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Abstract. Inthispaper, we study binary optimal odd formally self-dual codes. All optimal odd formally self-dual
codesare classified for length up to 16. The highest minimum weight of any odd formally self-dual codes of length
up to 24 is determined. We also show that there is a unique linear code for parameters [16, 8, 5] and [22, 11, 7],
up to equivalence.
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1. Introduction

A binary linear [n, k] code C is a k-dimensional vector subspace of 3, where I, is the
finite field of two elements. The elements of C are called codewords. The weight wt (x)
of a codeword x isthe number of non-zero coordinates. The minimum weight of C isthe
smallest weight among all non-zero codewordsof C. An[n, k, d] codeisan[n, k] codewith
minimum weight d. Two codesC and C’ areequival ent if one can be obtained from the other
by permuting the coordinates. The automorphism group of C istheset of permutationsof the
coordinateswhich preserve C. Theweight enumerator of C isWe (X, y) = S ity AX™ Ty,
where A; isthenumber of codewordsof weighti in C. When recording aweight enumerator,
weshall setx = 1. Thedual codeC* of CisdefinedasCt = {x e F; | x-y = Oforal y e
C} where x - y denotes the standard inner-product of x and y.

A codeC isself-dual if C = C+. A codeC isformally self-dual if C and C+ haveidentical
weight enumerators. Self-dual codes are by definition formally self-dual automatically.
Thereexist formally self-dual codeswhich are not self-dual. In the remainder of this paper,
the term formally self-dual code pertains to a non-self-dual code. A codeis called even if
theweights of all codewords are even. A formally self-dual code whichisnot eveniscalled
odd. In this paper, we deal with odd formally self-dual codes. The minimum weight of an
even formally self-dual code of length n is bounded by 2| §| + 2. An even formally self-
dual [n, n/2, 2L§J + 2] codeis called extremal. The restrictions on odd formally self-dual
codes are significantly fewer than on even formally self-dual codes. Thus there can be odd
formally self-dual codes with minimum weight exceeding the above bound. This is one
reason of interest in odd formally self-dual codes. An odd formally self-dual code with the
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highest minimum weight for that length is called optimal. An optimal formally self-dual
code has the highest minimum weight among even formally self-dual codes as well as odd
formally self-dual codes.

In Section 2, we give the classification of optimal odd formally self-dual codes of length
up to 14. Section 2 aso contains the current information on the highest minimum weight
of odd formally self-dual codes of length up to 24. In Section 3, we show that there is a
unique odd formally self-dual [22, 11, 7] code, up to equivalence. The codewords of the
minimum weight in the unique odd formally self-dual [22, 11, 7] code form aunique quasi-
symmetric 2-(22, 7, 16) design with intersection numbers 1 and 3. It is also shown that
any linear [22, 11, 7] code is equivaent to the formally self-dual [22, 11, 7] code, and any
linear [16, 8, 5] codeisequivalent to theformally self-dual [16, 8, 5] code. In Section 4, we
construct some optimal odd formally self-dual codes of lengths 18, 20 and 24. All extremal
even formally self-dual codes of length up to 18 have been classified [1, 2, 5, 8, 11]. Thus
our classification completes the classification of optimal formally self-dual codes of length
up to 18 (Section 5).

2. Classification of Optimal Odd Formally Self-Dual Codes

2.1. TheHighest Minimum Weight of Length up to 24

First we determine the highest minimum weight do(n) of odd formally self-dual codes
of length n in order to define optimal codes. The highest possible minimum weights are
determined from known upper bounds for minimum weights of binary linear [n, n/2] codes
givenin [3] except lengths 8, 18 and 24. The extended Hamming codeis aunique [8, 4, 4]
code. Thus do(8) < 3. Any linear [18, 9, 6] code is equivalent to the extended quadratic
residue code of length 18, which iseven formally self-dual [11]. Thusdo (18) < 5. Sinceit
iswell known that alinear [24, 12, 8] codeis equivalent to the extended Golay code, there
isno odd formally self-dual [24, 12, d] codewithd > 8.

