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(P1; : : : ; Pn P

I�J*K

) ZÈÇiÉ�Q

Y
�

O�ZwÊ8Ë½[

ˆ,B

¶Å[ S�P$P

C'Ì

, [70]
[71] [72] [73] T)Í

L

S (2.3)
G/B$DOŒJÎ"Ï

ZpÐFR , P1; : : : ; Pn
GCÑ�Z'Ò

GJ0
X

q)Z

354

T�Óiª

–$—
j"˜p™

A
G

¨

X

Z

@'Ô

[<S

L
Y

B

Essouabri
t

, [29]
N

P)Ã'Â

EHG/($*

[Õ•)Ö�R�S

L

�

L

L , ¶

GJ×JØ
K$Ù

[28]
G

•

N

, P

G)} Ú

L

I

Â

E

T

twÛ?Ü

¤2¥

N"!iY
�

O:ZCÝ5Þ\[<S

L
Y

B

ß

M
GO·

³

� , à:O+[<S?á

z'â){

TJÍ

¹

Y

Ç%É

G)ã
9

O8Ppä”T , å+æ

ƒ
G

ÇOÉ PèçêéëTJÍ

L

S

t
Ièì8G E%×8í

Zpî'ïð[ , Barnes
G

(1.1) ñ

å'æ

ƒ
G

(2.1)
G/ÎiÏ

ñ?¶

G E
K$A

G

¨

X

T/ª

L

S ,
ETIuì�G

ÇOÉ�L/ò

ó

q

9

S

L
Y

B

¶

G
=$ž2ô

Z�Ö
R

Y
�

O"P:é5õ

N

P:ö

A
Y

L ,
I

Â

E'Æ

O

L

³�÷

j

•§ø�P , ¾$ù'ú$û

ƒ

[50] Í

·�ü2ýuþ�ÿ��
ƒ

[44]
G����

Z��
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�������

�

S2Í

ì	��


L

!"Y B

P ø�P
�<T (2.1) Z

I

Â

E$Æ

[<S

1X

m1 =1

� � �
1X

m r =1

nY

j =1

(wj 1(� 1 + m1) + � � � + wj r (� r + mr )) � sj(2.4)

G��$G

,
! Y L

P‚q+ø�TC¶

G V —

T����$LC¸

L$ˆ��$G/I

Â

E�I8n8o*E

Z

���

[ , å'æ

ƒ G

contour �

VTG/}+Ú

Z:Ã
�

Æ

[

ˆ��5Ú

T

·

¬

S2¶

GpB

D'E+F

ZpMONÅ[<S

L Y B

ß

M GO·

³

T ,
��G�� N B��

[

ˆ

ÇOÉ

G)ã 9 G •�N

P ,
I

Â

E A G

Ã

�

Æ

P (
h �

T�!#"

¹

ˆ

¾5ù

ƒ G � �

Z�$

ì

O ) 1990 %

�

T8�

¬

S

·

³

ñ

ì g 9

S

X ˆ/}'& N$! Y B

[w•ë[Ä��Lëø ,
! YÕ® GC„

äy�

I

Â

E G�I

n+À$Á<k

•

E

P ,
= ì …

�

Y ˜:™

Þ#(

G2W N

, )<•iT+*

ì

•]ø

Ei×&G Ù

, G •

T�-

(

[<S

X

S

L ˆ�B

¶

G

¿/ò

j

P

I5n5o
E

T

Z

Q

Y Y#.

�

o

E K Œ /10 Ni!

¬

S ,
� G

Þ

0 N G

Ç?É32TP

C

P L. Euler T8­

N�4ÅY B

5 � N

P

��G)ã 9

Z�6

³

�

O:T Q

Y B

3. Euler
G�78n38

Ow¶

G�93:3;

1775 % , Euler P

7

Â

E G�72n38

� E Z;2(s1; s2) =
1X

m1=1

1X

m2=1

m� s1
1 (m1 + m2)� s2(3.1)

G�Ñ�Z

b2c�<#=yT�Í

¹

Y
•*E$j

N
G�Ò

Z�>

Ô

[

ˆ,B-��Gdo E

P Riemann
À+Áyk

•

E

� (s) O ,

� (s1)� (s2) = � (s1 + s2) + � E Z;2(s1; s2) + � E Z;2(s2; s1)(3.2)

�

Y

•

DTK

T

·

¬

S@?	A‚TCB

ü

¸

ì

L , Euler P

�/G/o
E

TCª

L

S

� E Z;2(1; 2) = � (3);(3.3)

q$øpT�P

·ED

Ã��ëT

k� 1X

j =2

� E Z;2(k � j; j ) = � (k)(3.4)

O

L

¬

ˆ

•

D

Z:M<NÅ["S

L
Y

Bu��G F�G

T ›2�3H

N

(3.1) Z Euler
G

78n38

OÕQ2R

B

¶

G�I

, N. Nielsen,S. Ramanujan ø

t
�/G/o
E

T

/J0

Z�Ó”› ,
LLK

LLK

��M

K

Z+N"¿ë[<S

L
Y

[ , P ø<L/òONè[

ˆ

M

K&G8L]ì

ªi•�P , q ø

Tdä

G�E"×-í<ˆ

›+T

·

¬

S

I

çQP8òONuq

9
ˆRD

t

[ S

L
Y

B

­

ˆ+9S:HG/o�E

O$["S , Tornheim [109] P

� M T;2(s1; s2; s3) =
1X

m1=1

1X

m2=1

m� s1
1 m� s2

2 (m1 + m2)� s3(3.5)



���������
	���
���������������
����

7

GpÑ�Z

b5c�=OT/Í

¹

Y •*Eij N G�Ò

ZÕÐ�R ,
���

T Mordell [94]
t

(3.5)
N

s1 = s2 = s3
GC(+*

ñ ,
I5n2o
E

1X

m1=1

� � �
1X

m r =1

m� 1
1 � � � m� 1

r (m1 + � � � + mr + a) � 1 (a > � r )(3.6)

G:Ò

Z�>

Ô

[<S

L Y B

­

ˆ

Apostol O Vu [4] P

1X

m1=1

X

m2>m 1

m� s1
1 m� s2

2 (m1 + m2)� 1(3.7)

G�� GCo
E

Z

«”¬

S

L Y B

�

³

[

ˆ

Ç"ÉTP,Q�R�S ,
•�E"j N G:Ò

T

Z

Q

Y o*E K Œ

�

/�0

T

•��

ì

>

Ô N?!"Y

L ,
� 9

T

Z

["S Atkinson [8] P , Euler
G 8

(3.1) Z

7

Â

E?G/&TY

•

E

O���S , ¶

G/B DOŒJÎ?Ï

ZÄÇ%É\[

ˆ�B

Atkinson
G��wŒ

P Riemann
À Áyk

•

EHG�7
	 >�� Ò

Z T

0
j� (1=2+ it )j2dt(3.8)

G

Ç<É

NO!

¬

S , ¶

G$ˆOµ

T:P6P ­

¦

Riemann
À"ÁUk

•

E 7

ª

G

�

� (s1)� (s2) Z (3.2) T

·

¬

S

« ³

�

O/Z�>�
 , ¶

G/^

_

T

!iY

Euler
8

GpB$D'E$F G'˜:™

T���� [

ˆ�B

Atkinson P

� G+˜p™

Z Poisson
G
8

M

K

Z

X?L

S

B
X

, (3.8) T

Z

Q

Y

NCG#M

K

Z��

Y
�

OpTp»$¼ [<S

L
Y

B

B?D"EiF

L�� ø

9i9”;

, �

GJ•�Eyj
N

G-Ò

Z
>�


Y
�

O

t�NyX%Y
B

��G-}E&

P����
�

ƒ

[90] T

·

¬

S��

µ

S

«

•

9

, ` L��

G/•FE?G

O

X

G

� E Z;2(1; `)
G)Ò

L

K! 

