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1 Introduction and statement of results

Let N be the set of natural numbers, Ny = N U {0}, Z the ring of rational
integers, Q the field of rational numbers, R the field of real numbers, and
C the field of complex numbers.

Let s = 0 4+ i7 be a complex variable, and

— _a(n)

(1.1) U(s) = nZ:O B+ nw)
be a function with complex coefficients a(n), where 5,w € R with 0 < § <
w. We assume the following:

(Assumption 1) There exists a certain ¢ > 0 such that 1(s) is conver-
gent absolutely for o > q.

Throughout this paper we fix § € R with 6 > 0 and let ©v € R with
1<u<1+9. Welet

—n

(12) vloin) =3 G

By Assumption I, we can check that if 1 < u < 1+ ¢ then the right-hand
side of (1.2) is convergent absolutely for any s € C, so 1(s; ) is holomorphic

n=0

for all s € C. Corresponding to ¥(s;u), let

(1.3) Gi(t; Y5 u) = Za(n)u‘”ew*"w)t,

n=0

where ¢ is a complex variable. By Assumption I, we see that the series (1.3)
is convergent when Rt < 0. We further assume the following:

(Assumption IT) ¥(s) can be continued analytically to the whole com-
plex plane C, and holomorphic for all s € C. In any fized strip o1 < 0 < 09,
W(s;u) is uniformly convergent to ¥(s) as uw — 1+ 0. Furthermore there
exists a certain 0y = Oy(01,02) € R with 0 < 0y < 7/2 such that ¥ (s;u) =
O (e®) as |7] — oo.



(Assumption IIT) There exists a certain p = p(p) > 0 such that
G1(t;¢;u) can be continued holomorphically to

(1.4) D(p) = {t € C||t| < p}

for any u € [1,1 + 9].

We will give typical examples which satisfy Assumptions I-I1I in Section
2 (see Example 2.2).

In the present paper, we consider generalized multiple Dirichlet series
as follows. Let (g, aq,...,q,) € R (wy,...,w,) € R" such that ag = 0
and 0 < ap — a1 <wg (1 <k <r). Let P, = {41,...,9.}, where

[e.9]

(1.5 uls) =
n=0

We assume that ¢, (s) and the associated series ¥ (s;u), G1(t;¢g;u) (de-

fined similarly to (1.2) and (1.3)) satisfy Assumptions [-III (1 < k < r).

By Assumptions I and III, there exist {g;, = q(¢)(> 0)|1 < k < r} and

{pr = p(tr)(> 0)|1 < k <r}. We let

(1.6) N, = min {;ﬁl } :

1<k<r

a(n)
(o, — a1 + nwy)®

We define the generalized multiple Dirichlet series associated with P, by

(1.7) U, (S1,...,85u) =

f: ar(ny) - -~ ap(n,)u~ S

n1,...,np=0 II;=1<07 +—§:i:17hﬂuy)%

for s1,...,s, € Cand u € 1,1+ 6]. The special case u =1 and a;(n) =1
(1 < j <) has been studied by the first author in [12, 13], which can be
regarded as a generalization of both the Euler-Zagier multiple zeta function
and the Barnes multiple zeta function. On the other hand, the special case
u=1 a;, =jand w; =1 (1 < j < r) has also been studied before;
Arakawa-Kaneko [2] when a;s are periodic functions on Z, and Matsumoto-
Tanigawa [14] for more general a;s.

First we prove the following result by using the method introduced by
Matsumoto-Tanigawa (see [14]; see also [11, 12, 13]). Indeed, this can be
regarded as a generalization of Theorem 2 in [14].

Theorem 1.1. For s1,...,s, € C and u € [1,1 + 9], ¥, (s1,...,8;u) is
convergent absolutely for s; = o; +i1; € C (1 < j < r) with each o; >
q;. Furthermore U, (sy,...,s.;u) can be continued analytically to the whole
complex space C" and holomorphic on C", and satisfies that

(1.8) uErlriO\Ilr(sl,...,sr;u) =U,.(s1,...,8:1)

for any (s1,...,s,) € C".



Remark 1.2. We can prove the meromorphic continuation of W,(sy, ..., $,; u)
even if ¢ (s) has poles. When u > 1, the multiple series (1.7) is convergent
absolutely, hence is holomorphic, for any (sy,...,s,) € C". When u = 1,
if we assume that ¢(s) has a pole of order at most one at s = ¢, and
holomorphic elsewhere (and satisfies ¥ (s) = O(e®!™)) for 1 < k < r, then
we can show the following results, which generalize Theorem 1 in [14]:

The function V,(sy,...,s.;1) can be continued meromorphically to the
whole space C", and its possible singularities are located only on the subsets
of C" each of which is defined by one of the following equations:

sjtr s =q+ 0141+ +0g —n

(1<j<r, o=00rl1(2<k<r), neNy).
Moreover, (i) if j =1 > 2 and ¢, € N, thenn < q,—1, (ii) if2 < j <r—1,
¢ € Nand dj41 =--- =06, =1, thenn < q. —1, (i) if j=r =1 orif
j=land dy=---=9, =1, thenn=0.
The proof of this fact can be given by the same method as in the proof
of Theorem 1 in [14].