For lengthn < 24, welistin Table 1 the highest minimum weightsdo (n) of odd formally
self-dual codes of length n. In the third column of the table, we list the number N(n) of

Table 1. The highest minimum weights of length up to 24

Lengthn do(n) N(n) de(n) du(m di (n) dii (m
2 1 1 —_ 2 2
4 2 1 — 2 2
6 3 1 2 3 2
8 3 2 2 4 2 4
10 4 1 4 4 2
12 4 5 4 4 4
14 4 112 4 4 4
16 5 1 4 5 4 4
18 5 >2 6 6 4
20 6 >1 6 6 4
22 7 1 6 7 6
24 7 >1 6 8 6 8
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the inequivalent optimal odd formally self-dual codes of length n. To compare with do (n)
we aso list the highest minimum weights de (n), di (n), d, (n) and d,; (n) of even formally
self-dual codes of length n, al linear [n, n/2] codes, Type | and Type Il self-dua codes of
length n, respectively. The highest minimum weights of even formally self-dual codes are
determined in [6] and [8]. Note that the even formally self-dual codes which we consider
are not self-dual. All even formally self-dual codes of lengths 2 and 4 are self-dual [8]. All
extremal Type | and Type |l codes of length up to 32 have been classified (see[4]).

2.2. Classification for Lengths 2, 4 and 6

We start the classification of optimal odd formally self-dual codes.

e n = 2: Both odd formally self-dual codes with generator matrices (1, 0) and (0, 1) have
weight enumerator 1 + .

* n = 4: A code with the following generator matrix

1010
0111

isan optimal odd formally self-dual [4, 2, 2] code with weight enumerator 1 + y? 4 2y3.
The automorphism group is the dihedral group of order 6. It is easy to see that any odd
formally self-dual [4, 2, 2] code is equivalent to the above code.

* n = 6: A binary codeis equivalent to a code with a generator matrix of the form (I, A).
It can be easily seen that possible matrices A to generate odd formally self-dual [6, 3, 3]
codes can become

110 110
AL = 101 and A = 101
011 111

by permuting suitable rows and columns of A. Let C; and C, be the codes with gen-
erator matrices (I, A;) and (I, Ap), respectively. Then it is so that Cf = C, where
o = (1,2,6)(3,4). Thus there is a unique odd formally self-dual [6, 3, 3] code, up to
equivalence. The weight enumerator is 1+ 4y® 4+ 3y* and the order of the automorphism
group is 24.

2.3. Classification for Length 8

We found all odd formally self-dual [8, 4, 3] codes. This was done by considering 183
distinct 4 x 4 (1, 0)-matrices Awith (I, A) generating the codes. Of these, 48 have weight
enumerator

Wi =1+ 3y3 + 7y* +4y° +y’
and the other codes have weight enumerator

W, = 14 4y® + 5y* + 4y° + 2y
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We verified by computer that all codes are equivalent for each weight enumerator. Thus
an odd formally self-dual [8, 4, 3] code with W is equivalent to the code with generator
matrix

1000 1100

0100 1010

0010 1001

0001 0111

and an odd formally self-dual code with W5 is equivalent to the code with generator matrix

1000 1100
0100 0110
0010 0011
0001 1001

The orders of the automorphism groups of two codes are 24 and 8, respectively.

2.4. Classification for Length 10

Wefound all matrices Awith (I, A) generating odd formally self-dual [10, 5, 4] codes. Any
of the matrices A can become one of the following matrices

11100 11110
11010 11101
Ar=| 11001 | and A, = | 11011
10111 10111
01111 01111

by permuting suitablerowsand columns. Let C, and C, bethe codeswith generator matrices
(I, Ap) and (I, Ap), respectively, then it isso that C{ = C, whereo = (3, 8, 10)(4, 6, 7).
Thusthereisaunique odd formally self-dual [10, 5, 4] code, up to equivalence. The weight
enumerator is 1 4 10y* 4 16y° + 5y and the order of the automorphism group is 1920.