ø

9

S

L
Y

B

�"�

ƒ

P Atkinson O8P

…

�

D

,
Euler-Maclaurin

G

M

K

T

·

¬

S

B2D8E-F

Zd|#
8S

L
Y

B�F L

S Apostol
O Vu [4] P , (3.1)

G

Ã

} G

Â

E

Z�$

6

[�S�%

}

T)ª

L

S

#

¹

Euler-
Maclaurin

G

M

K
N

E+F

Q

Y
�

O:T

·ED

, k O ` L

•�E
N

Ã

}

L-œ , Ã

}

L��

G

O

X
G

� E Z;2(k; `)
G

ó

G

K

Z��$S

L
Y

B

À Á‚k

•

E G
>��

Ò I
K

T-Í

¹

Y

Atkinson
G

K"Ù
GC£ Ò

P�&

L�'

N�([O+q

9

S

L"ˆ

L , 1970 %

�*)

T'�

¬

S , D. R. Heath-Brown
G

Ç

É<Z,+�- O ["S5¶

G

Þ

7

L�P

¢+£

q

9ëY
·

³

T5�

¬

ˆ�B

¶

G)ã
9

G
•

N

Meurman [93] ñ'é/.�0iÃ

ƒ

[95] P Atkinson
GC}$Ú

Z Dirichlet
G

L •

E
A2Û?Ü

[

ˆ�B$„

Tpé�.

ƒ

P

72n+À$Áyk

•

EHG:B+D+E$F

TCª

L

S ,
Riemann ‘

G

contour �

V

T

·
Y

å [

L#�'Ú

ZpÊ'G [<S

L
Y

B

1

þ�243
ƒ

O65

í

P , é
.

ƒ
G��8Ú

Z ò/7]q�H

Y
�

OÄT

·OD

, Dirichlet
G

L •

E

([59] [61]) ñ Hurwitz
G-À$Áyk

•

E

([60] [62])
G

!iYÄ®
G�7

	
>��

ÒHG,8*9

7#:�M

K

ZdG [

ˆ�B

Hurwitz
À+ÁOk

•

E GC('*

T (3.2)
Z:Ã��

Æ

Q

Y

O ,
^

_

G�72n$À+Áyk

•

E

P

1X

m1=0

1X

m2=1

(� + m1)� s1 (� + m1 + m2)� s2(3.9)



8
�������

OÄ�

Y

L , [62]
N

P

� G�o�E

T contour �

V&Gp}$Ú

Z

���

[������

ó��

	�
���
����

���

�����

B �������������� �!

, 5�"�#

	�$

�&%&'�(�)

*&+-,

!

, .�/10�23(�)

*�+-,

, L
+-,

�&4�5�6�798

�;:

��<�=

��>�?

 @�A�

2

�

$

<�B

C

" [76]
!

1994 D�E ,
�F�

(3.9)
	

Barnes
�

(1.1)
�

r = 2
��G

H

	

�FI�J�K

#;LNM

�

, OF"

�QP�RTS

��%�'�U

,

1X

m1=0

1X

m2=1

(� + w1m1)� s1 (� + w1m1 + w2m2)� s2(3.10)

�-V3W

�

, X

�


��Y
��Z	

w2 #

+ S

��[�\&]_^

�

�Z�

<FB ( `�a�# [76]
 -b

$

�Y�c�

��!

w1 = 1
�FG

H

 9d

�Fe , X

��f�g

e3h&i

K

�-jlknm

�Y 

2&�

�

	

!�oTp

#�q

�

�rB ) s

$

�YX

��tYu

2

G

H

	

�

� Barnes
�

%&'�(�)

*&+Q,

�

, v�wn#

!

%x'Ty�zn{

+n,

�F|1�1}

k

2-[�\Y]1^Ye

:

w•~@�rB

€�•

3 ([76]) ‚1ƒ

�@„†…

,

N � 2 ‡ � > 0, w > 0, <s > � N + 1
#;ˆ

�

, [T\�]_^

� B ;2(s; � ; (1; w)) = � (s; � ) +
� (s � 1)

s � 1
w1� s(3.11)

+
N � 1X

n=0

�
� s
n

�
� (� n; � )� (s + n)w� s� n + O(w�< s� N )

( ‰

�‹Š�Œ

#;•ce3ŽY~•�

}

k

2 s
�x••‘

) ’

}Q“

log� 2(� ; (1; w)) = �
1
2

� logw + log�( � ) +
1
2

� log2�

(3.12)

+ (� (� 1; � ) � � (� 1))w� 1 logw � (� (� 1; � ) � � (� 1))
 w� 1

+
N � 1X

n=2

(� 1)n

n
(� (� n; � ) � � (� n)) � (n)w� n + O(w� N (j logwj + 1))

( ‰

�
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Euler
V

,

) e�”l••–Y—YB

�F�

VY˜

#�™1%xš•›nœ

 x•Tž

<xŸ� T¡

�x¢�£

�

¢�“&¤�¥

�

�

‡�#

}

• , `9%

|�¦_�

Hecke
�

L
+�,

�

s = 1
 ��F6§�&¨

,

#

+
S

�r[T\�]

^�©�ª

m�:

w•~•�QB

�F�

[76]
!

C

"ce�«�'�(�)

*&+-,

X

�

m

�

�r¬

•_092Q­_®�ˆ�¯Z‡

�

<�°�±

�-²�³� 9d

�-e ,
���T´x ;µ

# , ¶�·

!

h�¸

,c+;,�¹
$

< Barnes
�

(�)

*3+;,�º

«�¸

,�»½¼

, ¸�¾

�¿„-ÀQÁ

ºQÂ�Ã
S

�

‡;#

}

$xÄ

Ÿ

¼ÆÅ

¢Y£

º;Ç
‘

, ‡

Å
kÉÈ�Ê

eFË

Å

w‹~�ÌAB&«�¸

,�»�º
¬

•10�#�Í½•ÏÎ�~�Ì

‡

Å
k

���-Ð�Ñ�!

,
C

"

�

X

�FÒ_�

­1®�#F’

Å
ÄcmQÓ

‡†—

��Ô�Õ

‡Q2

$



���������
	���
���������������
����

9

Ä Å

Ì

m

�� 9d

ÌAB��Y<Fs�·

!! 

+#"

#A­1® v†~

Ä%$

< Barnes
�

%&'

(�)

*�+-,

‡ Euler &1e (3.10)
�

¾¿#('Th

 

$

Ì�‡

Å k*),+ m

,
C

"

#c‡

$�Ä

!

, «�'�(�)

*&+Q,

�

'�h�0

˜

²,-���>

º#.

Ì

$x$

�9¥

‡Q2�Ì

/

'�21032

 �d

$

<FB

4. Euler-Za gier
�

«Y'�& ‡5476(8:9

v

Ä<;

š

 ��(=9²§!

%�'>&

�FG

H

#�?:@<ACB

¼

<�e , 1990 D>D #-Î

Ì_‡ ,
}

•‹h3i

�

«Y'C&1e<E M�v†~•Ì

}

k

#�2

$&Ä%$

<FB Euler
�

%&'

& (3.1)
�GF,H

2x«Y'

»

!

� E Z;r (s1; : : : ; sr ) =
1X

m1=1

� � �
1X

m r =1

m� s1
1 (m1 + m2)� s2(4.1)

� � � � � (m1 + � � � + mr )� sr

 9d

Ìxe , IA~

º

Euler-Zagier J&«�'�& ‡

Å k

(Zagier [124])BKI(JML

JG&�eCE�M

º5N

=�Ì

}

k

#�2

$

<PORQ #

!