We further consider generalized multiple polylogarithms related to (1.5)
as follows. Let d, = (di,...,d,) € C" with Rd; > g; for each j. With the
above notation, and for u € [1,1+ 4], let

(1.9) F.(t1,...,ty;dy; Pryw)
o0 al(nl) . aT<nT)u_ Z{:l ny H;:l e(aj—i_Zi:l nl‘wﬂ)tj

N1y e =0 H;:1(O‘j + ZL:I 1w, %

This multiple series is convergent when Rt; < 0 (1 < j < r). If we for-
mally let ¢x(s) = ((s) which is the Riemann zeta function and dy € N
(1 <k < r)in (1.9), then F.(logxy,...,logx,;d,;P,;1) is the multiple
polylogarithm defined by Goncharov (see [6]; see also [4]). However ((s)
does not satisfy Assumption II, so we will not consider the Goncharov mul-
tiple polylogarithms in this paper. Instead, we prove the following result.

Theorem 1.3. For d, € C" with each Rd; > ¢; (1 < j < 1) and u €
[1,1+0], Er(ty, ..., tr;dp; Pryu) is holomorphic for all (tq,...,t,) € D(n,)",
and satisfies that for (t1,...,t.) € D(n,)",

(1.10) Fo(ty,... t.;dy; Prsu)
> N g
= Z \Dr<dl_Nl>-"7dr_Nr;u)m'
N1,...,N-=0



Furthermore, for any & € R with 0 < £ <., (1.10) is uniformly convergent
with respect to (ty,. .., t,,u) € D(E)" x [1,1+6], where D(¢) = {t € C||t| <
£}

The special case ¥;(s) = >, -;(=1)"n™* (1 < j < r), d, € N and
ty, = -+ = t,_1 = 0 has been studied by the second author. Indeed,
F.(0,...,0,t;d,;P.;u) played an important role in giving some evaluation
formulas for Euler-Zagier sums (see [15]). In order to prove Theorem 1.3
and Proposition 2.1 (see below), we make use of the technique introduced
n [15].

As applications, using Theorem 1.3, we prove certain estimation formu-
las for ¥,.(dy— Ny, ...,d.—N,; 1) (see Proposition 5.1 and Example 5.2). We
further give certain multiple analogues of both Berndt’s and Katsurada’s
formulas for Dirichlet L-functions proved in [3, 9] (see Example 5.3).

The authors wish to express their sincere gratitude to the referee for his
(or her) valuable comments and important suggestions.

2 Generalized polylogarithms

First we consider the case of r = 1. Let 9(s) as defined by (1.1) and
Fi(t;d; ;) as defined by (1.9). With the notation defined in Section 1, we

can prove the following.

Proposition 2.1. For d € C with Rd > q and v € [1,1+ 0|, Fi(t;d;¢¥;u)
is holomorphic for all t € D(p), and satisfies that for t € D(p),

(2.1) 1t dspsu) = Y w(d = Nyu)
N=0
Furthermore, for any & € R with 0 < £ < p, (2.1) is uniformly convergent

with respect to (t,u) € D(£) x [1,1+4].

Proof. By Assumption III, we can let

(2.2) Gi(t;Yiu) = Z%n(w;U)g
n=0

for [t| < p. We use the method of contour integrals (see, for example,
[16] Proof of Theorem 4.2). We consider the path T which consists of the
positive real axis [e,00] (top side), a circle C. around 0 of radius e, and
the positive real axis [e, o] (bottom side), where 0 < & < p. Note that we



interpret t* to mean exp(slogt), where the imaginary part of logt varies
from 0 (on the top side of the real axis) to 27 (on the bottom side). Let

(2.3)
Hl(ssw;U)z/Gl(—t;w;U)tsldt
T

= (627”‘8—1)/ Gl(—t;¢;u)t5_1dt+/ Gy (—t; s u)t*'dt,

which is, in view of (1.3), holomorphic for all s € C if 0 < &€ < p. Putting
s =—nforn € Ny and ¢ = £ with 0 < £ < p in (2.3) and using (2.2), we
have

(270) B (45 0) (1)

n!

Hy(—n;;u) :/c Gr(—t; ¢ u)t™" " dt =
3

From Assumption III, G (t; ¥; u) is continuous for all (¢, u) € D(p)x[1, 144].
Hence there exists the value My = max |Gi(—t;¢;u)| on {t € C||t| =
€} x [1,1+6]. By the above equation, we have

B(iw)] _ 1

2.4
(2:4) n! — 27

M
|Gr(—ts s u)|[t| "t < =5
Ce ¢

for any n € Ny and u € [1,1 4 ], where £ is an arbitrary real number with
0<&<p.
On the other hand, let s € C with Rs > max(1,q). We see that the

second term on the right-hand side of (2.3) tends to 0 as ¢ — 0. Hence we
have

(2.5) Hi(s;v;u) = (62”5 — 1) /OO Gi(—t; s u)t*dt
0

_ (€2m's _ 1) Za(n)u”/ 5~ Lo (Brnw)t 1,
0

n=0

— (e — 1) T{s)u(s;w),

where the interchange of summation and integration is valid because Rs > q.