2.5. Classification for Length 12

We describe how the optimal odd formally self-dual [12, 6, 4] codes C were classified.
Every [12, 6] code is equivalent to a code with generator matrix of the form (I, A) where
Aisab x 6 (1, 0)-matrix. Thus we only need to consider the set of 6 x 6 (1, 0)-matrices
A, rather than the set of generator matrices.

The set of matrices A was constructed, row by row, using aback-tracking algorithm under
the condition that thefirst row is (000111) since the minimum weight of C is4. Permuting
the rows of A gives rise to different generator matrices which generate equivalent codes.
We consider only those matrices A which are smallest among all matrices obtained from A
by permuting its rows, where the ordering involved is lexicographical on the binary integer
corresponding to the rows of the matrix.
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Then we found 9849 distinct matrices A (that is, 9849 distinct codes). The codes have
the following five weight enumerators

Wy = 1+ 6y* + 24y° + 16y° + 9y8 + 8y°,

W, = 1+ 8y* + 20y° + 14y° + 8y” + 7y + 4y° + 2y1°,
Ws = 1+ 9y* + 18y° + 13y° + 12y7 + 6y° + 2y° 4 3y*°,
W, = 1+ 10y* + 15y° + 16y° + 11y” + 5y® + 5y° + y**,
Ws = 1+ 10y* + 16y° + 12y° + 16y’ + 5y8 + 4y™°.

The numbers of the codeswith Wy, W,, W5, W, and Wi are 30, 1422, 2088, 5472 and 837,
respectively. We verified that all codes are equivalent for each weight enumerator. Some
equivalenceswere verified by Magma. Thusthere are exactly fiveinequivalent odd formally
self-dual [12, 6, 4] codes. Let Cq»; be the code with generator matrix (I, Aj) where

000111 000111 000111
001011 001011 001011
A _ | 011101 A, _ | 010101 A, _ | 010101
1 101101 |° “? 101101 |© “© 101001 |°
110011 110011 110011
111110 111110 111111
000111 000111
001011 001011
010101 010011
As=| 101001 | @ As=| 100101
110001 111001
111111 111111

respectively. Cq2; is an optimal odd formally self-dual code with weight enumerator W,
(i =1, 2,3, 4,5). Theordersof theautomorphism groupsof thefivecodesare 1152, 32, 24,
10 and 64, respectively.

2.6. Classification for Length 14

Similarly to length 12, we found all distinct 19020211 7 x 7 (1, 0)-matrices A such that
the matrices (I, A) generate odd formally self-dua [14, 7, 4] codes. The set of matri-
ces A was constructed, row by row, using a back-tracking algorithm under the condi-
tion that the first row is (0000111) and by considering the lexicographica order on the
rows. The codes are divided into the 29 distinct weight enumerators Wy, W, . .., Wag. TO
save space, the weight enumeratorsarelistedinht t p: / / www. mat h. nagoya- u. ac.
j p/ ~koi chi/data/.

