R(aoj)[x]n L+ R(boj)[x]n 1d logx], 1)

JEZ

+ Z (v (R(“SJ)[x]n 1) HaVv? (R(bw)[x]n )

Iss<n 1
JEL~DPZ

Fo) =Y (Flaop]) | + Fbojp)xl, (dloglx], 1)
JjEPZ

+ Y ((parj +dbij+ (p Db Il
JEL~PZL

+( 1)11 1]b1j[x]" 1d10g[x]n 1)
+ > (V((passrs + (0 Dnbepr NI )

1<s<n
/GZ\pZ

+dV by | )

We leave it to the reader to derive the corresponding formulas for the Verschiebung
map and Connes’ operator. The following result is an immediate consequence.

We recall that the limit system {M,, } satisfies the Mittag-Leffler condition if, for
every n, there exists m = n such that, for all k = m, the image of My — M, is
equal to the image of M,, — M,,. This implies that the derived limit R'lim, M,
vanishes.

Corollary 3. Let p be a prime number, let A be a symmetric ring spectrum whose
homotopy groups are Zy-modules, and let g be an integer. If both of the limit
systems {TR} (A: p)} and {TRy | (A; p)} satisfy the Mittag-Leffler condition, then
so does the llmlt system {TR (A [x£1]; p)}. Moreover; the element

w= (") e lilrenTRZ(A[xil]; r)
lies in the kernel of the map 1 F if and only if the coefficients

a\") = a,;(@™) € TR! *(4: p)
bgj’j? = by ;(@™) € TR! {(4: p)

satisfy the equations

F(a("j)/p) (s=0and j € pZ)
al " = 2 pal +db!") + (p 1)nb{’_’} (s =0and j € Z~ pZ)

dy.j
paf’;)lj—#(p l)nbé_Hj (I<s<n landj €Z~ pZ)
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F(b",) (s=0and j € pZ)
b V=1 e 1jp" (s=0andj € 7~ pZ)
bé(.r_',_)l'j (I1<s<n landj eZ~ pZ)

for alln = 1. The corresponding statements for the equivariant homotopy groups
with Zp-coefficients is valid for every symmetric ring spectrum A.

We do not have a good description of the cokernel of 1 ~ F. In particular, it is
generally not easy to decide whether or not this map is surjective.

3 Topological Cyclic Homology

Let A be a symmetric ring spectrum. We recall the definition of the topological
cyclic homology groups TC, (A; p) and refer to [17, 18] for a full discussion.
We consider the T-fixed point spectrum

TR"(A;P) — F((T/Cp" 1)+, T(A))T

of the function T-spectrum F((T/C,: 1)+, T(A)). There is a canonical isomor-
phism

677y (TR" (A; p)) = TRI(A; p)
and maps of spectra

R', F::TR"(A4; p) > TR" '(4; p)

such that the following diagrams commute

7y (TR (4; p)) ——— TRG(4: p) 7y (TR (4; p)) ———= TR} (4 p)
J/R‘* \LR lF; \LF
7, (TR" (4; p)) —— TR} '(4; p) 7y (TR" '(4; p)) —— TR} '(4; p)

The map F* is induced by the map of T-spectra f:(T/C,n 2)+ — (T/Cpn 1)+
and the map R‘ is defined to be the composition of the map

F(T/Cpo )4 T(A) = F(T/Cpr )4, E AT(A)T
induced by the canonical inclusion of SV in E and the weak equivalence

F((T/Cp )4, E AT(A)T < F(T/Cpr 1)1, (E A T(A) )
= F((T/Cpr 2)4.pp(E AT(A)))" = F((T/Cpp 2)4, T(A)"
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defined by the composition of the canonical isomorphism, the isomorphism p;, and
the map induced by the map r which we recalled in Section 1. We then define
TC"(4; p) to be the homotopy equalizer of the maps R and F* and

TC(A; p) = holimTC" (A4; p)
n
to be the homotopy limit with respect to the maps R‘. We also define

TR(A; p) = holimTR" (A4; p)
n

to be the homotopy limit with respect to the maps R' such that we have a long-exact
sequence of homotopy groups

il
ce > TC,(A: p) — TR (A: p) ' 5> TR, (A1 p) > TC, 1(A:p) — ---
We recall Milnor’s short-exact sequence

0 — R! lim TRy, (4: p) — TRy(4: p) — im TR{(A: p) — 0

In the cases we consider below, the derived limit on the left-hand side vanishes.
The cyclotomic trace map of Bokstedt—Hsiang—Madsen [4] is a map of spectra

tr: K(A) — TC(A4; p)

A technically better definition of the cyclotomic trace map was given by Dundas—
McCarthy [10, Section 2.0] and [9]. From the latter definition it is clear that every
class x in the image of the composite map

Kq(4) = TC,(4; p) — TC,(4: p) — TR} (4: p)

is annihilated by Connes’ operator. It is also not difficult to show that, for A
commutative, the cyclotomic trace is multiplicative; see [12, Appendix].

The spectrum TR” (A4; p) considered here is canonically isomorphic to the under-
lying non-equivariant spectrum associated with the T-spectrum

TR™(A; p) = phy (T(A)5" 1)

Moreover, the fundamental long-exact sequence of [17, Theorem 2.2] has the fol-
lowing generalization which is used in the proof of Lemma 26.

Proposition 4. Let A be a symmetric ring spectrum, and let m and n be positive
integers. Then there is a natural long-exact sequence

oo H, (Cpn, TR™(A: p)) 2> TR (A; p) S TR (A p) — -+
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where the left-hand term is the group homology of C,n with coefficients in the
underlying C,n-spectrum of TR" (A; p).

Proof. A map of T-spectra f:T — T’ is defined to be an F,-equivalence if it
induces an isomorphism of equivariant homotopy groups

S« [SYA(T/Cp) 4, Tlr = [SY A(T/Cp) 4, T'r

for all integers ¢ and v = 0. The cofibration sequence of pointed T-spaces
E. 58" S EL SE,,

which we considered in Section 1, induces a cofibration sequence of T-spectra
E Ap(T(A)7) = 3 (T(A)5) > EApf (T(A)7) = ZEL Apj (T(4))
We show that with s = n 1, the induced long-exact sequence of equivariant
homotopy groups is isomorphic to the sequence of the statement. The isomorphism
of the left-hand terms in the two sequences is defined as in Section 1. To define the

isomorphism of the right-hand terms in the two sequences, we first show that the
cyclotomic structure map r gives rise to an J,-equivalence

rE AT, (T(A " ') S EAT(A)
Since the map 7: E4+ — S induces a weak equivalence
Ey Aph((Ex AT(A))r) S ph((Eq A T(A)P),
a diagram chase shows that the map ¢: S* — E induces a weak equivalence
ENpi(T(A)r) S E Aph(E AT(A)CP)
The cyclotomic structure map r induces an F,-equivalence
ENpp(ENT(A) > EApp (T4 ),
which, composed with the former equivalence, defines an J,-equivalence
E A pp(T(A)) S EAph (T(AP )

The composition of these F,-equivalence as s varies fromn 1 to 1 gives the desired
Fp-equivalence r’. The isomorphism of the right-hand terms in the two sequences
is now given by the composition of the isomorphism
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[SYA(T/Cpm)4s E A Pl (T Dl = [SYA(T/Cpm)ae E AT (Al
induced by the map 7’ and the isomorphism
[SY A(T/Cpn)4s EAT(A)r = [SYA(T/Cpr )4, T (Al

defined in Section 1. |

4 The Skeleton Spectral Sequence

The left-hand groups in Proposition4 are the abutment of the strongly convergent
skeleton spectral sequence which we now discuss in some detail. Let G be a finite
group, and let 7" be a G-spectrum. Then we define

H,(G.T) =[S, E+ nT]g,
where E is a free contractible G-CW-complex. The group H, (G, T') is well-defined
up to canonical isomorphism. Indeed, if also E’ is a free contractible G-CW-
complex, then there is a unique homotopy class of G-maps u: E — E’, and the
induced map u4: [S?, E4+ A T]g — [S?, E/, A T]g is the canonical isomorphism.
The skeleton filtration of the G—CW-complex E gives rise to a spectral sequence
El, = HJ(G;7,(T)) = Hy4.(G,T)

from the homology of the group G with coefficients in the G-module 7, (7). We
will need the precise identification of the E2-term below. The augmented cellular
complex of E is the augmented chain complex €: P — Z defined by

P, = ﬁx(Ex/Ex l;Z)

with the differential ¢ induced by the map d in the cofibration sequence

dJ
Es I/Es 2_>Es/Es 2_>Es/Es 1_>2Es l/Es 2

and with the augmentation given by €(x) = 1, for all x € E. It is a resolution of
the trivial G-module Z by free Z[G]-modules. We define

Hy(G,m(T)) = Hy((P ® n(T))".,d ®1id)
The E'-term of the spectral sequence is defined by

E!, =[S (Ey/Es 1) ATlg
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with the d !-differential induced by the boundary map 9 in the cofibration sequence
above. The quotient £,/ E; | is homeomorphic to a wedge of s-spheres indexed by
a set on which the groups G acts freely. Therefore, the Hurewicz homomorphism

o(Es/Es 1) — H(Es/E;s 132).
the exterior product map
n(Es/Es 1) @ mi(T) = msi((Es/Es 1) A T),
and the canonical map
[S°* . (Ey/Ey 1) ATl6 — (i (E/ Ey 1) AT))Y
are all isomorphisms. These isomorphisms gives rise to a canonical isomorphism

h:(Py ® m,(T))° = E!,,
which satisfies 7 0 (d ®id) = d' oh. The induced isomorphism of homology groups
is then the desired identification of the £2-term.

We consider the skeleton spectral sequence with G = Cpr 1and T = TR"(A4; p).
Since the action by C,,» 1 on TR"(A; p) is the restriction of an action by the circle
group T, the induced action on the homotopy groups TR} (A4; p) is trivial. Moreover,
it follows from [16, Lemma 1.4.2] that the d>-differential of the spectral sequence
is related to Connes’ operator d in the following way.

Lemma 5. Let A be a symmetric ring spectrum. Then, in the spectral sequence
E}, = Hy(Cp 1, TR/(4: p)) = H,(Cpn 1. TR"(4: p)).

the d*-differential d*: Ef_[ — EA2 241 IS equal to the map of group homology
groups induced by d + n, if s is congruent to 0 or 1 modulo 4, and the map induced
by d, if s is congruent to 2 or 3 modulo 4.

The Frobenius and Verschiebung maps

F:Hy(Cpn 1,TR"(A; p)) — Hy(Cpr 2, TRY(A; p))
V:iH,(Cpn 2, TR"(A; p)) — Hy(Cpn 1, TR"(A; p))

induce maps of spectral sequences which on the E?-terms of the corresponding
skeleton spectral sequence are given by the transfer and corestriction maps in group
homology corresponding to the inclusion of C 2 in Cpn 1.

Let g € C,: 1 be the generator ¢ = exp(27i/p” 1), and let e: W — Z be the
standard resolution which in degree s is a free Z[C . 1]-module of rank one on a
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generator x, with differential dx; = Nx; 1, fors even,and dx;, = (g 1)x, 1, for
s odd, and with augmentation €(x¢) = 1.

Lemma 6. Let r and n be positive integers, and let p be a prime number.

