ON MORDELL-TORNHEIM AND OTHER MULTIPLE
ZETA-FUNCTIONS

KOHJI MATSUMOTO

1. INTRODUCTION

In 1950, Tornheim [14] introduced the double series

oo o0

S mT T (m 4 ) (1.1)

m=1n=1

of three variables, and studied its values when s, s9, s3 are integers in the region
of absolute convergence. Later Mordell [12] independently considered the special
case s; = s9 = S3, and also studied the multiple sum

> 1

mil...z

mr:lml...mr(m1+...+mr+a)

(1.2)

with a > —r. Mordell’s result for (1.2) was used by Hoffman [5] to obtain a
formula for the value of

S 1

m1=1 my=1 my--- mr<m1 4o+ mr)s

(1.3)

when s is a positive integer.
One of the purposes of the present paper is to consider the multiple sum

CMT,T‘<817 ceey Spy Sr+1)
= Z Z mys e em S (my e my) T (1.4)
mi1=1 myr=1
which is a generalization of both (1.1) and (1.3). Here sq,...,s,;1 are complex

variables. We call this the Mordell-Tornheim r-ple zeta-function. The series (1.4)
is convergent absolutely when Rs; > 1 (1 < j <r) and Rs,; > 0, but we can
prove the following theorem, a part of which was announced in [8].

Theorem 1. The series (1.4) can be continued meromorphically to the whole

C*1 space, and the possible singularities are located only on the subsets of C™1
1
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defined by one of the following equations:

Si+sp=1—0 (1<j<r (eNy),
Sj1+8j2+8r+1:2—€ (1§j1<j2§7‘,€€N0),
Sj1+”'+sjr71+87"+1:74_1_£ (1§j1<"'<j7n_1§7",€€N0),

S1+ TSt S =,

where Ny denotes the set of non-negative integers.

In the case r = 2 (that is, the series (1.1)), this result was proved in [8]. The
analytic continuation of (1.1) was first obtained by S. Akiyama and also by S.
Egami (both proofs are unpublished), but the argument in [8] is different from
theirs.

The series

i Z —S1py m+n) 1’ (15)

closely connected with (1.1), was introduced by Apostol and Vu [3]. They were
inspired by the work of Sitaramachandrarao and Sivaramasarma [13]. Partial
results on the analytic continuation of (1.5) was obtained by Apostol and Vu
themselves in [3], but the meromorphic continuation of (1.5), and of the more
general series

Z > mT T2 (m A+ n) T, (1.6)
m=1n<m
to the whole space was first proved in [8]. In the present paper, we introduce the
following generalization of (1.6), which we call the Apostol-Vu r-ple zeta-function:
Cave(s1,-++ 85 8041)

= > > miTteem Y (my e my) T (1.7)

1<my <---<my<oo

This series is convergent absolutely when Rs; > 1 (1 < j < r) and Rs,1 > 0.
Our second result is

Theorem 2. The series (1.7) can be continued meromorphically to the whole
Cr*! space, and the possible singularities are located only on the subsets of CT*!
defined by one of the following equations:

Si_|_..._|_sr+lzr—|—1—i—€ (1§Z§7’,€€N0)
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Another type of multiple zeta-functions is the Euler-Zagier r-ple sum, which is

Glstyovsp) = D o3 mytimy ™ em, (1.8)
1<my <---<my<oo
(cf. Zagier [19]). The meromorphic continuation of (1.8) to the whole C" space
was recently established by various methods. One of them is due to the author
[7], based on the Mellin-Barnes integral formula. Proofs of Theorems 1 and 2 in
the present paper will be carried out under the same principle, in Section 3.