,
;

š

 3•�ž

<�]c^ ‡

!

�

<<S§21Ì�vT�VU1�92

ÈXW:Y

w5JMZ:[

¤•¥

e

d

ÌrB1XRJ3h�—1e>47618�9

(polylogarithm, \C]�ˆ

,

)
 Td

ÌAB ( ^:_Z‡

¼
Ä

!

«�'�ˆ

,

J(_

m

}

‘

Ë

Å

w ~ Ì&e ,
ÒT•

J (4.4) ‡1Ja`%b

º1c

¥

Ì&<c= , ¶>d

 _!(e

Ë

¼

2

Å

B )
47618C9<J

V3W

!

L k(x) =
1X

m=1

xm

mk
(k 2 N )(4.2)

 9d

ÌFe , k = 1 J@‡

$

I�~

!

� log(1 � x) J Taylor ]_^9#5f 2�whg ,
h3iiJ k #�ˆ

S

Ì L k(x)
!

� log(1 � x) #

Z x

0

dx
x

º

k � 1 jMk

S

I1‡

 

:

w•~@ÌrB7IA~�e lm\�]�ˆ

,Rn

‡po%qF~@Ì

ÀTr

 Td

ÌABR4s618a9

!

V&W

X>J

m

J�e

d

ÌpLtJ Dirichlet U

,

J

tau�6

‡

v

21w�ÌA¾

º§¼
Ä

Å

Ì,I9‡

Y

whxiy

Ä_m

, z

,

²

#F’

¥

Ìp{�Ë

K

e(|C}

 

$

Ì�~

 Td

Ì-e , Ž:DT0925z

,

²

#F’

¥

Ì;X>J�ƒ

W
º<•

w

Y

#

¼

<�J

!

Bloch J1€>• [14] [15]
 9d,‚

k

B ([15] J�ƒT„�D

!

2000 D

 9d

ÌFe ,
…

dcea†

Y

~_<,J

!

1977 D

 �d

ÌrB ) ‡

!

,

D2(x) = = (L 2(x)) + arg(1 � x) logjxj(4.3)

e Borel JVˆ#‰:Š‹ˆÆ)

*

)aŒ<• [17] ‡•ŽC• #

¢9“x¤

‘

I�‡

º

Ô:‘

¼

<�B

’

Å
Ä

Zagier [121] [122]
!

, D

,

¦

F J Dedekind (�)

*3+Q,

� F (s)
J

t:u�6

� F (2) e D2(x) JM“:”i•F©�ª–•

$

Ì>I_‡

º

ª

¼

<�BTh&iXJ k
#nˆ

¼
Äcm

, L k(x) #

¤‹—

S

Ì

+n,

Dk(x) e(˜�”3•

$

ÌFe , Zagier [122]
[123] ™ h�iVJ k 2 N (k � 2) #Fˆ

S

Ì � F (k) J

6

e Dk(x) •Pš

•
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•

$

ÌP•

d%‚

k

, ‡

Å k��
	 º��

ª

¼

<xBsIPJ

�
	

™ k = 3 J

G

H

#

™ Goncharov [34] #

}

$�Ä��–Y

~�<Ye , hxi #G™��

���

•

d

Ì�BVˆp‰CŠ

ˆ )

*

)CŒP•t™ Beilinson [13] #

}

$FÄ

h3i�0921D

,

«��

¦

J����

v

•

Í�•

b

q�~1<�e , X>J

G

H

#

m

4K618a9�‡

¢9“3¤

$

,
¤‹—

S

Ì L
+;,

J

tau�6

e,47618:9<•!š

•

•

$

ÌP•

d,‚

k

‡

�
	

v ~

Ä Å

ÌQB

1990 D%D•#-Î Ì§‡ , 4 6!8,9

º

«�'

»l¼

<�«�'i4 6!8,9 (multiple
polylogarithm)

L k1 ;:::;k r (x1; : : : ; xr )(4.4)

=
1X

m1=1

� � �
1X

m r =1

xm1
1 xm1+ m2

2 � � � xm1+ ��� + m r
r

mk1
1 (m1 + m2)k2 � � � (m1 + � � � + mr )kr

e

V&W

v†~ , x�� v ~�Ì

}

k

#�2

$xÄ%$

< (Goncharov [35] [36]) B I(J

¾t�,•3·•Ìc‡ Euler-Zagier J�«�'�& (4.1) ‡�J

ITJ

™

•��

•

d

ÌQB9`

a , (4.1) J

t<uY6

� E Z;r (k1; : : : ; kr ) ™ (4.4) #-’

Å Ä

x1 = � � � = xr = 1
‡

¼

<

m

J9#�f 2@wr2

Å

Bt��< , °

Ò

Jx¸

,c¹

¥��%F

¸

,

‡ 2§Ì�‡ ,

� E Z;r (k1; : : : ; kr � 1; s)(4.5)

=
1

�( s)

Z 1

0

ts� 1

et � 1
L k1 ;:::;k r � 1(1; : : : ; 1; e� t )dt

eF”l•†–Y— ( ���! #" $&%#')(�* [5])B

¼
Y

¼

`3™ , «Y'

»

v ~

Ä
Å

2

Å

¶T·3J,47618:9

m

, Euler-Zagier J

«�'�&Z‡�Ž,•�#

¢1“3¤

‘

B�����¡ ‡+%�'�¡ [5] ™ ,

� k(s) =
1

�( s)

Z 1

0

ts� 1

et � 1
L k(1 � e� t )dt(4.6)

‡Æ’

‘

‡

$

,

� k(s) = (� 1)k� 1 f � E Z;r (2; 1; : : : ; 1; s) + � E Z;r (1; 2; 1; : : : ; 1; s)(4.7)

+ � � � + � E Z;r (1; 1; : : : ; 2; s) + s� E Z;r (1; : : : ; 1; s + 1)g

+
k� 2X

j =0

(� 1)j � (k � j )� E Z;j +1 (1; : : : ; 1; s)

‡ †

¥

Ì>I1‡

º

ª

¼

<�B

Euler-Zagier JY«�'�&–J(z

,

Ñ

•,J

6

( «�'T(T)

*

6

) ™ , I

k
¼

<

³
,.-
/

•

m

, ~
'10

Ã

¢9“

M

˜

²

232

,.4

J¿v#�iU5��2�5�6�#F’

Å
Ä

ŽY~•ÌQ'!712FˆY¯–•

d

Ì>I�‡re 1990 D>D§#Y2

$&Ä()�+

v†~ , «

‘

Jn­

®9eT2�v ~•Ì

}

k

#�2

$

<�B

?�¦

092�©�ª�‡

¼
Ä

™�8 yGq

� E Z;r (2; 2; : : : ; 2) =
� 2r

(2r + 1)!
;(4.8)
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� E Z;2r (1; 3; 1; 3; : : : ; 1; 3) =
2� 4r

(4r + 2)!
;(4.9)

‡

Å $

<

8

e

�

w†~

Ä Å

ÌnB–��<�«�'�(T)

*

6

J���#-”l• –Y—

+�"

8

‡

¼ Ä

™ , �Tˆ

K

, &

798

(Granville [38] , Zagier), Ho�man J

+1"

8

[46], IÆ~ w

º

'�h

¼

<��16��	��¡‹J

+#"

8

[97],
d

Ì

Å

™

¢�“

M J

˜

²

J

ÈVW:Y

w 2Rƒ•v ~_< Le ‡�

���9¡3J

+T"

8

[66] 2 2�����#�«

‘

J

*��
�

J

+�"

8

e

�

w•~

Ä Å Ä

, ¶Cdt•>™�X‹J�����2��	�i™:•

$

2

Å

B

�

W��

[7] [55]
Ã

²��

[56] e! �x#"%$9Ì

¹

‚'&)(

«�*�+�,#-/.–J��:J�0

"�1

J32�45"�0�6 Ì Zagier J

�
	

"37

Å Ä

J Goncharov [37]
Ã
8:9

;:<�=

[106] J(€‹• , >:*@?
ACB%DFEG0IH

1

"�0�6'J Racinet [98] K	L

M�N�O�P

=

, QSR

=UT

Zagier [49] V�W�X@"!7SY�ZS[

8%9

=

V�\�] [107]
^!_U`�acb

Y

(

5. d
e#0�4

T	f

Z�V Euler-Za gier g

h�ikj%l�m f

b

Euler-Zagier V:n�*Sg#V�W#X#[ , o�V:nqpIr%s�tS.