(1) Ifr <n 1, then
Hy(Cpn 1,2/ p"Z) = L] p"ZL - zs,

where zy = zy(p,n,r) is the class of Nx; ® 1.
(2) Ifr =n 1, then

ZIp'Z-z (s =0)
H(Cpn 1.Z/p"Z) = {Z/p" 'L -z (s odd)
Z)p" ‘Z-p" @ Dz (s > 0and even)

where 7y, = zy(p.n.r) and p” " Vzo = p” @ Dz (p.n,r) are the classes of
Nx; ® Land p" " DNx, ® 1, respectively.
(3) The transfer map

FiH\(Cpp 1,2/ ') = H(Cpp 2.7/ p'2)

maps zy to zy, if s is odd, maps z; to pzy, if s = 0 orifs > 0 is even and
r<n 1,andmaps p" " Vzsto p" @ Dz, ifs > Oisevenandr =n 1.
(4) The corestriction map

V:H,(Cp 2,2/ p'Z) — H,(Cpr 1,7/ p"7Z)

maps Zs to pzs, if s is odd, maps zs to z, if s = 0 or if s > 0 is even and
r<n l,andmaps p" " Yzsto p” " Dz, ifs >0isevenandr =n 1.

Proof. The statements (1) and (2) are readily verified. To prove (3) and (4), we write
e:W — Zand €': W' — 7 for the standard resolutions for the groups C,» 1 and
Cpn 2, respectively. Then e: W — Z is a resolution of Z by free C,» 2-modules.
The map h: W — W’ defined by

T x! (s even)
M) =30
r.p 1g 'x_y (S Odd)a

where 0 < r < pand0 < d <n 2,isa C, »-linear chain map that lifts the
identity map of Z, and the C . »-linear map k: W/ — W defined by

Xy (s even)

=10 4g+ @ v (sodd)
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is a chain map and lifts the identity of Z. Now the transfer map F is the map of
homology groups induced by the composite chain map

(W ® Z/pl-Z)C[,n ey (W ® Z/]JrZ)CI’" 5 h®_1) (W, ® Z/p'.Z)Cﬂ" 2’

where the left-hand map is the canonical inclusion. One verifies readily that this
map takes Nx; ® 1to pN'x); ® 1 and Nxy; | ® 1to N'x}, | ® 1. Similarly, the
corestriction map V' is the map of homology groups induced by the composite chain
map

N/N’
(W/ ® Z/prz)cpn 2 k®_1> (W ® Z/prZ)Cpn 2 /_> (W ® Z/prZ)Cpn l’

where the right-hand map is multiplication by 1 + g + --- + g” '. This map takes
N'x); @ 1to Nxy; ® land N'x}, | ® 1t0 pNxoi 1 ® 1. -

Lemma 7. Let n be a positive integer and let p be a prime number. Then

Z-zo (s =0)
Hy(Cpn 1,Z) = {Z/p" 'Z -z, (s odd) .
0 (s > 0 even)

where 73 = z5(p, n) is the class of N xg @ 1. The transfer map
F:Hy(Cp 1,Z) — H(Cpn 2,7)

maps zo to pzy and z, to zy, for s > 0, and the corestriction map
V:H(Cpn 2,Z) — Hy(Cpn 1,7Z)

maps g to zg and zg to pzg, fors > 0.

Proof. The proof is similar to the proof of Lemma 6. O

5 The Groups TRY(S; 2)

In this section, we implicitly consider homotopy groups with Z,-coefficients. The
groups TR (S; 2) are the stable homotopy groups of spheres. The group TR}(S; 2)
is isomorphic to Z; generated by the multiplicative unit element ¢ = [1];; the group
TR|(S; 2) is isomorphic to Z/27Z generated by the Hopf class 7; the group TR)(S; 2)
is isomorphic to Z/27 generated by n?; the group TR1(S; 2) is isomorphic to Z/87Z
generated by the Hopf class v and n° = 4v; the groups TR}(S;2) and TRL(S;2)
are zero; the group TR (S; 2) is isomorphic to Z/27Z generated by v2, and the group
TRA(S; 2) is isomorphic to Z/16Z generated the Hopf class o.
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We consider the skeleton spectral sequence
EZ, = Hy(Cy 1,TR}(S;2)) = Hy4,(Cy 1, T(S))

This sequence may be identified with the Atiyah—Hirzebruch spectral sequence that
converges to the homotopy groups of the suspension spectrum of the pointed space
(BCyn 1)+ [14, Proposition 2.4]. Therefore, the edge-homomorphism onto the line
s = 0 has aretraction, and hence, the differentials d": E], — E(’J'_[ 4 1 are all zero.

Suppose first that n = 2. Then the E2-term for s + ¢ < 7 is takes the form

Z)16Z
7/27  Z7)2Z
0 0 0
0 0 0 0

7/87.  T)27 AZ/ST  T)27  4AZ/ST
Z/27 Z)2Z Z)2Z Z)2Z 727 /27
Z/27 Z)2Z Z)2Z Z/2Z 727 Z)2Z Z)2Z

Z, Z)2Z 0 7)27 0 Z/)2Z 0  Z)2Z,

where s is the horizontal coordinate and ¢ the vertical coordinate. The group Ef_o
is generated by the class tz;, the group Ef_l by the class 7z, the group Ef_z by the
class 7z, the group Ef_3 with s = 0 or s an odd positive integer by the class vz,
the group Esz_3 with s an even positive integer by the class 4vzy, the group Esz_6 by the
class v?z,, the group EA,Z_7 with s = 0 or s an odd positive integer by the class oz,
and the group EA,Z_7 with s an even positive integer by the class 80z, where z; are the
classes defined in Lemmas 6 and 7. We recall from Lemma 5 that the d2-differential
is given by Connes’ operator and by multiplication by 7. Since Connes’ operator on
TRL(S;2) is zero, we find that the E3-term begins

7167
7/27  7)2Z
0 0 0
0 0 0 0
Z/87  7)2Z 0 7/27  AZ/$Z
7/27  7)2Z 0 0 0 7)27
7Z/27 )27 72T 0 0 0 7)27
Z,  Z)2Z 0 7)27 0 0 0 7)27

Since the differential d°: E;_O — Eg_z is zero, the E>-term is also the E*-term. The
following result is a consequence of Mosher [26, Proposition 5.2].

Lemma 8. Let n be a positive integer. Then, in the spectral sequence
EZ, = H,(Cy 1,TR}(S:2)) = Hy4((Cp 1, T(S)),

the d*-differential d*: E;'_l — E:.1 4443 IS equal to the map of sub-quotients induced
from the map of group homology groups induced from multiplication by v, if s is
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congruentto 0, 1, 2, 3, 8, 9, 10, or 11 modulo 16, by 2v, if s is congruent to 6, 7, 12,
or 13 modulo 16, and by 0, if s is congruent to 4, 5, 14, or 15 modulo 16. |

In the case at hand, we find that the d*-differential is zero, for s + ¢ < 7. For
degree reasons, the only possible higher non-zero differential all have target on
the fiber line s = 0. However, we argued above that these differentials are zero.
Therefore, for s + ¢ < 7, the E3-term is also the E*°-term.

The E2-term of the skeleton spectral sequence for Hy (Cy, T'(S)) for s +¢ < 7 is

Z)16Z
7/27  Z)2Z
0 0 0
0 0 0 0

Z/87.  TJAZ 2Z/ST  T/AZ  2Z/8T
Z/27 Z)2Z Z)2Z Z)2Z 727 /27
Z/27 722 Z)2Z Z/2Z Z)2Z Z/2Z Z)2Z
7, L)AL 0 7)47 0 Z/47 0  T/AZ

The generators of the groups E?, are as before with exception that the groups E 3_3
and E3_7 with s an even positive integer are generated by 2vz; and 40z, respectively.
We find as before that the E3-term for s + ¢ < 7 takes the form

7167
7/27  7)2Z
0 0 0
0 0 0 0
Z/8Z  TZJAL 2Z/AZ  ZJAZ  27/8Z
7/27  7)2Z 0 0 0 7)27
7/27  7)27  7)2Z 0 0 0 7)27

Z,  ZJAZ 0 7)47 0 2Z/47 0 AT

The only possible non-zero d*-differential for s + ¢ < 7is d*: E{ | — Ej ;. Since
the corresponding differential in the previous spectral sequence is zero, a compar-
ison by using the Verschiebung map shows that also this differential is zero. The
d*-differentials are given by Lemma 8. Hence, the E°-term begins

7)16Z
7/27 Z7)2Z
0 0 0
0 0 0 0
7/87. T/AZ 2ZJAT 727 27/$T.
7/27  7)27 0 0 0 7)27
Z/27 Z)2Z Z)2Z 0 0 0 7)27

Z, /AT 0 7/47 0 2Z/47 0 2Z/AZ

We see as before that the £°-term is also the £ *°-term.
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Finally, we consider the skeleton spectral sequence for H,(Cy: 1, T(S)), where
n = 4. The E%-term for s + ¢ < 7, takes the form

7.)16Z
7/27  7)2Z
0 0 0
0 0 0 0

787 Z)87 Z/8Z Z/8Z  Z/8Z
727 7/27Z  ZJ)2Z  Z/2Z ZJ2Z 727
727 z/27Z  7)2Z  Z)27Z Z]2Z ZJ2Z 727
Zy 72" 7 0 72" 7 0 Z)2" Z 0 Z)2" Z
The generators of the groups Esz_[ are the same as in the skeleton spectral sequence
for H, (C2, T(S)) with the exception that the groups E7, and E?, are generated by

the classes vz, and oz, respectively, for all s = 0. The d>-differential is given by
Lemma 5. We find that the £3-term for s + ¢ < 7 becomes

Z)16Z
7/27  7)2Z
0 0 0
0 0 0 0
7/87. T/ST. T/AZ TJAZ  7/SZ
Z/27 727 0 0 0 0
Z/27 Z/2Z ZJ2Z 0 0 0 7)27

Z, z/2"'Z 0 Z/2"'zZ 0 27/ 'Z 0 Z/2"'Z

A comparison with the previous spectral sequence by using the Verschiebung map
shows that the d3-differential is zero. The d*-differential is given by Lemma§.
Hence, the E°-term for s + ¢ < 7 becomes

Z/16Z
7/27 727
0 0 0
0 0 0 0
Z/87. 78T /AL 727 7/8Z
7)27  Z)27 0 0 0 0
7/2Z )27 Z)2Z 0 0 0 7)27

Zo 72" 7 0 72" 7 0 27./2" 7 0 27./2" 7
and, for s + ¢ < 7, this is also the E°°-term.

Lemma 9. (/) There exists unique homotopy classes
gl.n 1 € HI(CZV' Ly T(S)) (I’l = 1)

such that &, | representszy € ETY, F(§1, 1) = &1 2, and §19 = 1.

(2) There exists unique homotopy classes

E3n 1 €EH3(Cyn 1, T(S)) (n=1)

such that &, | represents 1z3 € ES5, F(&3, 1) = &350 2, and §39 = v.
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(3) There exists unique homotopy classes
gS.n 1 € HS(CZ” L, T(S)) (I’l = 1)

such that &, | represents 21zs € ESy and F (&5, 1) = &5 2.