There are numerous papers on the values of various multiple zeta-functions in
the domain of absolute convergence. Concerning multiple zeta-functions of the
Mordell-Tornheim type, we mention here the recent work of Tsumura [15][16][17].
On the other hand, after proving the analytic continuation, we can discuss the
values outside the domain of absolute convergence. As far as the author knows,
the first work studying such a problem is a paper of Matsuoka [11], who discussed
the value of (5(1,s2) when sy is a negative integer. Apostol and Vu [3] also
studied some special values of (5(s1, s2) and of (1.5) outside the domain of absolute
convergence. Recently, special values of (1.8) at negative integers were studied
extensively by Akiyama, Egami and Tanigawa ([1], [2]). Now our Theorems 1
and 2 give the full meromorphic continuation of the Mordell-Tornheim and the
Apostol-Vu multiple zeta-functions. It is therefore desirable to develop a study
on the values of these multiple zeta-functions at negative integers.

It is possible to consider the following more general multiple zeta-functions.
Let A, = (aij)1<i<ni<j<r be an (n,r)-matrix, where a;; are non-negative real
numbers. Assume that all rows and all columns of A,, include at least one
non-zero element. Define

CT‘(Sla"' 7Sn;Anr) = Z Z (a11m1+"'+a1rm7")_81
mi=1 my=1
X oo X (apimy + -+ -+ apemy) 0 (1.9)

This multiple series is absolutely convergent when Rs; > r (1 < ¢ < n). We have

Theorem 3. The multiple zeta-function (1.9) can be continued meromorphically
to the whole C™ space.

Our proof of Theorem 3, presented in Section 2, also depends on the Mellin-
Barnes formula. The assertion of the analytic continuation of (yr, and Cay,
is clearly special cases of Theorem 3, but our treatment of (y/r, and Cay, in
Section 3 will give more explicit information. It is likely that Theorem 3 can be
proved by various other ways. Indeed, in some cases, the assertion follows from a
general result of Lichtin [6]. An advantage of our present method is that it shows
a recursive structure of the theory, which will be embodied in (2.4), (3.2), and
(3.6) below. Similar recursive structure also exists for other classes of multiple



4 KOHJI MATSUMOTO

zeta-functions, such as those of Barnes, of Shintani, and of Witten. In view of
the Mellin-Barnes induction argument in the present paper, we can find that all
of the multiple zeta-functions mentioned above are members of a single family.
In the final section we will discuss this unified viewpoint, which might be useful
for further systematic study of multiple zeta-functions.

In the following sections, we write o; = Rs;. The Riemann zeta-function is
denoted by ((s). The letter € denotes an arbitrarily small positive number.

A part of this work was done during the author’s stay at Max-Planck-Institut
fiir Mathematik, Bonn (June 2002). The author expresses his gratitude to Pro-
fessor D. R. Heath-Brown and Professor B. Z. Moroz for invitation, and the staffs
of the institute for their hospitality. The author is also indebted to Professor W.
M. Schmidt, Professor B. Lichtin and the referee for useful comments.

2. PROOF OF THEOREM 3

For each row a; = (a;1,...,a;) of Ay, let p(a;) be the number of non-zero
elements of a;, and define

Aw) = f[lp<ai>.

By induction on p(A,,), we prove Theorem 3 and the assertions that (,.(s1, ... , Sn; Anr)
is of polynomial order with respect to Ss; (1 < j < n) and possible singularities
of ¢-(s1,. .. ,8n; Apny) are located only on hyperplanes of the form

181+ -+ epSn =ulcy, ... ) — L, (2.1)

where ¢y, ... , ¢, are non-negative integers, u(ci, ... ,¢,) is an integer determined
by c1,...,¢,, and £ € Ny.

First consider the case p(A,,) = 1. Each row includes only one non-zero
element, which we denote by a; ;). Then

Gr(S1, v s 8p; Apr) = Z Z (a1 pymu@)) ™ - (Anpm)yMam)) "

mi1=1 my=1

= (a1,h)) ™ - (Anpam)) ( Z m_s(l ) .. ( i mrs(r))

mi=1 my=

—s1 |

= (a1,n(1)) (A h(m) " H (s (2.2)

where

> s

h(i)=j
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Hence (.(s1,. .. ,8n; Apy) is clearly meromorphic in the whole C™ space, and
the assertions on the order and on the location of singularities are obvious.