"�7�Y�Z�V3u�v

jxw3y

b

r , oSVxz

j�{:|
=UT

Q	R

=

V!\�} [5] ~
•�[ ,
€�•

V3‚�4

^

dxe�‚�4

T

_

Z:Y

b

(!ƒ

`

r�dxe�‚�4

^…„

y

b‡†Cˆ

[ , ‰

Š

Bernoulli 4GV�u�vG"

w�y

b

(

‰

Š

Bernoulli 4 B (k)
n

T

[ ,

L k(1 � e� t )
1 � e� t

=
1X

n=0

B (k)
n

tn

n!
(5.1)

j�‹�ŒŽ•

a

J�•

jxw

J�r , k = 1 $

`

L 1(1 � e� t ) = t ~	•

`

B (1)
n [3‘

’

V Bernoulli 4 Bn (
b

~

f

B1 = 1=2) "!“�”:6•J

(

‘

’

V Bernoulli
4k[ Riemann +�,k-�0�4–V!—kV!˜S4�™

j

V!.5"!š

a

J�•

j
w

J3•

`

,
‰

Š

Bernoulli 4U›Fœ

`

•SV:n	*�•

•

a@b

+S,k-�0�4–V%s�t�.

T

0�H

6–J�ž

T

r!Ÿ� 

j
¡

J

jxw�¢5£¥¤3{�|§¦

Q�R [5] [3¨�© , (4.6)
j�‹%Œ

f

b�ª

4 � k(s) V!—GV!˜�4�™

j

V!«

j

‰

Š

Bernoulli 4

^I¬	­

6'J

1

B (k)
n = (� 1)n f � k(� n) � � k� 1(� n + 1)g(5.2)

^�_@®

f

b

¤

o

f

Z � k(s) [ , (4.7) V3¯#°

j

,
w

J²±–V:n	³S´
µG¶

ª

4

T

_�·

6¸ž

T

r

jc¡

J�¹
•

j�w

J

¤

ª

4 � k(s) V�º s »�¼�½#V�¾S¿

À�Á

^

‹:Œ

(4.6) Â�ÃxÄ�Y�Z

­

6‡ž

T

[ÆÅ

f

pI[

·

Y�r ,
{	| ¦

Q�R#[

� E Z;r (k1; : : : ; kr � 1; s) ›Çº
»�¼�½�¾�¿

À�Á

j
¡

JSž

T

^ÆÈ#É

f

b

¤�Êky

Z (4.7) [�º s »	¼cÂ3ËSYSZ3ÌÎÍ�Ï:7

1

j
w

J

¤

f

•

f

, Euler-Zagier g#V

‹:Œ

(4.1)
^²ÐcÑ

6‡J

·5`ÆÒ

, ž3V

1

^

r
‚%4@V�dxe	n:‚%4

ª

4

T

_

Z , oSV C r
½�VÆ¾�¿

À�Á

^

uGÓ	J3V�r'Ô�Õ

jSw

J

¤

¨�© , Zhao [125]
T×Ö'ØÆÙ�Ú

, Û�Ü%Ý

Ú

, Þ

|�ß	à

V%á

=

[1] Â

â

y

Z:o

a
ã�a:ä

Ï�Â!åcV

‹�æ

r3ç

®

•

acb

¤

è:é

4 ([125], [1]) n:³:ê�ë (4.1) [Ædxe r ‚�ë@V

ª

ë

T	f

Z C r
º

ì

½�í

æ�î

Â²¾�¿

À�Á

j�¡

J

¤
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Zhao V��
	�[ Gel'fand-Shilov V3“��

ª

ë#V

æ

\GÂ²Ã	Ä‡p�›�V

j

,
Ö

Ø ¦

Û�Ü

¦

Þ

|

[ Euler-Maclaurin V3g�
��

^��

YkJ ,
â

Í����

ˆx·!È

É
^��

Ó�Z�YkJ

¤

¾S¿

À�Á

•

a#b

(4.1) V�—–V!˜xëc™

j

V�«'Â��xY
Z

[

Ö5Ø ¦

Þ

|

[3], ��� [54] Â

â

y

Z��

f

p��! 

` a

Z�YkJ

¤

·

Ë�"x>

ikj�#

 

b

â

£

Â Essouabri [ ,
ƒ

V

æ

\ [29] r�n�‚�ëGV

$
%

Âc›'&)(

j
¡

J�ž

T

Â+*�


¬

V-,/.x\S} [28] Vxz

j

“10
2

a

Z�Y

J!r , ž!V�n:‚�ë	•

•

a#b

Essouabri V3�!	c[ (4.1)
^…„

Ó�J

¤�Ê#y

Z

(4.1) V:n�‚�ë

ª

ë

TSf

ZSV!¾x¿

À�Á

[�4‡Â Essouabri Â

â

y

Z 1995
5

Â�076

•

a

ZSY

b

,
T

0

£

ž

T

›

j#¡

J

¤98

b):<;+=

, Goncharov,
Kontsevich, Zagier ›Æo

axã�a�ä

Ï�Â (4.1) V!¾�¿

À	Á

V

È#Éx^?>

Z�Y

b

,
T

V
ž

T j	w

J

¤ f

•

f

ž

aq`

V

ÈxÉ

[�Y�@

a

›A


¬

•

a

Z�Y

·

Y

¤

"�á

i
j

, Dirichlet V L
ª

ë�K Hurwitz V�´�µ
¶

ª

ë�V�»�B%«cV+C
D

E�F

Â

ª�G

JAHJILK

T�M/N

V…WSX
Â+0�6

f

b

¤

o�V�O�V3P-	
[ Riemann
î

V contour Q�R

j�w�y

b

r , o
V

•

HSI?K@[ , Mellin-Barnes V3Q)R


)� (1.5)
^3�

Y–J
ž

T j

, C)D

ETF

V

É

¾

·%ÈGÉ

r

> ` a

J�ž

T

^

U@_

f

b

([57] [58])
¤ M7N

[Gž%V3HVI�K@V-W

Ð

Â

­�X

•

a

Z , Mellin-
Barnes V?Q�R1
!�

^

n:³	´�µ#¶

ª

ë•Â�Y

�7G

J'Z)[

^
F�\

f

b

¤^]

�

[ Mellin-Barnes Q�R@V���	–Â

â

J [76] V-_a`7b ,
T

Y

£�c�d

¯
e

j

®�U

f

b	b)f

, g:³�´xµ@¶

ª

ëGV@ž

T

Ò

•ŽÍ u•Ó�Z�Y

b

r , 1999
5

11
h

, º pLi	Õ , r ³�´�µ@¶

ª

ë � E Z;r V�Q!R

¬	­

� E Z;r (s1; : : : ; sr ) =
1

2� i

Z

(c)