Proof. We consider the inverse limit with respect to the Frobenius maps of the skele-
ton spectral sequences for H, (Cyr 1, T'(S)). By Lemmas 6 and 7, the map of spectral
sequences induced by the Frobenius map is given, formally, by F(z;) = 2z, if s is
even, and F(z;) = z;, if s is odd. Hence, the £°°-term of the inverse limit spectral
sequence for s + ¢ < 7 takes the form

0
7)27
0
0
7./87
7)27.
7)27.
Zy

0
7)27
0
0

S o oo O oo
eNeBeoleNeNel
S o oo

(e

Zy

We now prove the statement (1). There is a unique class
§1 = {610 1) € imH (G 1, T(S))
such that &, | represents the generator tz; € ETY), for alln = 2. We can write

El.n 1 = dy ldV" 1(1)+bn 1V” 1(77)’

where a, | € Z/2" Zand b, | € Z/2Z. Since the class £, | represents (z;, the
proof of [18, Proposition4.4.1] shows that @, | = 1. The calculation

Ein 1= F(é1n) = F@V"(1) + by V() =dV" {1+ V" 1)

shows that also b, | = 1. Finally,

§10=F(&11) = FAV()+ V() =n,

which proves (1). To prove (2), we must show that there is a unique class
& =1&n 1} € ﬁ;an(Czn 1, T(S))

such that &3, | represents (zz and such that &5y = v. There are two classes & and
£ that satisfy the first requirement and

En1 E, o =dV" D)
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Moreover, if n = 3, then F" ':H3(C,: 1, T(S)) — TRL(S; 2) induces a map
Fn 1 Hy(Cy 1, TRY(S; 2)) — TRA(S;2)/4 TRY(S; 2)

Indeed, F" 'V" Y(v) = 2" 'vand F" 'dV" '(y*) = n* = 4v. The map F" !
is surjective by [36, Table 4]. One readily verifies that it maps the generator tz3 to
the modulo 4 reduction v of the Hopf class v. Hence, F”* ! maps one of the classes
&, 1 and ";‘g_" , to v and the other class to 5v. The statement (2) follows.

Finally, the statement (3) follows immediately from the inverse limit of the
spectral sequences displayed above. O

The group Hs(Cs, T'(S)) is equal to the direct sum of the subgroup generated by
the class &5 3 and a cyclic group. We choose a generator p this cyclic group.

Proposition 10. The groups Hy(Cy 1, T(S)) with g < 5 are given by

Ho(Cyr 1, T(S)) = Zo- V" (1),

Nzp2zoq (n=1)
]I-]Il(Czn 1, T(S)) - {Z/zn 7. sl.n - Z/ZZ .yn 1(77) (n > 2) ’
G IO = §Z/zz- NEa 1OZ2L-V" (P) (n=2)
Z./8Z - v (n=1)
Z/87 &, @ Z/SZ-V(v) (n=2)

H Cn ,TS = N
(G TED Z)2'L &3 1 @ L/2L PE1n 1 (n=3)

SL/SZ- V" (v)

VZ)2" VL vE, (n <3)
(G TEN = {Z/sz-va.n 1 (=4
0 (n<2)
Hs(Cy 1. T(S)) = {Z/4Z - &52 (n=3)

7)2" VL Es, 1 ®LJ2L-V" 4p)  (n=4)

In addition, F(§,, 1) = &, 2, where &g =nand &y = v, and F(p) = 0.
Proof. We have already evaluated the E°°-term of the spectral sequence

EZ, = H,(Cy 1,TR}(S:2)) = Hy4((Cp 1, T(S)),
for s + ¢ < 7. We have also defined all the homotopy classes that appear in the
statement. Hence, it remains only to prove that these homotopy classes have the

indicated order. First, the edge homomorphism of the spectral sequence is the map

vt LTRI(S; 2) — H (Cy 1, T(S))
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Since this map has a retraction, the classes V" !(n) and V" !(n?) both generate a
direct summand Z /27 and the class V" !(v) generates a direct summand Z/87Z as
stated. This completes the proof for ¢ < 2. Next, the Frobenius map

F:H3(Cy, T(S)) — TR}(S;2)

is surjective by [36, Table 4]. This implies that the class &5 ; has order 8 and that the
group H3(Cy, T(S)) is as stated. We note that 4&3 ; is congruent to d V(?) modulo
the image of the edge homomorphism.

Next, we show by induction on n > 3 that the class &3, | has order 2”. The class
&2 has order either 8 or 16, because F(&3,) = &;1 has order 8. If &, has order
16, then the quotient of H3(C4, 7'(S)) by the image of the edge homomorphism is
equal to Z/16Z generated by the image of &;,. But then V/(&31) has order 8 which
contradicts that, modulo the image of the edge homomorphism,

4V(Esn) = V(@&.) = VdV(r) =24V (°) =0

Hence, &35 has order 8, and the group H;3(Cy4, T'(S)) is as stated. So we letn = 4 and
assume, inductively, that &3, , has order 2" I The class 2" 253_,, 2 is represented in
the spectral sequence by 7z,. Now, by Lemma 6(4), we have V(nz2) = 1z, which
shows that the class 2" 2V(&, 2) = V(2" 2&, ») is non-zero and represented
by nz,. This implies that 2" &5, | is non-zero, and hence, £;,, | has order 2" as
stated.

Next, we show that, for n = 3, the class &, ; has order 2" L Ifn > 4, the
spectral sequence shows that there is an extension

0 — Z/4Z — Hs(Cy 1, T(S)) — Z/2" *Z — 0
The Verschiebung map induces a map of extensions from the extension for n to the
extension for n 4+ 1, and Lemma 6 shows that the resulting extension of colimits

with respect to the Verschiebung maps is an extension
0— Z/47 — coll/imHs(Czn 1, T(S)) —> Q2/Zy — 0
It follows from [25, Lemma4.4.9] that there is a canonical isomorphism
EXt(Q2/Zs, colim Hs(Cyr 1.7 (S)) 5 lim Hg(Cyr 1. T(S))

and, by the proof of Lemma 9, the right-hand group is cyclic of order 2. This implies
that the extension for n > 4 is equivalent to the extension

on 3)

n 3
0z/4z2 " T Szpzezr 'z Ttz im0
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It follows that, for n > 4, the class £s,, | has order 2" ! as stated. It remains to
prove that &5, has order 4. If this is not the case, the map of extensions induced by
the Verschiebung map V': Hs(Cy, T(S)) — Hs(Cs, T(S)) takes the form

0 222 L2 7270 7/22 2 707, 0
| I §
0 27422 7270 7/82 2> 7/47, 0,

where the middle map V' takes (1,0) to (0,4) and (0, 1) to either (1,0) or (1,4).
The class &5, corresponds to either (0, 1) or (1, 1) in the top middle group. In either
case, we find that the class V(&s5,) has order 2 and reduces to a generator of the
quotient of Hs(Cs, T'(S)) by the subgroup Z/8Z - &5 3. It follows that the class

V(o) 2853 € Hs(Cg, T(S))

generates the kernel of the edge homomorphism onto Z/47Z - 21zs. Then, Lemma 6
shows that the class F(V(§s2) 2&s3) generates the kernel of the edge homomor-
phism from Hs(Cs, T'(S)) onto Z/27Z - 2iz5. But F(V(é52) 2&s3) = 0 whichis a
contradiction. We conclude that the group Hs(C4, 7'(S)) is cyclic as stated.

Finally, the Frobenius map F:Hs(Cs, T'(S)) — Hs(Cy4, T'(S)) induces a map of
extensions which takes the form

0 z/42 2 220 0 282 - 7/42 0
ll J/0+1 ll
0 727 —>2 ~7/47 — ~7/)27 0

The class p corresponds to one of the elements (1,0) or (1,4) of the top middle
group both of which map to zero by the middle vertical map. It follows that F(p) is
zero as stated. O

We define &, € TR}(S;2) to be the image of &, € Hy(Cx,T(S)) by the
composition of the norm map and the iterated Segal-tom Dieck splitting

H, (Cx, T(S)) — TR}(S;2) — TR!(S: 2)

Similarly, we define p € TRZ(S;2) to be the image of p € Hs(Cg, 7'(S)) by the
composition of the norm map and the iterated Segal-tom Dieck splitting

Hs(Cs, T(S)) — TRE(S;2) — TRE(S; 2)

Then we have the following result.
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Theorem 11. The groups TR (S:2) with g < 5 are given by

TR}(S:2) = P Zo- V(1)

O<s<n
TR}(S:2) = P z/22- v e P z2/2°Z- &,
O<s<n 1<s<n
TR;(S:2) = P Z/2Z- V() & € Z/2Z- né1.s
O<s<n 1<s<n
TRY(S:2) = P Z/8Z- V') & P Z/2Z &5 @ P Z/2Z n’tas
O<s<n 1<s<n 2<s<n
TR;(S:2) = P Z/2'Z - véy
1<s<n
TR}(S:2) = D Z/2'Z- 65, @ D Z/2Z-V* *(p)
2<s<n 3<s<n

where u = u(s) is the larger of 3 and s + 1, and where v = v(s) is the smaller of 3
and s. The restriction map takes &, to &4, if s <n 1, and to zero, if s =n 1,
and takes p to p, if n = 5, and to zero, if n = 4. The Frobenius map takes &, , to
&5 1, where &1y = n and & = v, and takes p to zero. Connes’ operator takes
V(1) to &5 4+ V*(n), and takes & 5 to zero.

Proof. The Segal-tom Dieck splitting gives a section of the restriction map. Hence,
the fundamental long-exact sequence

S H(Cpr 1, T(9) > TRYS: p) S TR (S: p) S H, 1(Cpo 1, T(S)) = -+

of Proposition4 breaks into split short-exact sequences and Proposition 10 then
shows that the groups TR} (S;2) are as stated. Since the Frobenius map and the
Segal-tom Dieck splitting commute, the formula for the Frobenius also follows
form Proposition 10. Finally, from the proof of Proposition 10, we have &, =
dV*(1) + V*(n). This implies that

déig =ddV* (1) +dV:(n) =dVi(n +dV'(n) =0

as stated. O

Remark 12. We have not determined né; and d &;5.

6 The Groups TR (Z; 2)

In this section, we again implicitly consider homotopy groups with Z,-coefficients.
The groups TR1 4(Z;2) were evaluated by Bokstedt [3]; see also [23, Theorem 1.1].
The group TRO(Z 2) is equal to Z, generated by the multiplicative unit element
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¢ = [1]1, and for positive integers ¢, the group TR}[ (Z;2) is finite cyclic of order

|TR}1(Z;2)| _ 2720 (g =2i 1o0dd)
1 (¢ even)

We choose a generator A of K3(Z) such that 2A = v. Then, by [5, Theorem 10.4],

the image of A by the cyclotomic trace map generates the group TR; (Z;2). We also

choose a generator y of the group TR% (Z;2). We first derive the following result

from Rognes’ paper [27].

Proposition 13. The group TRY(Z; 2) is zero, for every positive even integer g and
every positive integer n.

Proof. The group TR} (Z; 2) is finite, for all positive integers ¢ and n. Indeed, this is
true, for n = 1 by Bokstedt’s result that we recalled above and follows, inductively,
for n = 1, from the fundamental long-exact sequence of Proposition 4, the skeleton
spectral sequence, and the fact that the boundary map

0: TR (Z;2) — Ho(Cyr 1, T(Z))

in the fundamental long-exact sequence is zero [17, Proposition 3.3]. Moreover, the
group TR{(Z;2) is a free Zj-module. It follows that, in the strongly convergent
whole plane Bockstein spectral sequence

E}, = TR, (Z:2,2 *7/2 © YZ) = TR!, (Z;2,Q2)

induced from the 2-adic filtration of QQ, all elements of total degree O survive to the
E*°-term and all elements of positive total degree are annihilated by differentials.
The differentials are periodic in the sense that the isomorphism 2: Q, — Q; induces
an isomorphism of spectral sequences

2LE, > Ef
We recall from [27, Lemma 9.4] that, for all positive integers n and 7,
dimp, TRY; ((Z;2,F,) = dimg, TR}, (Z; 2, F>)

Using this result, we show, by induction oni = 1, that every element of total degree
2i 1is aninfinite cycle and that every non-zero element of total degree 27 supports
a non-zero differential. The proof of the case i = 1 and of the induction step are
similar. The statement that every element in total degree 2i 1 is an infinite cycle
follows, for i = 1, from the fact that every element of total degree O survives to
the E°°-term, and for i > 1, from the inductive hypothesis that every non-zero
element of total degree 2i 2 supports a non-zero differential. Since no element
of total degree 2i 1 survives to the E£°°-term, it is hit by a differential supported
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on an element of total degree 2i. Since the differentials are periodic and Eizi s
and EZ,; | have the same dimension, we find that non-zero every element of total
degree 2i supports a non-zero differential as stated.