Now consider the case p(A,,) > 2. Then r > 2, and at least one row of A,,,. has
at least two non-zero elements. Changing the parameters if necessary, we may
assume that a, 1 # 0, a,, # 0.

The Mellin-Barnes integral formula can be stated as follows. Let s and A
be complex numbers with ®s > 0, |argA| < 7w, A # 0, and ¢ be real with
—Rs < ¢ < 0. Then

1 I'(s+2)I'(—=

L (5 + 2T(=2)
21/ —1 J(e) ['(s)

where the path of integration is the vertical line from ¢ — y/—100 to ¢+ /—10c.

A simple proof of (2.3) is mentioned in Section 4 of [§].
Let r* > r and assume that (sq,...,s,) is in the region

Nodz, (2.3)

B*={(s1,...,8,) | os >r" (1 <i<n)}.
Then the series (1.9) is absolutely convergent. Rewrite the right-hand side of
(1.9) as

) [ee]
Z - Z (allml 4+t alrmr)_81 .. (an—l,lml 4+t an—l,rmr)_snfl

mi1=1 myr=1

—8n
— QMM
><(afnl’rnl + an,r—lmr—l) o (1 + + + )
An11M e Qpp—1Mr—1

and apply (2.3) with s = s, and A = a,,m,/(an1my + -+ + apr—1my—1). Then
we have
gr(sla <oy Sn; Anr)
1 [(sp + 2)I(—
- 2m/—1 i I(sn)

X oo X (A1, imy + - A Ay My

Z —S
) S S (anmn 4+ )
mi my
)*Sn—l

X (anlml + -+ an,rflmrfl)78n7z<anrmr>zdz

1 [(s, + 2)['(—2)
- r s 99n—1y°n y TR A, d )
2mv/—1J)  T(sn) e (2.4)

where
a1 a1 r—1 Qr
/
An+177» anfl,l anfl,rfl anfl,r
anl an,rfl 0
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To assure the absolute convergence of the multiple series in the integrand, we have
to choose a ¢ satisfying —o,, +7r —1 < ¢ < —1. Since p(4;,,,,) < p(Anr), we can
use the induction assumption to find that ¢,.(s1,...,sn-1,80 + 2,—2; A}, ,) 18
continued meromorphically, and possible singularities are located on hyperplanes
of one of the following forms:

(i) 181+ -+ cnSn =ulcr, ... ) — 4,

(11) d1$1 + -4 dnsn + dQZ = U(dl, ce ,dn,do) —/
or

(iil) e1s1 + -+« + ensp, — €9z = uley, ... ,e,,e0) — £,
where ¢;,d;, e; are non-negative integers (1 < i < n), dy and ey are positive
integers, and ¢ € Ny. Hence the poles of the integrand on the right-hand side of
(2.5) with respect to z are

I z= —d1d7181 — s — dnd718n -+ dilu d1 e dn d() — dilﬁ
( ) 0 0 0 ) ) ) (VS
EII))Z =eregtsy -+ eneg e, —egtulen,. .. en, ) +egtl,

II) z = —s,, — ¢
and
(IV) z = ¢,

where ¢ € Ny. Since o; > r* (1 < ¢ < n), choosing r* sufficiently large if necessary,
we can assume that all poles of types I and III are on the left of the line Rz = ¢,
while all poles of types II and IV are on the right of 82 = ¢. For brevity we write

—dldalsl — = dndSISn + daIU(dl, c. ,dn, do) = D(Sl, c. 7511)7
e1eg 81+ -+ eneg s, —egruler, ... e e0) = E(s1,. .., 8n).
Let (s9,...,5%) be any point in the space C". We show that the right-hand
side of (2.4) can be continued meromorphically to (s?,...,sY).