�( sr + z)�( � z)
�( sr )

(5.3)

� � E Z;r � 1(s1; : : : ; sr � 2; sr � 1 + sr + z)� (� z)dz
^3j

Y
�
Y

b

¤

ž

a

[ Euler-Zagier g#V

‹:Œ

� (4.1) Â (1.5)
^

Y

�

G

J

T�k9l

Â

> ` a

Jm�
~�r , naQ7R

ª

ë@[ � E Z;r � 1
^po)q

¹x•3~:•

`

,
r Â

ª�G

J�ras�	

^?�

Y , � E Z;r � 1 V C r � 1
½cV�¾�¿

ÀSÁ

^+t

‹

G	a@Ò

,
(5.3) Â3Ë�Y�Z3Q�R�u

^av!wyxzG

JSž

T

Â

â

Í � E Z;r V�¾	¿

À	Á

r

È#É

j�¡

J

¤

ž

£
f

Z

M�N

[ Euler-Zagier g#V�¾x¿

À	Á

V , Mellin-Barnes
Q7R#V3�7	@Â

â

Jp{

ÈcÉx^!_
®

f

b

([79])
¤

ž

a

r ,
M1N

r%“-�@V r ³

´	µ@¶

ª

ë•Â�|)[
}�~	~�•�€

T

·

y

b

WcX

j�w

J

¤

Ü�•@V�‚�\G[ Mellin-Barnes
î

Q�R

¬�­•^

‘

f

Z ,

� E Z;r ! � E Z;r � 1 ! � � � ! � E Z;2 ! �(5.4)

( ƒ1„#[ Riemann ´�µc¶

ª

ë ) V�…cV�r-s

ˆSª

H

^��

Ó�Z�YcJ

T

¾
†

G

‡

ž

T

›

j�¡

‡

¤

Mellin-Barnes
î

Q�R

¬�­

oxV@›!V�[ , "�“

i#j�#

 

b

â

£

Â+4•Â Mellin Â

â

y

Z3ˆ

�

•

a

Z:Y

b

r , Mellin V�‰)Š

j

[�“

‚:ë

f

•

„

y

Z�Y

·

Y
V

j

Ü
V

â

£

·

r
s

ˆ�ª�‹

[�Œ‡Ó

`Ca@·

Y

¤
•

#

G

‡

â

£

Â , ž!V�±#V�r1s

ˆxª•‹

[�n�³	´�µ#¶

ª

ëcV3ŽcVxz:Â�•

‡

T

ž

¢+•�‘
f

Z:Y

‡

ž

T

r3’

É

f

�a�

w

‡

r , o

aŽ`

[�n:‚%ë

ª

ë

^•“

�

Â�”

a

‡

ž

T
j

�

f

Z�•
–

j�¡

‡

ª+‹•·

V

j�w

‡

¤
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6. ±���V%“-�	•

T� 

�

"�á

i

V"!$#@ÂÆË�Y�Z , Barnes V/g�³:´�µ�¶

ª

ë

T

Euler g

^&%('

f

b

(3.10)
^

MaN

r*)a”

f

b

ž

T

Â?0a6

f

b

r , “-�GV r ³cV

$
%

Â
› ,

� r (s1; : : : ; sr ; � 1; : : : ; � r ; w1; : : : ; wr )(6.1)

=
1X

m1=0

� � �
1X

m r =0

(� 1 + w1m1)� s1 (� 2 + w1m1 + w2m2)� s2

� � � � � (� r + w1m1 + � � � + wr mr )� sr

T

ËUp

T

, ž

a

[ Barnes V (1.1)
T

Euler-Zagier V (4.1)
^,+

Â�s�t

·

$�%

T�f

Z

o q

n�³:ê	ë

T

·

‡

¤

ž�V�…@V�ê�ëk[

MaN

r [78] [79]
j

)1”

f

, [79] [81]
j

oxVÆ¾�¿

À�Á T

wr Â

ª/G

‡

C!D

E9F ^²­

f

b

¤

g

³	´�µG¶

ª

ëGV

$7%

V�C!D

E^F

[/"Sá

iGj�#

 

b

â

£

Â [76] Â�Ë�YxZ

›

> `�a

Z	Y

b

r , Mellin-Barnes Q)R–Â�Ã
ÄUp [79] [81] V/��	G[ , Q

R7u@V

v�w x

~�•

j

C!D

E^F

r5Ô�Õ•Â

®

Z5p

‡

T

Y

£

¯c°

j

‚�\Gr.-

É

jcw

‡

¤

¨S© , /'Ó

Ò

(3.11) V3ƒ10GV.213@[ , Mellin-Barnes Q�R@V

��	
~

T

, Q!R
u

^�v!wVx

f

b

T
¡

Â�‘54

G

‡76

V98%ë

T�f

Z•Ô�Õ@Â�š

a

‡

¤ 8

b

[76] Â�Ë@•

‡;:=<

[ jw2j ! 1 V

T
¡

V

E9F

V1[

j
w:y

b

r , Mellin-Barnes Q�R#V��!	@[ jwr j ! 1 V

T
¡

V�[

·‡`

@ (
v�w x

V��?>

^,@

Â

G

‡

~#•

j

) jwr j ! 0 V

T
¡

V�C!D

E9F

›

> `�a

‡

T

Y

£

ˆc™
r

w

‡

¤

â

Í “1�•Â , A = (akj )1� k� n;1� j � r
^;A1B

TSf

Z ,

� (s1; : : : ; sn ; A) =
1X

m1=1

� � �
1X

m r =1

(a11m1 + � � � + a1r mr )� s1(6.2)

� � � � � (an1m1 + � � � + anr mr )� sn

V3…@V:n�³�´�µ@¶

ª

ë•Â�› Mellin-Barnes Q!R#V��!	@[3Y

�

j�¡

‡

¤

è:é

5 ([80])
ACB

A VD2	Ì�R�r.E:—
¨%ë

j

, 2

A

Ë

âGF

2

B

Â:[DH

p

T

›²“�� , 0
j

·

Y�Ì!Rcr

•
‘

G

‡

T

G

‡

¤

ž�V

T
¡

(6.2) [ Cn
º

ì

Â�í

æ�î

Â²¾�¿

À�Á

j�¡

‡

¤

ž	ž

j

‹

ë@r 0 Â

·

‡

ž

T

r.ICJ

•

a

Z�Y

‡

ž

T

r�³1K

·

™

j�w

‡

( L�Þ

î

V (2.4)
j

[

G

 �ZSV

‹

ëk[*M

j

·

•

a@ÒS·'`²·

•

y

b

ž

T

Â

N

¯ )
¤

‹

ëkÂ 0 r,I(J

•

a

Z�Y

‡

Ë�•1O

j

, ž�V�…cV3n�³�ê�ë#[ , (6.1)
P$Q

Â , (2.4), (3.5), (3.6), (3.7), o

f

Z

•
#

V Witten
î

n:³	´Sµ#¶

ª

ë

·SR

V�n¸pIV�³TK

·

/

^mo q

¤

ž:ž

8�j

“���•

•

aSb

…cÂ

·

‡

T

, Mellin-Barnes Q�RxV?�
	

T

[�0

y

Z@› , Q�R!ucV5U(V

·7v�w x�WYX*ZT[.\

R

Z][�·?^

, _1`1acb/R$d]e1f

g

 ih�j

, H���})[
”lk

j

Q R!ulb(m�…ln5opK

g1q9‡�rts

b$m�…cu

[

[80]
g,vCw1x,y{z5x

)1”}|•~

j

n ,
s

bD€1u

g]•

~ƒ‚ , (6.2) b,„p…9†{‡
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g

��� �"!