Finally, we consider the strongly convergent left half-plane Bockstein spectral
sequence induced from the 2-adic filtration of Z,,

EZ, = TR, (Z;2,2 *Z/2 © VZ) = TR!, (Z;2,Z5)

The differentials in this spectral sequence are obtained by restricting the differentials
in the whole plan Bockstein spectral sequence above. It follows that in this spectral
sequence, too, every non-zero element of positive even total degree supports a non-
zero differential. This completes the proof. O

Remark 14. The same argument based on Bokstedt and Madsen’s paper [5], shows
that, for an odd prime p, the groups TRZ (Z; p) are zero, for every positive even
integer g and every positive integer 7.

We next consider the skeleton spectral sequence
E}, = Hy(Cy 1, TR}(Z:2)) = Hy4(Cy 1, T(Z))

The E2-term, for s + ¢ < 7, takes the form

747
0 0
0 0 0
0 0 0 0
Z/27  7)27 Z)2Z7  Z)27  Z)2Z
0 0 0 0 0 0
0 0 0 0 0 0 0

Z, Z/2"'z 0 Z/2"'z 0 Z/2"'Z 0 Z/2" 'Z

The group Ef_o is generated by (z, and the group E§_3 is generated by Az,. The group
E§_7 is generated by yz,, if s = O orif s is odd of if » > 1, and is generated by 2y z;,
if n = 1 and s is positive and even. It follows from [27, Theorem 8.14] that the
group Hy(Cyn 1, T(Z);F;) is an [F5-vector space of dimension 1. This implies that
d*(1zs) = Az;. On the other hand, d*(1z7) = 0, since (z7 survives to the E*-term of
the skeleton spectral sequence for H,(Cy: 1, T(S)) and is a d*-cycle. This shows
that the E°-term for s + ¢ < 7 is given by

747

0 0

0 0 0

0 0 0 0

7)27 0 Z/27 Z/2Z7 )27

0 0 0 0 0 0

0 0 0 0 0 0 0

7, 7'z 0 zZ/2'Z 0 272" 'Z 0 Z/2" 'Z.
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We claim that the differential d°: E2; — Ej, is zero. Indeed, let

m n.lgr r
F . Es.t - Es.t

be the map of spectral sequences induced by the iterated Frobenius map
F" " H (Con 1, T(Z)) — Hy(Cyn 1, T(Z))

It follows from Lemma 6 that the map F™ ":'E2, — EZ is an isomorphism and
that, form = n + 2, the map F™ ":'E2, — EZ, is zero. Hence, the differential in
question is zero as claimed. It follows that the £°-term of the spectral sequence is
also the E°°-term.

We choose a generator k of the infinite cyclic group K5(Z) and recall the gener-
ator A of the group K3(7Z). We continue to write A and « for the images of A and «
in TR%(Z; 2) and TR%(Z; 2) by the cyclotomic trace map. The norm map

Hs(C,, T(Z)) — TR3(Z;2)

is an isomorphism, and we will also write « for the unique class on the left-hand
side whose image by the norm map is the class « on the right-hand side. Finally, we
continue to write &,,, € H,(Cy 1, T(Z)) for the image by the map induced from
the Hurewicz map £: S — Z of the class &, , € H,(Cy: 1, T(S)).

Proposition 15. The groups H,(Cy: 1, T(Z)) with g < 6 are given by

Ho(Cy 1, T(Z) = Lo V" (),

B (n=1)
Hl(c2” 1, T(Z)) - {Z/Zn 1Z . ‘i:l.n 1 (l’l = 2) s
Ho(Cyn 1, T(Z)) =0

727\ (n=1)

H3(C2n 1, T(Z)) = {Z/znz . é—S.n 1 (n = 2) ’

H4(Cy 1, T(Z)) = 0

0 n=1)
Hs(Cy 1, T(Z)) = { Z)27 -k (n=2).
7)2" 27 &5y 1 ®LJ2L-V" 2(k) (n=3)

0 n=1

H()(Czn 1, T(Z)) = {Z/ZZ .dvn 2(/{) (n= 2)

In addition, F(§,, 1) = &§.n 2, where &1, &0, and &s are zero.

Proof. The cases ¢ = 0 and ¢ = 1 follow immediately from the spectral
sequence above and from the fact that the map TR{(S;2) — TR}(Z;2) induced
by the Hurewicz map is an isomorphism. The cases ¢ = 2 and ¢ = 4 follow
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directly from the spectral sequence above. It follows from [27, Theorem 8.14] that
H3(Cyn 1, T(Z);F,) is an F,-vector space of dimension 1, for all # > 1. The state-
ment for ¢ = 3 follows. It also follows from loc. cit. that H5(C,. 1, T(Z);F,) is an
[F,-vector space of dimension 0, if » = 1, dimension 1, if » = 2, and dimension 2, if
n = 3. Hence, to prove the statement for g = 5, it will suffice to show that the group
Hs(C,, T(Z)) is generated by the class k, or equivalently, that the composition

K5(Z) — TC2Z;2) — TR3(Z;2) — TRX(Z;2,F)

of the cyclotomic trace map and the modulo 2 reduction map is surjective. But this is
the statement that iy (k) = &5(0) in [30, Proposition4.2]. (Here £5(0) is name given
in loc. cit. to the generator of the right-hand group; it is unrelated to the class &5 .)
Finally, the statement for ¢ = 6 follows from [18, Proposition4.4.1]. O

Corollary 16. The cokernel of the map induced by the Hurewicz map
L: TR (S;2) — TRS(Z;2)
is equal to 7./ 27 - M.

Proof. The proof is by induction on n = 1. In the case n = 1, the Hurewicz map
induces the zero map TR}/ (S;2) — TR}/ (Z; 2), for all positive integers ¢. Indeed, the
spectrum TR!(Z;2) is a module spectrum over the Eilenberg—-MacLane spectrum
for Z and therefore is weakly equivalent to a product of Eilenberg—MacLane spectra.
As we recalled above, TRY(Z; 2) = Z/27-A, which proves the case n = 1. To prove
the induction step, we use that the Hurewicz map induces a map of fundamental
long-exact sequences which takes the form

0 ——H3(Cy 1, T(S)) ——=TR3(S:2) —— TR} '(S;2) ——=0

| | |

0 —=H3(Cy 1, T(Z)) — TR4(Z:2) —— TR? '(Z;2) —=0

The zero on the lower right-hand side follows from Proposition 15, and the zero
on the lower left-hand side from Proposition 13. Since Propositions 10 and 15 show
that the left-hand vertical map is surjective, the induction step follows. O

We owe the proof of the following result to Marcel Bokstedt.

Lemma 17. The square of homotopy groups with Z,-coefficients

Ks(S; Zo) — K5(S2; Zs)

l l

Ks5(Z; Zy) — K5(Zo; Z),
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where the vertical maps are induced by the Hurewicz maps and the horizontal maps
are induced by the completion maps, takes the from

Zy -8k ——7p - (4k + 1)

| |

Zyk ——Zp -k ®L/27 -7

Proof. Tt was proved in [30, Proposition4.2] that the group K5(Z,; Z;) is the direct
sum of a free Z,-module of rank one generated by « and a torsion subgroup of order
2; the class 7 is the unique generator of the torsion subgroup. Moreover, [31, Theo-
rem 5.8] shows that the group Ks(S;Z,) is a free Z,-module of rank one, and [31,
Theorem 2.11] and [4, Theorem 5.17] show that the group K5(S,; Z,) is a free Z;-
module of rank one. To complete the proof of the lemma, it remains to show that the
left-hand vertical map in the diagram in the statement is equal to the inclusion of a
subgroup of index 8. This is essentially proved in [2] as we now explain. In op. cit.,
Bokstedt constructs a homotopy commutative diagram of pointed spaces

G/O —*~ Fib(s) <~— Fib(¢)

L

BSO BSO BSO
I
BSG ——=SG SJ

in which the columns are fibration sequences. The induced diagram of fourth
homotopy groups with Z,-coefficients is isomorphic to the diagram

Z2$ZZ&ZZ

-

Ly ——=7p——17

L

Z/8Z —= () =~——0

We compare this diagram to the following diagram constructed by Waldhausen.

G/O —T = QWhPif ()

]

Fib(r) —— Fib(s) QK(Z)

QJK(Z)
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It is proved in [2, p. 30] that the composition of the lower horizontal maps in this
diagram becomes a weak equivalence after 2-completion. Moreover, it is proved
in [31, Theorem7.5] that the upper horizontal map induces an isomorphism of
homotopy groups with Z,-coefficients in degrees less than or equal to 8. Hence,
the induced diagram of fourth homotopy groups with Z,-coefficients is isomorphic
to the diagram

Z, > 17,
P
7, Mg Mg 45

The right-hand vertical map in this diagram is induced by the composition
WhP"(x) > K(S) > K(Z)

of the canonical section of the canonical map K(S) — WhP™(x) and the map

induced by the Hurewicz map. The left-hand map induces an isomorphism of fifth

homotopy groups with Z,-coefficients because 75(S;Z,) is zero. This completes

the proof that the map induced by the Hurewicz map Ks5(S; Z,) — Ks5(Z; Z,) is the
inclusion of an index eighth subgroup. The lemma follows. O

We define the class §;.; € TR} (Z;2) to be the image of the class §; ; € TR} (S;2)
by the map induced by the Hurewicz map.

Theorem 18. The groups TR (Z;2) with g < 6 are given by

TR}(Z:2) = @ Zo- V(D).