We complete the classification by listing all the inequivalent codes in Table 2 where the
first column denotes the weight enumerator W, the second column gives the number N of
the inequivalent codes with W, the third column lists the inequivalent codes F;, the fourth
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Table 2. Classification of codes of length 14
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w Numbers N Codes |Aut (F)| Numbers T
Wy 1 F1 384 612
Wa 1 Fa 8 38808
W3 2 Fz1, F32 16,2 213408
W, 3 Fa1, Fa2, Fa3 8,22 426960
Ws 1 Fs 1152 384
We 2 Fe.1, F6.2 8, 80 62316
Wy 6 Fr1,...,Fe 2,2,2,1,1,1 2015712
Wy 5 Fg1,...,Fss 4,16, 16, 6,2 459144
Wo 3 Fo.1, Fo2, Fo 3 4,1,2 873504
Wig 14 Fi0.1, ..., Fi0.14 64,4,4,32,4,4,2,2,2,2,32,8,1,2 2401524
Wi 2 Fi11, F112 168, 14 40224
Wi2 2 Fi21, F1222 16, 12 84576
Wi3 18 F131,..., F1318 16,4,8,4,8,4,8,4,8,1,1,1,4,4,4,4,4,2 3560472
Wig 1 F14 2 281952
Wis 1 Fis 192 2925
Wig 3 F16.1, F16.2,. F16.3 1,2,6 1045440
Wi7 12 Fi71,..., F17.12 8, 32, 64, 32, 32, 16, 2, 4608, 768, 8, 32, 16 619491
Wig 3 Fig1, F18.2, F18.3 4,1,2 1092672
Wig 15 Fi91,..., Fi915 16,6,576,4,2,2,6,6,1,2,2,1, 4,16, 32 3468280
Wao 2 F20.1, F0.2 6,1 774624
Wo1 2 Fo1,1, Fo12 16, 16 84096
Wao 3 F221, F22.2, F2.3 6,21 1191168
Wo3 2 Fo31, F232 16, 16 88272
Way 2 Foa1, Foa2 16, 12 110592
Wos 2 Fos.1, Fos2 24,16 78732
Wag 1 Fos 576 1376
Wa7 1 Fo7 1152 712
Wos 1 Fos 384 2232
Wog 1 Fag 322560 3

column gives the orders | Aut (F;)| of their automorphism groups and the fifth column lists
the total number T of codes with W. Some equivalences were verified by Magma. To save
space, generator matrices (1, G;j) of the inequivalent codes F; listed in Table 2 are also
listedinht t p: / / ww. mat h. nagoya- u. ac. j p/ ~koi chi / dat a/ .

PropPosITION 1. All optimal odd formally self-dual codes are classified for length up to 14.

Remark. The uniqueness of optimal odd formally self-dual codes of lengths 16 and 22 is
givenin Section 3.

3. Uniquenessof Linear Codeswith Parameters[22, 11, 7] and [16, 8, 5]
3.1. Uniquenessof aLinear [22, 11, 7] Code

In this subsection, we show that thereis a unique linear [22, 11, 7] code up to equivalence,
and the code is equivalent to the optima odd formally self-dua [22, 11, 7] code. The
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codewords of the minimum weight in the unique odd formally self-dual [22, 11, 7] code
form a unique quasi-symmetric 2-(22, 7, 16) design with intersection numbers 1 and 3.

First we recall how to construct a linear [22, 11, 7] code from the extended Golay
code which is a unique Type Il self-dual [24, 12, 8] code. Let G4 be the extended Golay
[24, 12, 8] code. Fix two coordinates (say, i; and iy) of G4 then define

Goolit,i2) = {(X1, ..., Xa) € Goa | Xi, =0, %, = 0},
Goi(i1,i2) = {(X1, ..., X2a) € Goa | Xi;, =0, %, = 1},
Gli(i1,i2) = {(X1, ..., X2a) € Goa | Xi;, = 1, %, = 1},
Glo(it,i2) = {(X1, ..., %) € G | X, = 1, x;, = 0}.

WedefineG; (i1, i) astheset obtained del eting thetwo coordinatesi; andi, from G’j (i1, i9),
j = 00,01, 11 and 10. It iswell-known that Ggo(i1, i2) U Gio(iy, i2) isalinear [22, 11, 7]
code with the highest minimum weight among all [22, 11] codes.