x$#

, �%�ƒb�&�'Yn�(

Z

)

~�‚%*�+

g

!

x-,�.�/�0

n�1%2�3 ([83])
r

,�.�/�0

n�465

Z$7

3-��8�9%�Sb�:$;=<

w?>

a

Zc[

, @ Alb�B�C

[

Essouabri[28] [29] bDB�C

g(q$v�E

‚

q$w*r

!F��! Mellin-Barnes G�H

bD€1u

[�I

gJ, .�/ 0

‡�K$L�3

W]X*Z

q

^

, M

w�N�O1w�P

bQG%H R 1?‡

S

3

s

< n

ZT7

3*b

Z

, U

!

w�V�W

n

S

N�O

^

, X�Y
@

w[Z9w$Z

<]\ ^

qps

<Gn

)

3

r

_

L*‚ , Mellin-Barnes `YbaG%H�R 1YbaG�H b�‡�c�dfe

O

3hg�@%i , j

`�k ‡al$m���n�n��Sb

P

i�5�1po

g�q

~r35b�i , j]`�k?bDs[t

q�u

b

,%.

o

q

kwv?‡-xy3*b

g{z
|

n%}

w5r$~

j

,%.%/�0

| ~

j-•
€

g.v‚•

3{ƒ%„[…�†Q�lbD‡�ˆ	‰{b�Š

7

|

gD‹1w1x6#

, Œ •�Ž$5�••<’‘	“•” , � E Z;r

bD–

|Sg

, G
H�bpb%c
d—e�b-˜1€?‡

>]~•™]šw›Ss

<

gc•‚œ

, �

qrœ]•[ž

Ÿ

k

j- �¡

n

S

�

~y3

s

<,‡a1

!

x(w

3 ([53])
r

Mellin-Barnes `[¢QG%H R 1

�£�¥¤%¦	§p¨

n£©’ª

g

S

�

~•3

s

<{”{«

¬

!

j

n , |

�

g�­

¢�®¯<

!

x

��8�°[±a²w†a�$¢

¤%¦�§p¨

#´³�µlg

S

�

~ ([77], [81] ¢ I I I), [77]
g9v1wTx

”�&%¶

��·

ga¸T¹�O

3

)

3hº6¢�ƒ%„

…	†-�‚¢�j�»%‰•¢

¤
¦%§[¨

R�1S‡ , ¼�½$¾�¿�•$¢�B�C [32] [33] <]BpÀ

¸••

3

s

<hi�Á[Â

!

x=w

3

r s

¢-º[¢�j�»�‰6” , &�¶

��·

‡ Q(
p

d) <

Ã

™

<

7

, f n
p

dg1
n=1 ¢�H	Ä6¢%Å�Æ—<a†a�?n

)

3

r

#y>�Ç

<

‹

¢

¤�¦ §[¨�È

¢�X�Y

_

” Hurwitz ƒ�„$…�†��$¢�É�Ê%Ë

7

Ì�Í

‰

g

†

O

3

#

¢ i

)

3

r

([¢�Î�� h < q
g

ˆ

! ,

Uh(s;q) =
qX

a=1

� (s;a=q)h; Vh(s;q) =
qX

a=1

j� (s;a=q)j2h

<

vCwCx

,
s

~

�

¢�Ï%¢ q
g

†

O

3

¤�¦	Ð�Ñ

‡aÒ‚L�3

r*v v?•{­

¢

Ð Ñ

”�Ó%ÔTo�Õ

I

q

Ò�Öpi�×

z

3

s

<Gn�i

7

3

r

!J�¯! V1(s;q)
g

†

!

x

” , Ø%Ù�Ú6i�Û

E

!

j

€Tu

gY•‚œ

, q
g-‹TwTx

¢

¤
¦�§[¨

~

i�ÜwÝ
i

7

3

s

<7nDÞ

�

~

x$w�ß

([60])
r�à

@�•=<á‘�“ [26] ” , Uh(s;q) < Vh(s;q)
‡��	â��w�	8�ƒ�„[…�†Q�[i-A

¬

O

3%ãw<aä

•6œ

, å�æp¢ h äQˆ

! ,
­

~

�

¢ q ä	†

O

3

¤%¦�§[¨�ç

S

�

~�3�ãw<,‡a1

!

ß�è

_

L$‚ Uh(s;q) ä

‹1wTx

” ,

é ê

6 ([26]) N ‡‚©�ª � , h � 2 <

O

~l‚ ,

Uh(s;q) = � (hs)qhs +
hX

r =2

X

h1+ ���+ hr = h
h j � 1 (1� j � r )

h!
h1! � � � hr !

�
X r (h1s; : : : ; hr s)q

+
N � 1X

n=0

(� 1)n

n!
� (h1s � n)Yr ;n (h2s; : : : ; hr s)qh1s� n + O(q< s1 � N + " )

�
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ç��

œ’•	‹�è

ã�ã�ä X r , Yr ;n ” 5D1woTä-K$L

�

~y3 , q ä

•

�! 

w

Ï�i

)

3

è

Ì�Í

‰6¢�ÅDÆ‚”

���

ä ”#"

�

Ë

7

ä

 

3%$

u�&('

ä*)

!

™

 

3�¢ i ,
ã-¢

•y>

äaåwæ[¢+"

�

Ë

7

äDˆ

!

x
~

i�(%,

 

B�C

ç

S

�

~�3�¢
”.-

!

w�è

/

€10

È

¢�X�Y <

!

x

” , Laplacian ¢#243

ç

)

3

è

"

�(57698

Sg� 1 = f (x1; : : : ; xg) 2 R g j x2
1 + � � � + x2

g = 1g

@
¢ C1
9‚†D�6¢ Laplacian ¢�(;:

�7<7=



” , Dirichlet 9%�

1X

m=1

� �
m + g

g

�
�

�
m + g � 2

g

� �
(m(m + g � 1))� s(6.3)

( ¢

,�.�/%0

) ¢�Á$†��•¢ 0 i�¢-‰‚i�A

¬

i

7

,
­

¢%5�17>




” Vardi
[118]  

u@?9A

�

¢

ACB

ä

•#D x

×

z

�

~

x=w

3

è

Weng • <’‘ “ [89]
” ,

•‚œ

���

ä

� (s; P; Q) =
1X

m=1

P(m)Q(m) � s (P; Q ”��	�


 )(6.4)

¢

P

¢�ƒ	„�…-†J� ( (�,$ä�”

­

~Tä

¸�¹-O

3h��âD��ƒ	„
…D†J� ) ‡ Mellin-
Barnes G�HT¢,€7EwiQM

w

, � (0; P; Q) < � 0(0; P; Q) ¢�5D1�o

 

R 1?‡a×

z

3Qx%F

!

¢ }

w

€(E�‡*G�1

!

ß-è

!

ß

ç

D5x(H

ª , j

/

 

–

|

<

!

x

@�A Vardi �

¢-B�C$¢

/

4[5

ç

S

�

~£3

è$~�ß

ã-¢9€9E$”

���

ä�I‚¢

Î��KJ$ä

v1wTx6#

,
~�ß

"(L	Áp†��£ä�ˆ

!

x6#NM

YPO%Qpi

)

3

è

R

Ú6¢TS4U$i Euler-Zagier Vp¢-–

|

ä

¬

Ë

ßl•y>

ä , Mellin-Barnes
`6¢-G
H6”���8%ƒ
„$… †�� ‡ W

�%X

L�Õ

I(Y

 

ƒ%„‚…	†D� ‡�Z�G
H‚†

�yäQlpm�GwH[i�R�1

O

3

è

!