First of all, remove the singularities of type (i) from the integral on the right-
hand side of (2.4). This type of singularity is cancelled by the factor

(c181 4+ sy — u(cy, . .., Cn) 4 £)0(0en)

where v(cy, ... ,¢,) is a positive integer. Let L be a sufficiently large positive
integer for which
181+ -+ epsp =uler, ... ,c,) — L
does not hold for any (ci,... ,c,) appearing in (i), if Rs; > RsY (1 < i < n).
Define
D(s1,...,8)
L-1
=TI I (cis1+ -+ casn —uler, ... ,cn) + )Vt sen)
¢i £=0
where the first product runs over all (ci, ... ,¢,) appearing in (i). Rewrite the

right-hand side of (2.4) as
O(s1,...,8,)  J(51,...,50),
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where
1 [(s, + 2)['(=2)
J(81,...,8,) = D(sy,... .8,
(51 5n) 2mv/—1 J(e) [(sy,) (51 5n)
X G581,y Sno1, S0 + 2, =2 Ay L )d2.
Then the integrand of J(sy,... ,s,) does not have singularities of type (i) in the

region Ns; > RNs? (1 <i < n).

Let M > 0 be sufficiently large integer for which Rs? + M > r* (1 < i < n)
holds. Put sf = s? + M, and consider the poles of types I, II, III and IV for
(1, y8n) = (ST, n) € B*. Let Z(I,1III) be the set of all imaginary parts of
the poles of type I and of type III, and similarly define Z(II,1V).

First consider the case

Z(L,111) N Z(IL IV) = 0, (2.5)
and join D(s},...,s:) and D(s?,...,s%) by the segment S(D) which is parallel
to the real axis. Similarly join E(s},...,s) and E(s{,...,s%) by the segment

S(E), and join —s’ and —s by the segment S(n). By the assumption (2.5),
we can modify the path Rz = ¢ to obtain the new path C, from ¢ — /=100 to
¢+ v/—100, such that all segments of the form S(D) and S(n) are on the left of
C, and all segments of the form S(E) are on the right of C. We have

sn+z [(—=2)
Sn) = 27‘[‘\/_/ Sn) o

X (81, -+ Sne1,Sn + 2, —2; An+1r)dz (2.6)

J(Sl,...

S1y--- ,5n)

in a sufficiently small neighbourhood of (s3,... ,s:). When we move (s1,...,Sy,)

from (s%,...,s%) to (s9,...,5%) with keeping the values of imaginary parts of

each s;, the path C does not cross any poles of the integrand. Therefore the

integral (2.6) can be continued holomorphically to (s9,...,s%). This implies the

continuation of (,(s1, ... , S,; A,,) to the point (82, ... s%) where (2.5) holds.
Next we consider the case when (2.5) does not hold. We describe the method

for this case by discussing a typical example, that is, there are (dy,... ,d,,dp)

appearing in I and (ey, ... ,e,,ep) appearing in II such that
SD(s],...,s5) =SE(s],...,s). (2.7)
The associated poles are D(s¥, ..., s%) —dy'¢; and E(s%,...,5%) +eq by (£1,0y €
No). When (s},...,s:) is moved to (s%,...,s%), these poles are moved to
D(s9,...,8%) —dy't; and E(s9,...,8%) 4+ ey 'ty If
RD(sY,...,80) —dytly # RE(sY, ... ,82) +egtly (2.8)

for any ¢; and {5, then the above argument (in the case (2.5) holds) is still valid
with a slight modification. In fact, let  be a small positive number, and con-
sider the oriented polygonal path S’(D) joining the points D(s}, ... ,sk), D(s]+

ren

V—=1n,... st ++/—1n), D(s{ ++/—1n,...,s° ++/—1n), and then D(s?,...,s?)
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ren

V=In,... st ++/=1n), BE(s{++/—1n,...,s% +/—1n), and then E(s{,... sY).