LEMMA 2. All codes Gg(i1, i2) UGpa(i1, i) and Guo(iy, i2) U Gip(iy, i2) constructed from
the extended Golay code by the above method are odd formally self-dual and equivalent.
Theweight enumerator isWx, = 14 176y7 + 330y2 4 672y 4 616y*? 4 176y*° 4 77y,
The automor phism group is the Mathieu group Ma,.

Proof. There is a unique self-dua [22, 11, 6] code, up to equivalence [10]. From the
construction, Goo(iy, i) U Gii(iy, ip) is a unique self-dual [22, 11, 6] code G,, where
Goo(i1, i2) is the subcode consisting doubly-even weight codewords. Since the automor-
phism group of the extended Golay code G4 is the Mathieu group M4 which acts 5-fold
transitively on the coordinates of G4, We, i,.i,) = Weyiy.i,) Where We denotesthe weight
enumerator of C. Note that G1(i1,i2) U Gs(iy, i2) isthe shadow code of Gy, (see [4] for
the definition of shadow codes). It was also shown in [4] that W, ;i) = Weig(r.ip- ThUS
Goo(i1,i2) U Gor(i1, i2) and Goo(iy, i2) U Gig(is, i2) are formally self-dual. Since the au-
tomorphism group of Gog is Mo, Gooliz, iz2) U Goy(ig, iz) and Go()(ii, Ié) U Gj_()(ii, Ié)
(1 < iy, lip,i1,i5 < 24) are equivalent. It follows from the construction that the weight
enumerator Way is Weiyi,) + Wegiyipy and the automorphism group is the Mathieu
group May. [ |

Remark. By Theorems3.3and3.4in[9], thecodewordsof weight 7intheabove[22, 11, 7]
code Go(i1,i2) U Gq(ig, i) form a 3-design Do,. It follows from the weight enumerator
W, that any pair of two blocksin Dy, intersectsin 1 or 3 points. Thus D, isaso aquasi-
symmetric 2-(22, 7, 16) design. By Theorem 3.3in[12], there isaunique quasi-symmetric
2-(22, 7, 16) design with intersection numbers 1 and 3, up to isomorphism. This gives an
aternative proof of the above lemma.

By the above lemma, there is at least one optima odd formally self-dual [22, 11, 7]
code. Similar to the proof of Theorem 3.3 in [12], we show the uniqueness of odd formally
self-dual [22, 11, 7] codes.

PropPosiTION 3. All odd formally self-dual [22, 11, 7] codes with weight enumerator W,
are equivalent.
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Proof. Supposethat F isanoddformally self-dual [22, 11, 7] codewithweight enumerator
Wa,. Let Fg and F; bethe subsets of F consisting codewords of weights=0 and 3 (mod 4),
respectively. We consider the following extension E of F

E={0,0x)|xeF}U{(0,Xx)|xe F}.

It is easy to see that E is linear by considering the weight of each codeword. Thus E
is a doubly-even self-orthogonal [24, 11, 8] code. Therefore (E, 1) is a Type Il self-dual
[24, 12, 8] code where 1 is the all-ones vector of length 24. The extended Golay code isa
unique Type |l self-dual [24, 12, 8] code and its automorphism group is M. Therefore the
result follows. ]

We checked by computer that all linear [22, 11, 7] codes have weight enumerator Wh,
(see aso [7]). This was done by considering all 11 x 11 (1, 0)-matrices A such that the
matrices (I, A) generate linear [22, 11, 7] codes. Thus we have the following corollary.

COROLLARY 4. Thereisa unique linear [22, 11, 7] code, up to equivalence. The code is
equivalent to the unique odd formally self-dual code with weight enumerator Ws.

Of course, checking the weight enumerators of all linear [22, 11, 7] codesis easier than
classifying such codes.