ß

ç

D;[

��8%ƒ
„$… †D�‚¢]\‚¢#^4_To

 

`Pa

‡cb4d

œ

ä

O

3

è

_

L$‚-‘�“•” [78] [80] äTe9f

[

, (3.5), (3.7) ‡

­

~hg(~

�����—!

ß

� 8%ƒ%„$… †��

� M T;r (s1; : : : ; sr ; sr +1 )(6.5)

=
1X

m1=1

� � �
1X

m r =1

m� s1
1 � � � m� sr

r (m1 + � � � + mr )� sr +1 ;

� AV ;r (s1; : : : ; sr ; sr +1 )(6.6)

=
X

� � �
X

1� m1< ��� <m r < 1

m� s1
1 � � � m� sr

r (m1 + � � � + mr )� sr +1

‡QÁ

Ÿ

!

ß

ç , (6.5) (Mordell-Tornheim ` ) ”

� M T;r ! � M T;r � 1 ! � � � ! � M T;2 ! �(6.7)
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3*^%_
o

`9a

‡

�

ž

, ãD¢����Y‡��$ä��‚3%ã
<Qä

•�D#[D,�.�/�0

ç

4

5 i

7

3

è$~�ß

(6.6) (Apostol-Vu ` ) ä

‹

f

[

” , 	�
To

 

†��

' j;r (s1; : : : ; sj ; sj +1 ; : : : ; sr ; sr +1 )(6.8)

=
X

� � �
X

1� m1< ��� <m r < 1

m� s1
1 � � � m� sr

r (m1 + � � � + mj )� sr +1

‡QÁ

Ÿ

O

3�ãT<�ä

•.D;[

� AV ;r = ' r ;r ! ' r � 1;r ! � � � ! ' 1;r = � E Z;r(6.9)
 

3!^T_

=

‡J1

O

ã
<

ç

i

7

, ã ~l‡JY9fp3�ã
<aä

•$œ

Euler-Zagier V

ä�^
�$i

7

3

è��

½ ������¢���â����
�Tƒ�„‚… †D� (2.4) ‡{l$m4^7_

=

¢����y”	¶�8$¢�–

|

ä [79], � �

¢�–

|

ä�” [81] ¢ I I I i�1�� ~

[

f63

è

ã�¢

•£>

 Mellin-Barnes ¢-G
H�R�1yä�� �

™

^7_po

`ha

”	�

8
ƒ
„•… †��‚¢T\6¢"!�ä$#

™

<

7�%

D%[

e

œ

,
­

¢T^(_

=

‡&�r3
ã$<

ä

•yœ

, �

™

¢ � 8�ƒ%„‚…	†D�‚¢-k
v

ç , ')(�o[ä Riemann ƒ�„$…�†

�

N

Hurwitz ƒ%„[…	†Q�‚¢�k
v6ä ^*�+� ~y3

P

i#^;_wopä�4p5�i

7

3

ã
<

ç�,�-

�•~y3

è

ãD¢[ãw<{” Mellin-Barnes G�Hp¢,€(E$ä

•

3 , ��8

ƒ%„‚…	†D�‚¢/.

�

o10�2

ç

`�3

i

7

3 O;Q�k ‡a1 4

!

[

f‚3�¢

�

#

!

~

 

f

è

��8�ƒ�„T…�†Q�[¢�576

[

8�8

 -��� �

¢

�

‹

” , ��2�o

 

V W

‡

�

‹

�%� ‡

¸y•�ß

� 8(VTi

)

3

è

_

L$‚ Euler-Zagier V (4.1) ä Dirichlet
91:

‡

¸y•�ß

� 8(V[” , Goncharov [36], ;=<>� Œ�• [2], Œ�• [51] [52],
?

• �A@C† [6]  

u

�

™

¢

APB

ä

• D#[

Ò‚L

�CB

[

f$3

è%~ ß�D�E*F

•

[120] ([83] G�H ) ” (6.5), (6.6) ä Dirichlet
91:JI

¸••�ß�K1L

VT¢�M�N

O�P
I

2�Q

[

fSR

è

��T�UWVYX*Z [84] []\_^a`�b•ä ,
1X

m1=1

� � �
1X

m r =1

a1(m1)a2(m2) � � � ar (mr )
ms1

1 (m1 + m2)s2 � � � (m1 + � � � + mr )sr
(6.10)

c�d]c

K*L

Dirichlet e�f

Ihg

D1i�è

é%ê

7 ([84]) j ' k(s) =
P 1

m=1 ak(m)m� s (1 � k � r ) k
l�m�n

<s > � k(> 0) o/p
q
r
s�t , uvm�n]w&x
y�z=w

O
P|{~}v•

s = � k o

c&€

I/•v‚1ƒ$„*…

, †�‡ j= sj w*ˆ$‰=R‹Š�Œ1•]k1Ž •

K�•�‘

c

ŒS’

{&“

”

ƒ

, (6.10) • C r
u�–Sw&x�y�z=w—M
N

O�P�{˜}

, ™
š1›

c/œ

}

R~•vž

•~Ÿ
 )ov’
R‹¡1™7w�j ' k(s) k�¢_ˆ�f

“

”

ƒ

(6.10) •~¢_ˆ&f"o £�R‹¡

¤]¥

[�¦S[§^ Mellin-Barnes ¨ ©_w"\�R‹¡ ( `
ª1f

c�«�¬

w*[ , ­ ®

U [25] k�¯=w1°&±

c�²*³

I

 �´

•*µ

R‹¡ ) ¶�·�¸�¹�U+VYX1Z [86] [

{

”

w/`�b

c

K*L

Dirichlet e
f�VYº)»�‰�R�¼

Lv½§¾&¿�À�Á�Â7Ã

•*µ

R‹¡

¼*Ä

½Å¾�¿�À

k1¼*Ä�Æ
ÇSÈ*ˆ�f�VaÉ

O_“

ˆ�Ê

Á�Ë

‡=Ì)V�[/ÍSÎ�Ï�w$Ð

µ�•

•˜Ñ
Ò|t

i

k , X1ZJwSVhÓ

•

[ [86] k , ¼1Ä

½Ô¾�¿1À

w�Õ*o

Â�Ö

c
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� �

Á"!$#�i&%('

c�)+*

o�£ Ó

i

¡ Mellin-Barnes ¨�©

c-,/.)c-021

�

�

Á

¼�Ä

½ ¾�¿ À

w Õ*o

!$#

•

Ð43 Ì�V—[ , 5�Ïvo$ *´7R$ˆ�f]ˆ—Ê

‘

c

6

«

†

”

•—Œ�ª�Ä87

“

c

o £�R—¡

9

®

c

\;:˜w

{

Õ$<�Õ

“

f(=?>

“

Ê�f

Á—Ë

‡�¼�Ä Dirichlet e�f

Á

g

ÃA@

Ì
V‹[ , Essouabri
c-B

f/CED+>

“

,(.