0<s<n
TR}(Z:2) = P Z/2'Z- &1,

1<s<n
TRZ(Z;2) = 0,

Z)27 - A (n=1)
TR3(Z:2) = \z/8z- A0 @ 2/2V'Z &, (n=2)-
2<s<n
TR}(Z;2) = 0,
TRY(Z:2) = Z/2" 'Z-k @ D Z/2° 'Z-(Ess + -+ &5 1 + 4ui),
2<s<n

TR!(Z;2) = 0,

where u € 75 is a unit.
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Proof. The map induced by the Hurewicz map is an isomorphism, for ¢ = 0, so
the statement for the group TR (Z; 2) follows from Theorem 11. The statement for
q = 1 follows from Proposition 15 and from the fact that the generator &  is anni-
hilated by 2°. For ¢ = 3, the case n = 1 was recalled at the beginning of the section,
so suppose that n = 2. We know from Proposition 15 that the two sides of the state-
ment are groups of the same order. We also know that both groups are the direct sum
of n 1 cyclic groups. Indeed, this is trivial, for the right-hand side, and is proved
in [27, Lemma 9.4], for the left-hand side. Now, it follows from Theorem 11 that &3
is annihilated by 2°*!, so it suffices to show that A is annihilated by 8. We have a
commutative diagram

K3 (Z, Zz) e TRg (Z, 2, Zz)

| |

K3(Zz; Zz) e TRg(Zz, 2, ZZ)

where the horizontal maps are the cyclotomic trace maps, where the vertical maps
are induced by the completion maps, and where we have explicitly indicated that we
are considering the homotopy groups with Z,-coefficients. The right-hand vertical
map is an isomorphism by [17, Addendum 6.2]. Therefore, it suffices to show that
the image of A in K3(Z,; Z,) has order 8. But this is proved in [30, Proposition 4.2].
It remains to prove the statement for ¢ = 5. We first show that TRZ(Z;2) is
generated by the classes «, £s2, ..., &, 1, or equivalently, that the group

TR!(Z; 2)/2 TR(Z; 2) = TRY(Z;2,T,)

is generated by the images of the classes k, s, ..., &5, 1. We prove this by induc-
tion on n = 2. The case n = 2 is true, so we assume the statement for » 1 and
prove it for n. The fundamental long-exact sequence takes the form

Hs(Cyr 1, T(Z);Fy) > TRI(Z:2,Fy) 5 TRE 1(2:2,F,) — 0

Inductively, the right-hand group is generated by the classes «, &5, ..., &, 2,
which are the images by the restriction map of the classes «, &2, ..., &5, 2 in the
middle group. Moreover, Proposition 15 shows that the left-hand group is generated
by the classes V" 2(k) and &5, ;. Hence, it will suffice to show that, for n > 3,
the image of the class V" 2(k) in TRZ(Z;2,F>) is zero. This follows from [27,
Theorem 8.14] as we now explain. We have the commutative diagram with exact
rows

TRY 4 (Z:2,F2) ——= Hy(Cy 1, T(2): F2) —— TR} (Z:2.F2)

) ok

N ah
H ¢ '(Cy 1,T(Z);Fz)$Hq(Czn LT(Z):Fo) Y= H 4(Cy 1, T(Z);F>)
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considered first in [5, (6.1)]. It is follows from [27, Theorems 0.2, 0.3] that the left-
hand vertical map [isan isomorphism, for all integers g +1 > O and n > 1. Hence,
it suffices to show that the class V" (k) in the lower middle group is in the image
of the lower left-hand horizontal map d”. The lower left-hand group is the abutment
of the strongly convergent, upper half-plan Tate spectral sequence

E2, = H *(Cy 1, TRNZ:2,Fy)) = H * "(Cy 1, T(Z);F),

and the middle groups are the abutment of the strongly convergent, first quadrant
skeleton spectral sequence

E?, = H,(Cy 1. TR}(Z:;2.F>)) = H,4,(Cp 1. T(Z):F>)
Moreover, the map " induces a map of spectral sequences

IEL > B

which is an isomorphism, for r = 2 and s > 1. Suppose that the homotopy class
% € Hy(Cy 1, T(Z);Fy) is represented by the infinite cycle x € EZ,, and let y €
E?,, be the unique element with 3"2(y) = x. Then, if y is an infinite cycle, there
exists a homotopy class y € H ¢ Y(Cy 1, T(Z):;TF,) represented by y such that
0"(5) = %; compare [5, Theorem2.5]. We now return to [27, Theorem 8.14]. The
homotopy class V" 2(k) is represented by the unique generator of E22_3 which, in
turn, is the image by the map "2 of the unique generator of EQSZ . In loc. cit., the
latter generator is given the name u, 1¢ 2e; and proved to be an infinite cycle for
n = 3. This shows that the image of the class V" 2(i) by the norm map

N:Hs(Cyn 1, T(Z);F,) — TRU(Z; 2, )
is zero as stated. We conclude that «, &5, . &5, 1 generate TRZ(Z;2).

We know from Theorem 11 that &5 ; is annihilated by 2* and further claim that «
is annihilated by 2" ! and that, for some unit u € Z;‘ ,

2'(%-5.2"""'1'55.11 1+4”K)=O

This implies the statement of the theorem for ¢ = 5. Indeed, the abelian group
generated by «, &2,  ,&s, 1 and subject to the relations above is equal to

Z)2" "ok ® @D /2 T (Ess + e+ s 1+ duk)

2<s<n

and subjects onto TR% (Z; 2). Hence, it suffices to show that the two groups have the
same order. But this follows by an induction argument based on the exact sequence
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0 — Hs5(Cy 1, T(Z)) — TRY(Z;2) — TR: (Z;2) — 0

and Proposition 15.

It remains to prove the claim. We first show that the class 2" ! - k is zero by
induction on n = 2. The case n = 2 is true, so we assume the statement forn 1
and prove it for n. We again use the exact sequence

0 — Hs(Cy 1, T(Z)) — TRY(Z;2) — TRE '(Z;2) — 0

and the calculation of the left-hand group in Proposition 15. The inductive hypoth-
esis implies that the image of the class 2" 2 - i by the right-hand map is zero, and
hence, this class is in the image of the left-hand map. It follows that we can write

2" 2k =a-Es, 1+b-V" 2(k)
witha € Z/2" 2Z and b € 7Z/27. We apply the Frobenius map
F:TRY(Z;2) — TR Y(Z;2)

to this equation. The image of the left-hand side is zero, by induction, and the image
of the right-hand side is a - £, , where a € Z/2" 37 is reduction of ¢ modulo
2" 31t follows that a is zero, or equivalently, that a € 2" 37Z/2" 2Z. This shows
that 2" !k is zero as desired.

Finally, to prove the relation 2 - (s, + &5, 1 + 4ux) = 0, we consider the
following long-exact sequence

5 TR(S:2) | D TR(S:2) > Ks(S2:Z0) > TRs(S:2) | 55 TRs(S;2) — ---

We know from Lemma 17 that the group Ks(S;;Z,) is a free Z,-module of rank
one generated by the class 4k + t. Moreover, it follows from Theorem 11 that the
left-hand map 1  F is surjective and that the kernel of the right-hand map 1 F is
isomorphic to a free Z,-module of rank one generated by the element A = (A™)
with A = £55 + -+~ 4+ &, 1. It follows that there exists a unit u € 75 such that
A+ u(4k 4+ v) = 0in TR5(S; 2). But then 2(A + 4uk) = 0, since 2(4x + 7) = 8k.
This completes the proof. O

Corollary 19. The cokernel of the map induced by the Hurewicz map
L TRE(S; 2) — TRE(Z;2)

is equal to 7.)2"7 - k, where v = v(n 1) is the smaller of 3andn 1.

Proof. Tt follows immediately from Theorem 18 that the cokernel of the map £ is
generated by the class of k. Moreover, since the class

Esi 4o+ &, 1+ duk
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has order 2, it is also clear that the cokernel of the map £ is annihilated by multipli-
cation by 8. Hence, it will suffice to show that, for n = 4, the cokernel of the map £
is not annihilated by 4, or equivalently, that the map ¢ takes the class p € TRE(S;2)
to zero. But this follows immediately from the structure of the spectral sequences
that abuts His(Cs, 7'(S)) and Hs(Cg, T(Z)). O

7 The Groups TR} (S, I52)

We again implicitly consider homotopy groups with Z,-coefficients. The Hurewicz
map from the sphere spectrum S to the Eilenberg MacLane spectrum Z for the ring
of integers induces a map of topological Hochschild T-spectra

6TS) - T(Z)

In [5, Appendix], Bokstedt and Madsen constructs a sequence of cyclotomic spectra

TS, 1) 5> TE) S T(@) > =TS, 1)

such that the underlying sequence of T-spectra is a cofibration sequence. As a
consequence, the equivariant homotopy groups

TRY(S. 1:p) = [S* A(T/Cpr 1)+, T(S. D]r
come equipped with maps

R:TRY(S,I; p) — TR} 1. 1:p) (restriction)
F:TRI(S.I:p) — TR} '(S.1: p) (Frobenius)

V: TRZ 'S, 1;:p) — TRZ (S,1;p) (Verschiebung)
d:TRy(S.1:p) - TR} (S.1: p) (Connes’ operator)

and all maps in the long-exact sequence of equivariant homotopy groups induced by
the cofibration sequence above,

oo = TRI(S, 152) - TR (S:2) - TRI(Z:2) > TR ((S,1:2) = -+,

are compatible with restriction maps, Frobenius maps, Verschiebung maps, and
Connes’ operator. Moreover, this is a sequence of graded modules over the graded
ring TR (S; p).

Lemma 20. The following sequence is exact, for alln = 1.
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0— Hi(Cy 1, T(S. 1)) > TRI(S.I:2) S TRY (S.1:2) — 0
Proof. From the proof of Corollary 16 we have a map of short-exact sequences

0 ——= H3(Cyr 1, T(S)) —= TRY(S;2) —> TR! (S:2) —= 0

| | |

0 ——= H3(Cyr 1, T(Z)) —= TRY(Z:2) —= TR} '(Z:2) —=0

and that the left-hand vertical map is surjective. Moreover, Lemma 13 and Propo-
sition 15 identify the sequence of the statement with the sequence of kernels of the
vertical maps in this diagram. This completes the proof. O

Corollary 21. The restriction map
R:TR)(S, 1;2) - TR} '(S,1;2)

is surjective, forall g < 4 and alln = 1.

We recall that for n = 1, the map £ is an isomorphism, if ¢ = 0, and the zero
map, if ¢ > 0. It follows that the groups TR{(S, 1;2), TR}(S, 1;2), and TRL(S, 1;2)
are zero, that TR (S, /;2) is isomorphic to Z/27Z generated by the unique class 7
with i (fj) = 7, that TRA(S, /;2) is isomorphic to Z/27 & 7/27 generated by nij
and by the class A = 3(1), and that TR}(S, ;2) is isomorphic to Z/8Z generated
by the unique class ¥ with i (7) = v. We note that A = 0, since TR}(Z; 2) is zero,
while 1?7 = 47. We consider the skeleton spectral sequences

EZ, = Hy(Cy 1, TR} (S, 1;2)) = Hy4,(Cyn 1, T(S, 1))

In the case n = 2, the E2-term for s + ¢ < 5 takes the form

0
0 0
7/8Z 7)27 47,87
(Z)22)>  (Z)22)*  (Z)2Z)*  (Z)2Z)
7)27 7)27 7/27 7/27 )27
0 0 0 0 0 0.

The group Ef_l is generated by the class 7z, the group EA,Z_2 by the classes 17z
and Az, the group E§_3 with s = 0 or s an odd positive integer by the class vz,
and the group E Sz 5, with s an even positive integer by the class 4vz;. We claim that
d?*(iz2) = Az, or equivalently, that Connes’ operator maps

dij =\

We show that the class V(1) € Hy(C,, T'(S, 1)) represented by Az is zero. By
Lemma 20, we may instead show that the image V(1) € TR3(S, /;2) by the norm
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map is zero. Now, V(1) = V(d(4)) = d(V (X)), and by Proposition 18, the class
V(X) € TR3(Z;2) is either zero or equal to 41. But d(41) = 49() = 41 which
is zero, by Corollary 16. This proves the claim. The d>-differential is now given by
Lemma 5. We find that the E3-term for s + ¢ < 5 takes the form

0
0 0

7/8Z 7)27 0

7)27 7)27 7)27 7)27

7)27 7)27 0 0 0
0 0 0 0 0 0

and, for degree reasons, this is also the £°°-term. The group E 32 is generated by
the class of n7jz,. The class of Az, in Eiz is equal to zero, if s is congruent to 0 or 1
modulo 4, and is equal to the class of n7z;, if s is congruent to 2 or 3 modulo 4.
The spectral sequences for n > 3 are similar with the only difference being the
groups E{; with s > 0. In the case n = 3, the E*°-term for s + ¢ < 5 takes the

form
0
0 0
7/8Z 7./47 27,/ 47
727 7]27 7.]27 7]27
7./27 7)27 0 0 0
0 0 0 0 0 0
and in the case n = 4, it takes the form
0
0 0
7/8Z 7./87 7]AZ
7./27 7.)27 7./27 7)27
7./27 7.)27 0 0 0
0 0 0 0 0 0.