Then S'(D) lies on the lower side of the line

L={z|S2=S8D(s],...,s;) =SE(s],...,s5)}

ren e n

in that order. Similarly define the path S’(E) which joins E(s},...,sk), E(s7 +
)

while S’(E) lies on the upper side of £. Because of (2.8), we can define the path
C’, which is almost the same as C, but near the line £ we draw C’ such that it
separates

U (S'(D)—dg't)  and | (S'(E) +¢5'ta).

£1€Np l2€Np

Then the expression (2.6), with replacing C by C’, is valid in a sufficiently small

*

neighbourhood of (s7, ... ,s%). When (s, ... ,s,) moves along the polygonal path

r n

jOining (8T7 s ,S;’;), (ST +v _1777 S 7‘9; +v _177)7 (S(l) +v _1777 S 782 +v _177)7
and then (s?,...,s%) in that order, the path C’' encounters no pole, hence we

’r n

obtain the analytic continuation.
The remaining case is that

D(sY, ... 8% —dytty = E(sY, ..., 8%) + eyt (2.9)

’ n

holds for some ¢; and ¢;. Then this might hold for some other pairs of ({1, /s).
In this case we consider the path C” which is almost the same as C, but near the
line £ we only require that S(D) is on the left of C”. When we deform the path
Rz = c on the right-hand side of (2.4) to C”, we might encounter several poles
of type II. Then we move (s1, ... ,s,) from (s},...,s%) to (s?,...,s%); again the
path might encounter several poles of the same type. Hence, in a sufficiently small

neighbourhood U of (s?,...,s%), the integral J(sy,... ,s,) has the expression

)+ 1 [(s, + 2)['(=2)
Sn

’ 2w/ —1 Jer [(sy,)

X Gr(81,. s Sno1, 80 + 2, =2 Ay 4 )d2, (2.10)

R(s1,... D(sy,...,8)

where R(sy,...,s,) is the sum of residues of the above poles. The expression
(2.10) gives the analytic continuation to U.

From the condition (2.9) we find that possible polar sets of R(sy,...,s,) are
of the form

181+ F Sy =ulcy, ... ) — 4,
where ¢y, ..., ¢, € Ny, u(ey, ... ,c,) is an integer and ¢ € Ny. The polar sets of

®D(s1,...,5,) " are clearly of the same form. Hence the proof of Theorem 3 is
now complete.

3. PROOFS OF THEOREMS 1 AND 2

The analytic continuation of the Mordell-Tornheim and the Apostol-Vu multi-
ple zeta-functions is now established by Theorem 3. In this section, however, we
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prove Theorems 1 and 2 by a little different argument, which gives more explicit
information.

First we prove, by induction on r, the assertions of Theorem 1 and the fact that
Curr(S1y -+ 5 8r;8p41) s of polynomial order with respect to |s,41|, uniformly
in any vertical strip —oo < 07 < Rs,41 < 09 < 00.

When r = 1, (yri(s1;$2) is nothing but the Euler sum (»(s1, s2), and the
desired assertions were proved in [7] or [8]. The case r = 2 was also established
in [8].

Now let » > 3, and assume o; > 1 (1 < j < r), 0,41 > 0. Rewrite the
right-hand side of (1.4) as

0 [e'e] m —Sr+41
Z Z my® e em S (my e ) T <1+ r ) ’
mi=1  my=1 my+ -+ My
and apply (2.4) to obtain
CMT,T‘(817 <oy Sy Sr+1)
1 [(sp1+ 2)T'(=2)
2y —1 () F<5r+1)
X Curr—1(81y -+ Sp—15 Srt1 + 2)C(8r — 2)dz, (3.1)

where —o,1; < ¢ < 0. By the induction assumption we find that the poles of
CMT7T_1(81, ey 8r_1;Sr41 + 2) as a function in z are