3.2. Uniquenessof a Linear [16, 8, 5] Code

A similar argument shows the uniqueness of alinear [16, 8, 5] code asfollows. Let Cy6 be
the linear code with generator matrix (I, Ag) where

00001111
00110011
01010101
01101010
10010110
10101011
11011011
11101101

A =

The weight enumerator of Cyg isWie = 14 24y° + 44y® + 40y7 + 45y8 + 40y° + 28y*0 4
24y* + 10y*2. Thus Cye is an optimal odd formally self-dual code of length 16.

PropPosITION 5. All optimal odd formally self-dual [16, 8, 5] codeswith wei ght enumerator
Wig are equivalent.

Proof. Let F beanoddformally self-dual [16, 8, 5] codewith weight enumerator Wig. L et
Fo and F; be the subsets of F consisting codewords of even and odd weights, respectively.
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Then D = (E, 1) isalinear [18, 9, 6] code with weight enumerator 1 + 102y® + 153y® 4
153y + 102y** + y*8 where 1 isthe all-ones vector of length 18 and

E=1{0,0,%x)|xeF}U{@0,x)|xe F}.

Thus D isan extremal even formally self-dual code of length 18. Simonis[11] showed that
alinear [18, 9, 6] code is equivalent to the extended qurdratic residue code of length 18.
The automorphism group of the code is PSL(2, 17) which acts doubly transitively on the
coordinates of the code. Therefore the result follows. ]

We verified that every linear [16, 8, 5] code has weight enuerator Wyg. This was done
by considering al 8 x 8 (1, 0)-matrices A such that the matrices (I, A) generate linear
[16, 8, 5] codes. Thus we have the following corollary.

COROLLARY 6. There is a unique linear [16, 8, 5] code, up to equivalence. The code is
equivalent to the unique optimal odd formally self-dual code.

4. Construction of Optimal Odd Formally Self-Dual Codes

A (pure) double circulant code is a code with generator matrix of the form (I, R) where
R isacirculant matrix. A double circulant code is formally self-dual. In this section, we
construct optimal odd formally self-dual codes of lengths 18, 20 and 24.

We found all distinct double circulant codes with parameters [18, 9, 5] and [20, 10, 6].
Our computer search shows that the exact numbers of inequivalent such codes are 2 and
1, respectively. Any double circulant [18, 9, 5] code is equivalent to either Dig; or Dig o
wherethefirst rowsof R for thetwo codesare (111010000) and (111110010), respectively.
Any double circulant [20, 10, 6] code is equivalent to Doy where the first row of R is
(1111100100). This completes the classification of optimal double circulant odd formally
self-dual codes of lengths 18 and 20.

For length 24, we consider the following generator matrix:

1 ... 1

1

where R’ is the circulant matrix with first row (11101101000). This matrix generates an
odd formally self-dual code with the weight enumerator

1+ 77y’ + 506y + 176y° + 616y*! + 1288y*2 + 672y*3 + 330y™®
+ 253y'® + 176y* + y*.

PrOPOSITION 7. The highest minimumweight of any odd formally self-dual codes of length
up to 24 is known. The actual values are as given in Table 1.
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Table 3. Classification of optimal formally self-dual codes

Length n d(n) N(n) References

2 1 1 Section 2

4 2 1 Section 2

6 3 1 Section 2

8 3 2 Section 2

10 4 2 [8], Section 2

12 4 7 [1], Section 2

14 4 121 [5], [2], Section 2
16 5 1 Section 3

18 6 1 [11]

5. Classification of Optimal Formally Self-Dual Codes

Recall that an optimal formally self-dual code has the highest minimum weight among
even formally self-dual codes as well as odd formally self-dual codes. The classification
of extremal even formally self-dual codes is known for length up to 18. In this paper, the
classification of optimal odd formally self-dual codes has been given for length up to 16.
These classifications imply the classification of optimal formally self-dual codes of length
up to 18.

COROLLARY 8. Optimal formally self-dual codes of length up to 18 are classified. The
actual number N(n) of the inequivalent optimal formally self-dual codes of length n, the
highest minimum weight d(n) and the references are as given in Table 3.
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