We define € € H5(Cy, T'(S, 1)) and p € H5(Cs, T'(S, 1)) to be the unique homotopy
classes that represent 2vz; and vz, respectively. We note that V' (¢) = 2p. We further
define k = d(k) € Hu(Co, T(S, 1)).

Proposition 22. The groups H,(Cy: 1, T (S, 1)) with g < 5 are given by

Ho(Cy 1,T(S, 1)) = 0,
Hi(Cy 1, T(S, 1)) = Z/2Z- V" (7)),
Hy(Cyr 1. T(S. 1)) = Z/2Z-dV" “(F) ® Z/2Z- V" (7).
Hi(Cyr 1, T(S. 1)) = Z)27-dV" '(n7) ® Z/8Z- V" (D),
0 n=1)

H4(C2n 1, T(S, 1)) = Z/sz .4y 1(f)) o) Z/zZ yn 2(/{) (n = 2);
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0 n=1)
Ho(Cp 1T, 1)) = 7)27 - dx (n=2)
S Z)2Z-dV(k) ® L)2Z - € (n =3)

Z)27-dV" 2(k) @ ZJAZ-V" 4(B) (n=4),
where v =v(n 1) is the smaller of 3andn 1.

Proof. The statement for ¢ < 3 follows immediately from the spectral sequence
above since the generators given in the statement have the indicated orders. To prove
the statement for ¢ = 4, we first note that d V" !(9) has order v(n  1). Indeed, the
class v has order 8 and dv = 0. Moreover, the image of the map

C:Hs(Cy 1, T(S)) — Hs(Cyr 1, T(Z))

does not contain the class V" 2(k). Indeed, this follows immediately from the
induced map of spectral sequences. It follows that V" 2(k) is a non-zero class of
order 2 which is represented by the element 77z, = Az, in the E°°-term of the
spectral sequence above. This proves the statement for ¢ = 4. It remains to prove
the statement for ¢ = 5. It follows from [18, Proposition4.4.1] that the element
Nz = Azz in the E°°-term of the spectral sequence above represents the class
dV" 2(k). Hence, this class is non-zero and has order 2. Moreover, the spectral
sequence shows that the subgroup of Hs(Cy. 1,7 (S, 1)) generated by d V" %(k) is
a direct summand. This completes the proof. O

The following result was proved by Costeanu in [7, Proposition 2.6].

Lemma 23. The map
L:TRY(S;2) — TR (Z;2)

takes the class n = n - [1], to the class & ;.

Proof. We temporarily write [1g], and [1z], for the multiplicative unit elements of
the graded rings TR’ (S; 2) and TR/ (Z; 2), respectively. By [17, Proposition2.7.1],
the map £ is a map of graded algebras over the graded ring given by the stable
homotopy groups of spheres. Hence, it takes the class 7 - [1g], to the class 7 - [17],.
Similarly, it is proved in [12, Corollary 6.4.1] that the cyclotomic trace map

tr: K«(Z) — TR(Z;2)

is a map of graded algebras over the graded ring given by the stable homotopy
groups of spheres. Hence, the class 7 - [1z],, is equal to the image by the cyclotomic
trace map of the class n - 1z € K{(Z). The latter class is known to be equal to the
generator { 1} € K (Z). It is proved in [18, Lemma 2.3.3] that the image by the
cyclotomic trace map of the generator { 1} is equal to the class

dlog[ 1], € TRY(Z;2)
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To evaluate this class, we recall from [17, TheoremF] that the ring TR{j(Z;2) is
canonically isomorphic to the ring of Witt vectors W, (Z). One readily verifies that

[ l]n = [l]n + V([l]n 1)

by evaluating the ghost coordinates. It follows that d[ 1], = dV([1], 1), and since
the class [ 1], is a square root of 1, we find

dlog[ 1], =[ 1],d[ 1], = [1], +V([1], 1)) -dV([1]x 1)
= dV([l]n 1) + V(FdV([l]n 1)) = dV([l]n 1) + V(U ' [l]n l)

But by Theorem 11, this is the class &; | as stated. O
Remark 24. 1t follows from Lemma 23 that £(V* (1)) = Y_,5, 2" ‘&1, if s = 2.
At present, we do not know the precise value of the map
CTRY(S;2) — TRY(Z; 2)
for ¢ = 3. However, we have the following result. We define 77 € TR/ (S, /;2) to be
the unique class such that i (7)) = &;;. The class ¥ that appears in the statement
will be defined in the course of the proof. It would be desirable to better understand

this class. In particular, we do not know the values of 7?7 or Fdv.

Theorem 25. The groups TRy (S, I;2) with g < 3 are given by

TRI(S, 1;2) = 0,

TR}(S.1:2) = @D Z/2Z- V' (i),
O<s<n

TR3(S. 1:2) = @D (2/2Z- V(i) @ Z/2Z - dV* (7).
O<s<n

TRi(S. 1:2) = @D 2/8Z- V' (G) & €D Z/2Z-dV* (7).

0<s<n 1<s<n

and the group TR (S, I;2) is generated by dV* (V) with 0 < s < n. Moreover, the
restriction map takes 1 to 1) and v to v, and the Frobenius map takes both i and v
to zero and takes d 1) to d 1. The class d(nn) = nd (7)) is zero.

Proof. The statement for ¢ = 0 follows immediately from Theorem 11 and Propo-
sition 18. For ¢ = 1, Lemma 13 shows that the map i: TR (S, /;2) — TR{(S;2) is
injective, and Lemma 23 shows that the class & is in the image. As said above,
we define 77 € TR (S, /;2) to be the unique class with i (7)) = n & ;. The state-
ment for ¢ = 1 now follows immediately from Theorem 11 and Proposition 18. For
¢ = 2, asimilar argument shows that the group TR’ (S, /; 2) contains the subgroup
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TRy(S. 1:2) = @D 2/22- V(i) & €D Z/2Z-dV* ().

O<s<n 1<s<n

which maps isomorphically onto the image of i: TR} (S, /;2) — TR’(S;2), and
Lemma 16 shows that the kernel of the latter map is Z/27Z - A. Therefore, to prove
the statement for ¢ = 2, it remains to prove that d77 = A. We have already proved
this equality, for n = 1, in the discussion preceeding Proposition 22. It follows that
the iterated restriction map R" ': TRA(S, I;2) — TRA(S, I;2) takes the class d 7
to the class A. Since the kernel of this map is equal to the subgroup TR’ (S, 7;2)’, it
suffices to show that the class i (d7) 1) € TR (S;2) is zero. We have

idip A)=i(dn) =d@@)=dn dé.

The class d7 is zero, since 7 is in the image of the cyclotomic trace map, and we
proved in Theorem 11 that d&; ; is zero. Th statement for ¢ = 2 follows. It also
follows that F(d7) = d1, since di) = d(A) and A is in the image of the cyclotomic
trace map.

We next prove the statement for ¢ = 3. By Lemma 20, the sequences

0 — H3(Cy 1,T(S. 1)) > TRI(S, 1:2) = TR? 1(S,1:2) — 0

are exact. The left-hand group was evaluated in Proposition22. To complete the
proof, we inductively construct classes

5 =79, eTRIS.1:2) (n=1)

such that R(V,) = ¥, | and F(¥,) = 0, and such that 7, is the class ¥ already
defined. By Proposition 13 and Corollary 16, we have a short-exact sequence

0 — TR!(S. 1;2) > TRY(S:2) > TRY(Z: 2) — 0,
where the right-hand group is the index two subgroup of TR%(Z; 2) defined by

TRY(Z:2) = @ Z/2'1'Z- &,

I<s<n

To define the class 7,, we first note that £(v) = a,&;,1, where a, € (Z/4Z)* is a
unit, and choose a unit @, € (Z/8Z)* whose reduction modulo 4 is a;. Then, we
have £(v ai1&31) =0and F(v a;&,1) = (1 ap)v. We choose by € Z/87Z such
that 2h; = a; 1 and define v, to be the unique class such that

i(h) =v  ai1&31 +bi1V(v)

Then R(V;) = vy and F(V,) = 0 as desired.
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We next define the class D3. The image of ¥, by the composition
TR3(S, 1;2) - TR(S: 2) > TR(S:2) > TRI(Z: 2
3 s Ly 3 ’ 3 ’ 3 ’

is equal to a;&3 5, for some a, € 7Z/87. We claim that, in fact, a, € 4Z/87. Indeed,
since F (V) = 0, we have F(ay€3,) = 0. But F(&,) = &, which shows that
the modulo 4 reduction of a; is zero as claimed. We let b, € Z/27Z be the unique
element such that 45, = a, and define V3 to be the unique class such that

S (1) + by(4&32 + dV3(17) + 2V (v))  if 4831 = dV ()

Y= S ) + baldsa +aV26R) if 4651 = P61

The sum on the right-hand side is in the kernel of £, since both £(n?) € TR}(Z;2)
and £(v) € TR}(Z; 2) are zero. We also have R(¥3) = ¥, and F(73) = 0 as desired.
Indeed, if 4&3, = dV(5?), then

i(F(V3)) = F(S((92)) + ba(4&:2 + d V(1) +2V3(v)))
= S(i(F(2)) + ba(4&31 + dV(?) + V(1) + 4V (v)),

and if 4&;, = n?&3,, then

i(F(93)) = F(S(i(92)) + ba(4&32 + dV*(1%)))
= S(i(F(92)) + ba(4&3.1 +dV () + V().

and in either case, the sum is zero.

Finally, we let n = 4 and assume that the class v, | has been defined. We find as
before that the image of the class ¥, ; by the composition

TR '(S,1:2) 5> TR 1(S:2) > TRY(S:2) - TRY(Z: 2)/

is equal to a,, &3, 1 witha, | € 2" 7Z/2"Z and define 7, to be the unique class
whose image by the map 7 is equal to

i(f)n) = S(l(f)n 1)) Ay 153.11 1

Then R(9,) = b, 1 and F(9,) = 0, since 2" &, , =0, forn = 4.

It remains to prove that the group TR/ (S, /;2) is generated by the homotopy
classes d V* (V) with 0 < s < n. The sequence

H4(Cyr 1, T(S, 1)) — TRE(S, I;2) — TRY (S, 1;2) — 0,
which is exact by Corollary 21, together with Proposition 22 show that TR/ (S, /;2)

is generated by the classes d V' (V), 1 < s < n, and k. Indeed, since the boundary
map
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0: TRY(Z;2) — TR}(S, I;2)

commutes with the Verschiebung, it follows that V" (k) = ck, for some ¢ €
2" 17, Hence, it suffices to show that there exists a class x, € TRS (S, 1;2)
with dx, = k. The statement for n = 1 is trivial, since the group TRi(S, 1;2)
is zero. We postpone the proof of the statement for » = 2 to Lemma 26 and
here prove the induction step. So we let n = 3 and assume that there exists a
class x, 1 € TR} (S, 1;2) with dx, | = k. We use Corollary21 to choose a
class x; € TR}(S, I;2) with R(x]) = x, 1. Then the exact sequence above and
Proposition 22 show that

dx!, =k +adV" ') +bV" '(k) = adV" '@) + (1 + bo)k,
for some integers a and b. Since 1 + bc is a 2-adic unit, the class
xp = (1+bc) Yx!  aV" '(D))

is well-defined and satisfies dx, = k as desired. (I

One wonders whether the class ¥, which was defined in the proof, satisfies that
dV = k. This would imply that FdV = dV, since k is in the image of the cyclotomic
trace map.