z==sj— S +1—0 (1<j<r-—11/0eNy),
Z:—Sj1—8j2—8T+1+2—£ (1§j1<j2§7‘-1,£€N0),

Z:_Sjl_..._Sjr—2_8T+1+T_2—€
(I<j < <jra<r—1L€Ny),
Z= 81— = 81— S+ —1,

all of which are located to the left of ®z = ¢. The other poles of the integrand
on the right-hand side of (2.2) are z = —s,41 — £ ({ € Ny), 2z = ¢ (¢ € Np), and
z = s, — 1. When we shift the path of integration to the right to Rz = K — ¢,
where K is a positive integer, the relevant poles are z = ¢ (0 < ¢ < K — 1) and
z = s, — 1. If we assume that s, is not a positive integer, then all of these poles
are simple. By the induction assumption on the order of (yr,—; and Stirling’s
formula we see that the integrand is of exponential decay with respect to |3z|,
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hence this shifting is possible. we obtain

CMT,r(Sh ey Sp 37,+1)
I'(s, + 841 — DI(1 — s,
= ( }-‘1(8“—1)) ( )CMTW*1<317 e 3813 8r + Spa1 — 1)

Kl/ g
+y < k+1><MT,r1<317 e St et + R)C (8, — k)

N 1 [(spp1 + 2)T'(=2)
21/ —1 J(Kk—e) C(sp41)
X Curr—1(81y -+ oy Sr—15 Srt1 + 2)C(8r — 2)d2. (3.2)

The poles of the integrand of the last integral are listed above, hence we see
that this integral is holomorphic at any points satisfying all of the following
inequalities:

Orp1 > —K + ¢,

ogj+o>1-K+4+e (1<j<r-—1),

o +0j,+041>2—K+e (1<j<jp<r-—1),

o+ Fo, ,top>r—2—K+e (1<ji<---<jra<r-—1),
or+-+o1+top1>r—1—-—K+e¢,

o, <1+ K —e¢.

Since K can be taken arbitrarily large, (3.2) implies the meromorphic continua-
tion of Cyrr(S1, .- 8 8.41) to the whole C™! space, including the case when
s, = m, a positive integer. When s, = m, the first and the second terms on the
right-hand side of (3.2) are singular (when K > m), but these singularities cancel
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each other. Indeed we can easily show

gMT,r(Sla ey Sp—1, M 87"-1—1)

= ( +1>{G\4T,r1(51>--- s Sr—1; Spp1 +m — 1)

m—1

+ F,( + 1) <1+1+ + 1)
p o P m—1

X Crrr—1(815 -+ 5 Sp—1; Spy1 + M — 1)}

+ Y < k+1>CMT,r1<317 e St e+ R)C (8, — K)

0<k<K—1
k#m—1

N 1 L(spq1 4+ 2)T(—2)
2my/—1 J(Kk—¢) [(sp41)
X CMT,T—l(Sla ey Sp—15 Sr41 + Z)C(ST - Z)dZ, (33)

where (j,7, ; means the derivative with respect to the last variable.

From (3.2) and (3.3) we can see that the location of possible singularities
are as stated in the statement of the theorem. Also from (3.2) and (3.3) we
can prove the assertion on the order of (yr,. As for the last integral on the

right-hand sides of (3.2) and (3.3), split it at 2 = 0 and z = —Ss,41, and
estimate each part separately. The factor (j,,, ; in (3.3) can be estimated by
using Cauchy’s integral formula. Then we find that (pr (1, .., Sy Sp41) 18 of

polynomial order with respect to |¥s,41|, uniformly in any vertical strip. Hence
the proof of Theorem 1 is complete.