“GFAH�I

´

•

Mellin-Barnes
¨)©

cJ,+.

k x�‰

@

Œ7’

“LK8M

o"£

@

¡ Essouabri NPOÅ•

%+Q

c

`2=

¹ [31] o�[ , f8=R> ˆ�f

Á

©/S_w-T2U

i

¼�Ä Dirichlet e�f

Á

Mellin-
Barnes ¨�©

Á

1

µ

iWV

.

o

g µ

, Manin
cJX ³ YWZ+1

t

•*µ

@

¡

f/= >

“E[

c

¼*Ä2\

c

›+]"[ , q

Z

‰

@

¼*Ä Dirichlet e�f

c

Ñ8^_>

`2a

Á&Â
Ö

‰

@

Ì

H

oEb�´

@

Ì

H

k�ov’

@

¡ Ì

c

\4:

“dcRe

,$f

[1¼

ÄhgAi \

c�«�¬

w , j(k+l [52] w)\�Ó

•/m-nW{ }

i

k , [84]
c&o/p

Á

1

µ�} ƒ {

”

w$`�b

c

f8= >�¼�Ä2\"k

g

Ã/@

[&qvov£

@

¡�X�ZJ[dr+s

c

o(p

Á

2001 t 6 u

c

Lille ( v/w(xLy ) o

c

c_eEz

*

oL{2|�t

i

k , Õ

}

=
¹7w*[�Õ

H

Õ�Ó

•1µ “�µ

¡

~

,

,
P 1

m=1 ak(m)m� s
k [84] oL7J•

{Y} • µ

@•€W‚7Á„ƒvi

{—“/µ

«

¬

w*[ , (6.10)
cL…2†

µ

•hš

“

Ó

•

3

@

¡*­�®(l

Hˆ‡h‰

[27] Š , ‹?ŒG•

:

“JŽ

– >

“

«�¬

H

t

•

©2SJw von Mangoldt Œ�ˆ-• �( m) kET7Óh•

‘

Äh’/•

� 2(s) =
1X

m1=1

1X

m2=1

�( m1)�( m2)
(m1 + m2)s

(6.11)

Á

Mellin-Barnes ¨�©_Œ

,/.

o

Â�Ö

t„•�¡

o(p

Á

 �´

@

•+“ , Riemann
Œ$Æ
Ç"È�ˆd• � (s) Œ Riemann

X/³

Á

³+”

t

•

Ð7Ì;: ¡/‹

}

Š � (s) Œ

•

N

¥

“-–?—

ŒE˜h™vk$‰
´

•

1/2 o £

@

} š

: ,
Hhµ

:

X/³

o £1ÓW•$¡

›

w

–_—

Œ•œ+™

Á


 o&ž
‰ Ì

H

w&‰

@

H

,
„

Œ 
 • ŸAŠ�x�y(•�–�®A 

5J¡

6

o £

š

: ,
H µ

:

X ³

•/£

@

¡

¢A£

8 ([27]) (i) ’/• (6.11) Š , ( p�q�r
sA¤¥Š <s > 2
}

k ) � (s) Œ

Riemann
X ³

Á•¦ §

‰

}
ƒ

<s > 1 Õ�o$x�y�z=w—Ñ/^2¨(©]ov’

@

¡

(ii) Riemann
X�³

w„ª

Ã

•

,
–+—

Œ�œ8™"w�ˆ�‰

@

®  _Œ

X$³

•

¦+§

‰

@

¡ ‹?Œ

H

’ � 2(s) Š <s = 1
Á

Nˆ«A¬8­

H

t

•

Ë

‡�¡

Ì&Œ-’8• � 2(s) Š�¢/•8=$ŒJ®h¯_>

“d°¥±

o £

@

Goldbach
X ³

w�ˆ

Ê�‰

@

¡ ®�ŸGŒ²Nˆ«(¬8­RŒL³A´;Š , Goldbach
X ³

Œ8µ

°�{

ŒJ �‡_Œ

œ

}"“

Œ�†S•vt

}]“1µ

¡

7. ¼*Ä
Æ
ÇSÈ1ˆd•$Œ
ˆ••7ˆ�Ê

‘

¼*Ä
Æ�Ç]È1ˆ&•$Œ&Ñ8^R>

“

›+]

Á

c_e

t

•*µ

@

Hˆ¶

oS••·7w

“

@�¸

±

ŒJ 
‡ Š , ¼*Ä
Æ�Ç]È1ˆd•;Š-D

”

†/Œ�ˆ••+¹

‘_Á•ƒ

‰RŒ�† ,
H~µ

:�Ì

H

o�£

š

: ¡dº

Ã

ƒ

(3.10) o

§E»

tP•

‘

Ä�Æ�Ç)È ˆd•GŠ , Hurwitz Æ�Ç
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È�ˆ••¥Œ

‘

Ä�� ,
H

ÂJÃ

”

}

@

¡

H

Ì

š
	

Hurwitz Æ�Ç]È1ˆ••¥Š ,

� (s; � ) =
�(1 � s)
i (2� )1� s

�
e� is=2� (1 � s; � ) � e� � is=2� (1 � s; � � )

	
(7.1)

Œ�� Œ�ˆ••h¹

‘)Á ƒ

‰$¡P•

}

t � (s; � ) =
P 1

n=1 exp(2� in� )n� s
Š Lerch

Œ1Æ�Ç_È�ˆ&•�
"£

@

(Titc hmarsh [108] Œ1Í

‘������

) ¡

‡2‰

[82] Š ,
Ì-Œ

‘7Á

‘

Ä�� t••��GŒ
ˆ••+¹

‘

	

(3.10) w&q|t

•����ˆ6

•

“�µ

†

F

:Y†��SÓA•$¡ ���?Œ/•?“ (3.10) 
 w1 = 1, w2 = w
H

t , Õ2•Lg(•��

S

Á

 
‡1º

‚

ª

Ã

•

,

� H L; 2(s1; s2; � ; � ; w)(7.2)

=
1X

m1=0

(� + m1)� s1

1X

m2=1

e2� im 2 � (� + m1 + wm2)� s2

“

@

‘

Ä Hurwitz-Lerch Æ
Ç]È�ˆ••

Á�Â7Ã/@

¡?‹Åt

•

g(s1; s2; � ; � ; w) = � H L; 2(s1; s2; � ; � ; w)(7.3)

�
�(1 � s1)

�( s2)
�( s1 + s2 � 1)� (s1 + s2 � 1; � )w1� s1 � s2

H
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Á
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54>�?

9A@CB-<"•L’/•D92EGF�H-IKJ2LR•

�

, Mordell-Tornheim Œ (3.5) M ‹

Œ%N�Oh’A•�P�Q�R ([110] [111][112]), SA•R•

�

 
-GŒ (6.5) ([114]) ŒUT

V#W


�X2�YL�Z=<

5

,\[+X4>-]^9`_=<

5�a�b4c

dAe

X�f�g+h�i\9�jlk

5

7�8+mon , mqp�ros%:

a+5�a�b

I
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X�v�]

s�w

V

wUx�]yJ�<

5{z}|o~

<

5�a

H%•D€K•‚•o9�E�ƒy<
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V
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„
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e

s^•l‘A€AI�’\J-<
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˜�™
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V

w�xo]�X	E+ƒ
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˜

6�b%co©

X%ª+«¬J�<*­A7�8-m{n [115] [116]
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½
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J

aoÀ�b

w`xo]l9�ÁoÂ
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I�X4]

˜

s = 3 JÃ®qB�J

� M T;2(3; 3;1) = 4� (7) � 2� (2)� (5)(7.8)

9*ÄCH�s , IÆÅKn Tornheim [109] s�Ä�­
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]

˜-™

H
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¨K·�Ç-È (7.7)
n , T
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H

c

S
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˜
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a
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c
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d�e
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V�Ô
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Õ%Ö=×
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w

V
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b

·

Î�ÏY9Uh+_Ü<
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X
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V
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a
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À
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n

c

¨l·�ÇoÈ , g X'{
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� � 1; : : : ; � r
h
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� W (s; g) = (C(g)) s(7.10)

�
1X

m1=1

� � �
1X

m r =1

nY

j =1

< � _
j ; m1� 1 + � � � + mr � r > � s

h‚•

k6n

c�b

½
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n�l#XUƒ„t

‡
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b
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C(g) =
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< � _
j ; � 1 + � � � + � r >(7.11)
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n
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zcŠ
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1X
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� � �
1X

m r =1
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