The following result was used in the proof of Theorem 25.

Lemma 26. Connes’ operator
d:TR3(S,1;2) — TR}(S, 1;2)

is surjective.

Proof. The groups TRfI (S, 1;2) for g <5 are given by

TR} (S, 1;2) = 0,

TRI(S, 1;2) = Z/2Z -7 ® Z/2Z.- V(7),

TR3(S, 1;2) = Z/2Z-dii ® Z/2Z- dV (7)) ® Z/2Z - nii & Z./27 - V(nij),
TR3(S, 1;2) = Z/2Z-dV(nii) @ Z/8Z -V & Z/8Z- V (D),

TRI(S, 1;2) = Z/2Z -k ® Z/2Z-dV (D),

TR:(S,7;2) =0

Hence, the lemma is equivalent to the statement that in the spectral sequence
E}, = Hy(C, TR}(S, 1;2)) = Hy4,(Co, TR(S, 1)),

the d?-differential d%: E3 ; — E?}, is surjective. We first argue that this is equivalent
to the statement that Hs(C,, TR%(S, 1)) has order 4. The elements kzo and d V (V)2
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in EZ, are infinite cycles and represent the homotopy classes V2(k) and 2d V*(V)
of H4(C,, TR*(S, 1)). We claim that these classes are non-zero and generate a
subgroup of order 4. To see this, we consider the norm maps from Proposition 4,

H4(Cy, TR%(S. 1)) > TR3(S, 1:2) < Hy(Cy. T(S. 1))

It will suffice to show that the subgroup of the middle group generated by the images
of the classes V2(k) and d V2() has order 4. This subgroup is equal to the subgroup
generated by the images of the classes V2(k) and d V() of the right-hand group.
The right-hand map is injective, since TR%—(S, 1;2) is zero. (The left-hand map is
also injective, since TRé(S, 1;2) is zero.) Hence, it suffices to show that the sub-
group of the right-hand group generated by the classes V' %(k) and d V' ?(V) has order
4. But this is proved in Proposition 22. The claim follows. We conclude that in the
spectral sequence under consideration, the differentials

d" E’

;
rs r > Ega

are zero, for all r = 2. It follows that the groups E§2, E55, £S5, EJS, and EZ] have
orders 0, 2, 2, 0, and 0, respectively, and that for all r > 3, the differentials

d"Ely4 > Eiy
are zero. We conclude that the differential d?: E32_3 — E 12 4 18 surjective if and only
if the group Hs(C5, TR*(S, I)) has order 4.
The order of the group Hs(C», TR*(S, I) is divisible by 4 and to show that it is
equal to 4, we consider the following diagram with exact rows and columns:

0

TRI(S;2) H(Ca, TR?(S;2)) — TR(S; 2)
{
TRY(Z:2) —— He(Cy, TRX(Z: 2)) —= TR(Z; 2)
d

TRU(S. 1:2) —— H;(C,. TR(S. 1) —> TRY(S. 1:2)

TRL(S:2) —2

H5(C2, TRz(S, 2))

TRI(S;2)

It follows from Theorems 11 and 18 that the group TR(S, /;2) is equal to Z/27 -
2£5,. Hence, it will suffice to show that the image of the map ¢’ has order at most 2.
Since the lower left-hand horizontal map in the diagram is zero, we conclude that
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the image of the map ¢’ is contained in the image of the map d. Therefore, it suffices
to show that the image of the map d has order at most 2.

The group TR} (Z; 2) is zero by Proposition 13 and the group TR}(Z; 2) is cyclic
of order 4. It follows that the group Hg(C,, TR?(Z; 2)) is cyclic and has order either
0, 2, or 4. If the order is either O or 2, we are done, so assume that the order is 4.
We must show that 2 times a generator is contained in the image of the map £ in the
diagram. To this end, we consider the diagram

Heo(Cs, TR(S; 2)) ——= Ho(Cs, TR(S; 2)

| )

He(Ca, TR2(Z: 2)) —— Hy(Co, TRA(Z:2)

We first show that the lower horizontal map F is surjective. The assumption that
the lower right-hand group has order 4 implies that a generator of this group is
represented in the spectral sequence

E;, = H(Cy, TR}(Z;2)) = Hy1,(C2, TR*(Z;2))

by the element Azz € E32_3. This element is the image by the map of spectral
sequences induced by the map F of the element Az; € E32_3 in the spectral sequence

E}, = Hy(C4, TR}(Z;2)) = Hy4,(Cy, TR*(Z;2))

We must show that the latter element Azz is an infinite cycle. For degree rea-
sons, the only possible non-zero differential is d*: E33_3 — Eg_s. The target group
is equal to Z/2Z - k7o, and the generator kzo represents the homotopy class V()
in Hs(Cy, TR?(Z;2)). To see that this class is non-zero, we consider the norm maps

Hy(Cy. TRX(Z:2)) > TRY(Z:2) <~ Hy(Cs. T(Z))

We may instead prove that the image of the class V2(k) by the left-hand map is
non-zero. This image class, in turn, is equal to the image of the class V2(k) by
the right-hand map which is injective since TRg (Z;2) is zero. Now, Proposition 15
shows that the class V?(x) in the right-hand group is non-zero. We conclude that
the lower horizontal map F in the square diagram is surjective as stated.

Finally, we show that the image of the left-hand vertical map £ in the square
diagram contains two times the homotopy class represented by the element Azz. In
fact, the image of the composition

Hy(Cy, T(S)) > Hs(Cs, TRA(S: 2)) — Hy(Cs, TRA(Z; 2))



On the Whitehead Spectrum of the Circle 175

of the Segal-tom Dieck splitting and the map £ contains 2 times the class represented
by Azz. Indeed, by Proposition 10, the element vz; € E32_3 of the spectral sequence

EZ, = H,(Cy4, TR!(S;2)) = Hy4,(Cs, T(S))
is an infinite cycle whose image by the map of spectral sequence induced by the

composition of the maps S and £ is equal 2Az3 € E3; = Z/4Z-Az3. This completes
the proof. O

8 The Groups Wh,*(S1) for ¢ <3

In this section, we complete the proof of Theorem 1 of the Introduction. It follows
from [15, Theorem 1.2] that the odd-primary torsion subgroup of Wh;rop (81 is zero,
for ¢ < 3. Hence, it suffices to consider the homotopy groups with Z,-coefficients.
We implicitly consider homotopy groups with Z,-coefficients.

As we explained in the introduction, there is a long-exact sequence

<= WhI(SY) - TR, (S 1r*'1:2) | 5 TR, (S, 1 [x*1):2) —
where the middle and on the right-hand terms are the cokernel of the assembly map
a: TR, (S; 1;2) @ TR, 1(S; 1;2) — TR, (S[x*'], I[x*'];2)
Moreover, since the groups TR} (S, /:2) are finite, for all integers ¢ and n = 1, the
limit system {TR}(S, /:2)} satlsﬁes the Mittag-Leffler condition, and Corollary3
then shows that the same holds for the Timit system {TR” (S[xE!], I[xE1];2)). It
follows that, for all integers ¢, the canonical map

TR, (SIx*'1. 7[x*']:2) — im TR} (S[x*']. 7 [x*']: 2)

is an isomorphism. Finally, Theorem 2 expresses the right-hand side in terms of the
groups TRY'(S, /;2) which we evaluated in Theorem25, for g < 3

Theorem 27. The groups WhOTDP(S ) and thop(S 1) are zero.

Proof. /ye first note that, as an immediate consequence of Theorems 2 and 25, the
group TRy (S[x*!], I [x*!]; 2) is zero. Moreover, we showed in Theorem 25 that the
Frobenius map F:TR? (S, 1;2) — TR} (S, I;2) is zero, and hence,

1 F:TR (S[x*"), I [x*']:2) — TR, (SxE']. I[x%']:2).
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is the identity map. This shows that the group Wh P(S1) is zero as stated. To prove
that WhTOP(S ) is zero, it remains to prove that the map

1 F:TRy(S[x*"], I [x*']:2) — TRy(Sx®'], I [x%']:2).

is surjective. So let w = (w™) be an element on the right-hand side. We find an
element @’ = (w’™) such that (R F)(w’) = w. By Theorem 2, we can write
uniquely as a sum

> (el + byl d logll) + Y (Vi@Ixl] ) +d V@I )

j €Z~{0 I1<s<n
JeIN0} N

with as("j) € TR *(S,1;2) and b(") € TR} (S, 1;2). We first consider the four

types of summands separately.
First, if 0™ = V5(a@™[x])/) with s > 1, we let @’ = . Then

(R F)@"*) =R F)V @) = v @x)),

since FV = 2and 2a"™ = 0. We note that here j may be any integer.

Second, if ™ = dV*(h™[x]/), where j and s > 1 are integers, we define

w/(n) — Z dVr+1(b(n 1 r+x)[x]j) Z Vr(f}b(” r+_s‘)[x]j)

s<r<n 1 S<r<n

Then we have R(w'"" V) = '™ and

(R P)@™) = 3 av*en ) Y vrep® )
s<r<n 1 S<r<n
+ Z dVr(b(n r+s)[x]j)+ Z Vr(ﬂb(n r+s)[x]j)
S<r<n S<r<n
=dV (b™[x})
as desired.

Third, if 0™ = h"[x]/ d log[x], we letw’ = w. Then (R F)(w'"*tV) = o™,
since F(h™) = 0.

Fourth, we consider the case ©™ = a[x]/. Then ™ € TRA(S, I;2) and we
showed in Theorem 25 that this group is an [F,-vector space with a basis given by the
classes V*(n7) and dV°(ni)), where 0 < s < n. If a" = V*(y7j) with 0 < s < n,
then we let @’ = w. Then (R F)(w'"*Y) = @™, since F(7j) = 0. Next, suppose
that a™ = dV*(7j) with 1 < s < n. Then

dve@x)y =dv @’y jyi@lx) d loglx]
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and we have already considered the two terms on the right-hand side. Hence, also
in this case, there exists @’ such that (R F)(o'”"*Y) = ™. Similarly, in the
remaining case ") = (d#)[x]’, the calculation

(R F)@V(ilx))) = dvGlx)’)  dGlx))  nilx)
= dV(lx))  @ilx) + jilx} dloglx]  nilx}’

shows that there exists @’ such that (R F)(w'"*V) = . Indeed, we have
already considered d V (7j[x]/), fi[x]/ d log[x], and n#i[x]/.