Now we proceed to the proof of Theorem 2. We introduce the auxiliary multiple
series
©ir(S1,- e 383841, -+ 5 S5 Spg)

= D e m (g ) T (3.4)

1<mp<---<mp <00

1 < 5 < r), which is convergent absolutely when o; > 1 (1 < 57 < r) and
J g y j J
or+1 > 0. It is clear that ¢,, = Cav,, and

901,7’(81; 52y .-, 5r; 87"+1) - Cr(sl + Sp41,52, .-+ 757’)7 (35)
where the right-hand side is the r-ple sum of the Euler-Zagier type. We prove
Theorem 4. For1 < j <r, we have

(1) the function @;(S1,... 85841, .. S0 Sr+1) can be continued meromor-
phically to the whole C™1 space,
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(ii) the possible singularities of ;. are located only on the subsets of C™!
defined by one of the following equations:

s, =1,
S+t s=r+l—i—l (j+1<i<r—1,/0eN),
Si+"'+87»+87»+1:7‘+1_i_£ (1§Z§97£6N0)

(111) each of these singularities can be cancelled by the corresponding linear
factor, and
() @;. is of polynomial order with respect to |¥s;| (1 <i <r+1).

When j = 1, that is the case of the Euler-Zagier r-ple sum (3.2), the assertion
(i) was proved by various methods, as was mentioned in Section 1. In [9], (i) and
(ii) were proved in a more generalized form, and (iii) and (iv) can be easily shown
from (4.4) of [9].

Now let j > 2, assume that Proposition 1 is true for j —1. Also assume o; > 1
(1<j<r)ando,4 > 0. Byusing (2.4) with s = 5,11, A = m;/(m1+---+m;_)
we have

©ir(815- 0 81841y« 5 Sp3 Spt1)
el T+l
21/ —1 J(e) C(sr41)

X Pj1,r(815- 1851385 = 2, 8541, -+, Sp} Sp1 + 2)dz, (3.6)

where —o,;1; < ¢ < 0. The singularities of ¢;_1, in the integrand are, by the
induction assumption, only on

s, =1,
Sitots,=r+l—i—C (j+1<i<r—1,£€eN),
Si+"‘+8r+5r+1zr+1_i_£ <1§Z§]_1>£€N0)7

or

S+ +s—z=r+1—j7—L (LeNy). (3.7)
The poles of other factors of the integrand with respect to z are z = —s,.1 — ¢
(¢ € Ng) and z = ¢ (¢ € Ny). Therefore, when we shift the path of integration,

this time to the left, to Rz = —o,41 — K + ¢ (which is possible because of the
induction assumption (iv)), the relevant poles are z = —s,41 —¢ (0 < { < K —1),
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and we obtain
90_7',1“(517 Ce ,Sj; 8j+1, vy Spy Srr-Jrl)
K1/ g,
r
= Z ( L )(ijT(Sl,... ,Sj,1;8j+8r+1—|—]€,8j+1,... ,ST;—I{Z>
k=0

N 1 / [(spp1 + 2)T'(=2)
21\ —1 J(—or11—K+e) F(ST+1)

X Qi 10(S1s- v 1 8j=138) — 2, Sjt1s - -+ 5 Sp) Spa1 + 2)d2. (3.8)

Let

r—1
Br(s1,. .., 8m41) :(sr—l)H{ Il i+ +s,—r—14+i+0)

<L li=j11
j—1
X H(si+...+sr+sr+1—r—1+i+€)},
i=1
where L is a positive integer, and rewrite the integral on the right-hand side of
(3.8) as

_ L(sr41 4+ 2)I'(=2)
Dr(sy,...,8, 1/
L( ! +1) (—or+1—K+e) F(ST+1)

X PL(s1, 0y 8r41)Pj—1,0(S15 -+ 552158 = 2, 8541, -+ - 5 Srj Spp1 + 2)d2.

(3.9)

By the induction assumption (iii), ®.(s1,...,S,4+1) cancels the singularities of
;1 for £ < L, except for those of the form (3.7). Hence the integral on (3.9)
is holomorphic at any points satisfying all of the following inequalities:

o1 > —K + ¢,

oit-to.>r—i—L (j+1<i<r-—1),

oj+-+o,+041>-K+r+1—j+e¢,

o+ 4o top>r—i—L (1<i<j—1).
Since K and L can be arbitrarily large, this with (3.8) implies the meromorphic
continuation of ;. (s1,...,8;;8j11,--- ;5 5-+1) to the whole C"™' space. The
other assertions of Theorem 4 can also be shown from (3.8).

The case 7 = r of Theorem 4 implies Theorem 2, because in this case the sum
on the right-hand side of (3.8) is

K-1 —Sp 11
Z " Sorfl,r<317-" 7Sr71;3r+5r+1+k;_k>7
k=0 k

hence the singularity s, = 1 does not appear.



14 KOHJI MATSUMOTO

4. THE FAMILY OF MULTIPLE ZETA-FUNCTIONS

First we discuss the continuation of Witten multiple zeta-functions. Let g be
a semi-simple Lie algebra, and define

Cals) = D _(dim p) ™=, (4.1)

where p runs over all finite dimensional representations of g. This type of multiple
series was introduced by Witten [18] in order to calculate the volumes of certain
moduli spaces. In Zagier [19], explicit forms of (4.1) for some simple examples

are given; Csr(z)(s) = ((s), Csl(3) (5) = 2°Cur2(s, 5;8), and
Coo(5)(5) = 6° Z Zm n*(m+n)"*(m+2n)"°. (4.2)
m=1n=1

From Theorem 1 (or [8]) we know that (e3)(s) is meromorphic in the whole
complex plane. Similarly we can show the meromorphic continuation of (so(s)(s).
In fact, Theorem 3 implies the meromorphic continuation of

Coo(5) (51, S2, 53, S4) Z Z m=*tn"*2(m +n) "2 (m + 2n) "% (4.3)

m=1n=1

to the whole C* space. Or, similarly to the argument in Section 3, we can show

Cso 5)(51, 52, 53, 84)

84+Z —S1 752 S3
271\/—/ ;zﬂ:m (m+n)”

X (m +n) 34( )
m+n
)T
27r\/_/ 54—|—z )( Z)CMT,2(81,52—Z; S3 + sS4+ 2)dz,

(4.4)

where —Rs; < ¢ < 0, and can prove the meromorphic continuation by shifting
the path to Rz = K —¢.

On the other hand, the author [7] [8] introduced the generalized r-ple zeta-
function

CT'(817"'787";(){17"'7&7";1'017"'71‘07")
[o.¢] 0.]
= Z cee Z (Ozl + mlwl)*sl (042 + miwy + m2w2)732
m1=0 my=0
X - X (0 +mawy + - - -+ mpw,) 0, (4.5)
where aq,...,q,, wy,...,w, are complex parameters. This function has been

studied in detail in [7] [8] [9] [10]. It is to be stressed that (4.5) includes both the
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Euler-Zagier r-ple sum and the Barnes r-ple zeta-function (Barnes [4]) as special
cases. The latter is defined by

Cer(s) =¢(0,...,0,81,... . L agswy, ... ,w),

and so (g is essentially equal to the Hurwitz zeta-function (p,,. Moreover,
at least in the case r = 2, we can show that the Shintani double zeta-function
Csm2(s1,s2) can be written as an integral of Mellin-Barnes type including the
generalized double zeta (, as a factor of the integrand (see Section 8 of [7]).

Therefore, based on the Mellin-Barnes induction argument, we now have a
unified view of the family of various multiple zeta-functions mentioned above,
introduced historically under various motivations different from each other. The
whole situation may be illustrated in the following figure. In this figure, (x — (y
means that (x can be expressed as a Mellin-Barnes integral involving (y, and
(x — (y means that (x is a generalization of (y.
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Prr = CAV,T’
Or—1,r Or—1r-1 = CAV,r—l

/o

Pr—2.r Pr—2,r—1

/)

5 Pr—3,r—2
CB,r / - \ G = Q1
Gro1 / CMT,r
CB,rl/ R \ Gro1 = P1,r—1 /
Gro2 CMTr—1
o | N /
CsH,2 : CMT,r—2

~i
}B’Q < \ l / - Csa(5)
CHW\ i /

Cur2 = Cai3)
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