Finally, we can write every element ® = (w®™) of ﬁz(S[X]il I[x*';2) as
aseries w = ) ,o; w;, where each w; is an element of the one of the four t?fpes
considered above, and where, for every n = 1, all but finitely many of the a)
zero. Now, for every i € I, we have constructed an element 0! = (] () such that
(R F)(@)) = w;. Moreover, the element / has the property that, if ©"” = 0,
then also w; () = 0. It follows that, for all n > 1, all but finitely many of the w! ),
Hence, the series @’ = ) ,o; @/ defines an element with (R F)(w’) = o as
desired. O

Theorem 28. There is a canonical isomorphism

wh*(sh) > P P z/2z

r=1 j€Z~27Z

Proof. We first evaluate the kernel of the map 1 F in the long-exact sequence at the
beginning of the section. Let = (w™) be an element of TR, (S[x*!], I[x*!]; 2).
Then w lies in the kernel of 1 ~ F if and only if the coefficients

al") = a,; (™) € TR} *(S.1:2)

b" = by j(@™) € TR} *(S.1:2)
satisfy the equations of Corollary 3. In the case at hand, the equations imply that the
coefficients above are determined by the coefficients b(") Indeed, if we write j as

2" ;" with j’ odd, then we have

o F”(db(n+1+u) + b(n+1+u)) ( _ 0)

a L=
s.j b('_'/+1 B! (1<s<n)
0 (s = 0and j even)
bs(flj) — jb{'f” (s =0and j odd)

Y (1<s<n)
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The coefficients b{"j) , however, are not unrestricted, since for every n > 1, all but

finitely many of the coefficients aﬁ"j) and bs(f’j) are zero. We write

b= D V'@
Osr<n 1

and consider the coefficients
Crj = Crj (w) € Z/2Z

Since R(bf’_;ﬂ'l)) = bf”j) and R(7)) = 17, the coefficients ¢, ; depend only on the
integers r = 0 and j € Z ~ Z and not on n. They determine and are determined by
. (n) (n)
the coefficients a; ; and by ;.
The requirement that for all n > 1, all but finitely many of the bf"j) be zero
implies that there exists a finite subset / = I(w) C Z/2Z such that ¢, ; is zero,
unless j € /. We fix j € I and consider ag_'z)u j» withu = 0. We calculate

(n) _ F“(dbﬁ-n-’_l-’_u) + nb;n+1+u))

Aoouj
D i FUAVT@) + V(i)

O<r<n—u

= D e PNt + Y e @V @+ Vi)
0<r<u us<r<u+n

= Y egdii 4+ Y e @V @+ V)
0<r<u us<r<u+n

Now, for all n > 1, there exists N® = N (w) such that for all j € I and all
u= N®, the coefficient ag_'z)u j is zero. We assume that N is chosen minimal.
Since

R:TRA(S, I;2) — TRE 1(S,1;2)

is surjective and takes a(()'_lz)u ;o ag_'zu}), we have N > N@ D_Considering the

coefficients of d 7 and 77 in the sum above, we find that for all u > N,

Z ¢, = 0 (coefficient of d7)
0<r<u+1

cj = 0 (coefficients of 7))

But these equations are satisfied also for u > N 1 which implies that we also
have N® < N D We conclude that there exists an integer N = N(w) = 0
independent of n such that ¢, ; = 0, foru = N, and that the coefficient ¢ ; is equal
to the sum of the coefficients ¢, ; with » = 1. Conversely, suppose we are given
coefficients ¢, ; all but finitely many of which are zero. Then, for every n = 1, all
but finitely many of the corresponding coefficients aﬁ"j) and b S("/) are zero. This shows

that the map
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ker(1  F:TRy(S*']. I[x*']:2) - TRyS[x*']. I1[x*':2) - P P z/2z
rel jeI~T
that to w assigns (¢, j (w)) is an isomorphism.

It remains to show that the map
I FiTRy S 1[x*']:2) — TRyS . 1 [x*1]:2)

is surjective. Given the element @ = (w) on the right-hand side, we find an
element @’ = (™) on the left-hand side such that (R F)(w’) = w. As in the
proof of Theorem 27, we first consider several cases separately.

First, if o™ = dV*(h™[x]/), where j and s > 1 are integers, we define

w/(n) — Z dVr+1(b(n 1 r+x)[x]j) Z Vr(f}b(” r+_s')[x]j)

s<r<n 1 S<r<n
Then we find that R(0’"*V) = '™ and (R F)(w'"*V) = 0™ by calculations
entirely similar to the ones in the proof of Theorem 27.

Second, if @™ = h™[x])/d log[x], we consider three cases separately. In the
case 0" = V3(nij)[x])/d log[x] with 0 < s < n, we let o’ = w. Then (R
F)(@') = w since F(ij) = 0. In the case o™ = dV*(#)[x]/d log[x], where
1 <s < n, we note that ™ = d V*(#i[x]*/ d log[x]) and define

o= 3 avG dloglx]) Y VI (nillx]* d log[x])

s<r<n 1 sSS<r<n

Then R(w'"*V) = '™ and (R F)(w'"*V) = 0™ as before. In the remaining
case @™ = (d7)[x]/ d log[x], the calculation

(R F)@V(@ilx)’ d log[x]))
= dV(flx} dloglx])  (dM)x)dlog[x]  nilx]’ d log[x]

shows that there exists o’ with (R F)(w’) = w. Indeed, we have already
considered d V (7i[x])/ d log[x]) and nfj[x]/ d log[x].

Third, if @™ = a™[x]/, we consider two cases separately. In the first case, we
have @™ = V*(¥)[x]/ with 0 < s < n and define

o' = V@) + FOVC @) + FAVE)))

Then R(w' V) = @’ and (R F)(w'"*V) = @™ because F3V*(¥) = 0. In
the second case, 0™ = d V*(n7j)[x]/, we calculate

dv:(ilx) = avmalx*’) - jv*mm)lx) d loglx]
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Since we have already considered the two terms on the right-hand side, it follows
that there exists @’ with (R F)(0') = w.

Finally, we consider 0™ = V*(@™[x]/) with 1 <s < n. Fors > 3, we define
w/(n) _ Vs(a(n)[x]j) + FVS(a(n+1)[x]j) + FZVS(a(n+2)[x]j)

Then R(w'"tY) = &'™ and (R F)('"*V) = @™ since 8¢"+3 = 0. For
s = 0and s = 1, the calculation
(R PO@ ) = V@) 20 )
(R F)V@" V) + FV @ 2 x))) = V")) 40"/,
shows that there exists ' with (R F)(w’) = w. Indeed, we have already
considered 2a"*V[x]/ and 4a"*?[x]/ above.

The elements w’ with (R F)(w’) = o which we constructed above have
the property that, if @ is zero, then '™ is zero. It follows as in the proof of
Theorem 27 that the map 1 F in question is surjective. O

Theorem 29. There is a canonical isomorphism

whP(sh S P zrze P P z/2z

r=0 j €727 r=1 jEZ~2Z

Proof. We first show that the kernel of the map 1  F in the long-exact sequence
at the beginning of the section is canonically isomorphic to the group that appears
on the right-hand side in the statement. So we let @ = (0) be an element of
TR3(S[x*!], I[x*!]; 2) that lies in the kernel of 1~ F. The equations of Corollary 3
again show that the coefficients

al"l = a; j(@™) € TRY *(S,I: p)

b!) = bej(@") € TR *(S.1:p)
are completely determined by the coefficients bf"j) Indeed, we find

Fu(@b" ™ 4+ b1+ (s = 0)

a(n) _ J!
5 nbmﬂ %) (1<s<n)
. +1+
p — JFu(bf,_-lj’ ) (s=0)
5.j bgzjfrl s) (1<s<n),

where j = 2"j’ with j’ odd. For example, if 1 < s < n, then



On the Whitehead Spectrum of the Circle 181

(n) () kD) (1+2) (1+2) (n+1)
=2ag; +nbiyy; =2Qagy; +nbs ) +nboy

+3 +3 +2 +1
=2(2Q2a 5(70-3/) + ’71%(13.}) + ”by}n—z.}) + nb;ﬁ-l.}
+1 +1
= b = by Y

since TR} (S, /;2) is annihilated by 8. We now write

b= Y e viam+ Y. c,dVi@.

O<r<n 1 O<r<n 1

where the coefficients ¢, j = = ¢ j(w) and c’ =c; (@) are independent on 7. It
is clear that the ¢, ; and ¢ 7,j are non-zero for only ﬁmtely many Values of the odd
integer j. We fix such a j and evaluate the coefficients a(() Z)M and b0 o foru =1
as functions of the coefficients ¢, ; and ¢; ;

(n) _ (n+1+4u) (n+1+4+u)
al),; = F'(db} + b )

= D i (FAVI (i) + nF"V (nii))
0<r<n+u
+ Y (FUddVT (@) + nF d V' (7))
0<r<n+u

= X @V @i+ V)

usr<n4u

b(grlz)u jFu(b5_n+1+u))
= D je i FVIai) 4+ Y el FUdVI(#)

O<r<n+u O<r<n+u
= Y jedi o+ Y jel (dV7 G+ VT i)
O<sr<u usr<n—+u

We claim that the elements d V" “(n7) and V" “(p*7) withu < r < n + u forma
linearly independent set. Indeed, the map

ix: TRETU(S, 152) — TRT(S; 2)
is injective by Proposition 13, and Lemma 23 shows that

i@V () = dV" ) +dVE )
l*(Vr u(n27~7) =y’ u(n3)+ v u+1(n3) —4y" u(v)+4Vr u+1(v)
The claim then follows from Theorem 11. We now conclude as in the proof

of Theorem 28 that the map that to @ assigns ((c,;(®)). (c;. ;(®))) defines an
isomorphism
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ker(I  F:TR3(Sx®'], I[x*']:2) — TR3(S[x*']. 1[x*'];2))

P P 72z e P P z/2z

rz0 jeZ~Z rzl jeEZ~Z

Finally, we argue as in the proof of Theorem 27 that the map
1 F:TR,(SK®', I[x*'];2) — TRA(Sx*'], 1[x*');2)

is surjective. Given w = (@) on the right-hand side, we find ©’ = (') on the
left-hand side with (R~ F)(0') = w.
First, if 0™ = dV*(h™[x]/), where 1 <s < n and j are integers, we define
w/(n) — Z dVr+1(b(n 1 r+s)[x]j) Z Vr(nb(n r+s)[x]j)
ssr<n 1 S<r<n
Then we have R(o'"*V) = '™ and (R F) (' ") = 0™ as desired.

Second, if @™ = h™[x]/ d log[x], we consider two cases separately. In the case
o™ = dVS(nn)[x]/dlog[x] with 1 < s < n, we write " = dV*(nii[x])*/)d
log[x] and define

W' — Z dVr+1(m~7[x]jd log[x]) Z Vr(r)zﬁ[x]jd log[x])

s<r<n 1 S<r<n

Then R(w'"*V) = '™ and (R F)(w'"*tV) = @™ as before. In the case where
o™ = V5(9)[x]/ d log[x] with 0 < s < n, we define

'™ = V> (©)[x) d loglx] + F(V* ()[x} d log[x]) + F*(V*(9)[x)/ d log[x])

Then R(w'"*V) = '™ and (R F)(w'"*tV) = 0™ since 8 and Fv are zero.

Finally, we consider 0™ = dV*(9)[x]/ with0 <s < n.Fors > 1,
V'Ol =av @’/ V)l d loglx]

and the two terms on the right-hand side were considered above. It follows that there
exists w’ with (R F)(w’) = w. For s = 0, we calculate

(R F)AVER) =dVEkY) (@) + jilx) dloglx]  nofx)
(R F)[x}) = no[x)

This shows that also for ™ = (d7)[x]/, there exists @’ such that (R F)(«') = w.
Indeed, we have already considered the remaining classes on the right-hand side.

The elements w’ with (R F)(w’) = o which we constructed above have
the property that, if @ is zero, then '™ is zero. It follows as in the proof
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of Theorem27 that the map 1  F in question is surjective. This completes the
proof. O
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