Hence

1 INOREE)
9 . — : H(s: 1 —_ ") H. (s 1)
2O W) = (e ) = g M)
because - -

L(s)'(1—s) = =

sins  emis — e~mis’

The relation (2.6) is valid for all s € C by analytic continuation.



Next, for d € C with Rd > ¢ and N € Ny, we put s =d — N in (2.3).
Then we have

(2.7) Hi(d— N;;u) = (27— 1) /00 Gi(—t;;u)t™N"tat

+ / Gi(—t;¢;u)tN"1dt.
Ce

For simplicity, we denote by I; and I the first and second terms on the
right-hand side of (2.7), respectively. Note that if N > Rd + 1 then

— (/B—&-nw)aéﬂ?d—N—l

G+ nw

(2.8)

£

Hence we have

) & —(B+nw)e
|Il| < E%d—N—l‘QQMd . 1‘ Z ’a(n)‘e

~ [f+nw

On the other hand, by using the fact that

270 ‘ (p=-1)
29) / S e (62::_1‘1) 0 #-1)
for p € C and by (2.2), we have

: (=)
00 1 (QWZ)%N—dW;U)W - (N —d € Ny),
gd=N (ede - 1); SB(Z(f_’ Z;)_(_];))nf (otherwise).

Note that the above infinite series in the second case is convergent because
of the assumption € < p and (2.4). Hence we have

(2.11)
By—a(t;u)]
2= €§Rd—N‘€2m’d_1| Z%nw;u) @ —(l—_dling:lf)n' (otherwise).
n=0 '

From (2.4) with £ = ¢, the first case of (2.11) yields that
15| < (27m) M4V,

In the second case of (2.11), we let 74 = min |d — m| for all m € Z. Using
(2.4) with £ such that 0 < € < £ < p, we see that the second case of (2.11)
yields that

Me
va(1—€/§)

’[2’ < EéRdi }e2m'd . 1‘



Hence it follows from (2.6)-(2.11) that there exists a constant M > 0 which
depends on ¢, d and @/) but is independent of N and u such that

CRE D

1+N d) 27| e
for N € Ny with N > Rd + 1. Note that we can take an arbitrary ¢ such
that 0 < e < p. Since |s| < |Rs| + |Ss| for s € C, we have

(2.12) < Me™VN

Hl(d_NSWU)

TA14+N—-d)|=[(N—=d)(N—-d—1)---([Rd) + 1 —d)([Rd] +1 — d)|
< (N —[Rd] + [|Sd|] + 1)! [D([Rd] + 1 —d)|

for N € Ny with N > Rd + 1. Hence we have

(2.13)
[¥(d = N;w)| _ (N = [Rd] +[|Sd]] + 1)! [I([Rd] +1 —d \‘ P(d - N'u)‘
N! - N! N1+ N —d)
< NV — [Rd] + [[3d]] Nl)- PR +1-d), ~

Suppose u € (1,1 + 0] and t = 0 with 6 € (—p, p) C R. Then there exists
an € € R with 0 < e < p and |0] < e. From the definition (1.9) we have

(2.14) Fy(i6;d; i0) = 5 (a(n)u” 3 B+ m]t\J[)! (i6)

0 ﬂ+nw)d N=0
N INUON
—NZZOW—N,M N

From (2.13) we can see that each side of (2.14) is uniformly convergent with

respect to u € [1,1+4] because |0] < . Hence we can let uw — 1 in each side
of (2.14), namely (2.14) holds for u = 1 when 6 € (—p, p). We can define

Fi(t;d; iy u Z;z)

for any u € [1,1+ 6] and ¢t € C with [¢t| < p. From (2.13), this is uniformly
convergent with respect to (t,u) € D(€) x [1,1 + 6] when 0 < € < p. Thus
we have the assertion. ]

tN

Example 2.2. Let f : (Z/mZ) — C such that > " | f(a) = 0. It can be
regarded as a periodic function defined on Z. For example, any non-trivial
primitive Dirichlet character and any non-trivial additive character defined
mod m satisfy this condition. We define

(2.15)




and
a ,at

_ L fla)u%
t L n nt
U Z f ; 1— ufmemt
for u € [1,1 + §]. Then L(s; f) and Gi(t; L;u) satisfy Assumptions I-III.
Note that p = 27 /m and ¢ = 1 in this case. For d € C with Rd > 1, let

A -y L0
n=1

It follows from Proposition 2.1 that F}(¢;d; L) is holomorphic on D(27/m)
and satisfies that

(2.16) Fy(t;d; L) ZLd Nf)N|.

In particular when f is a primitive Dirichlet character x of conductor m, we
know that L(—2j—1,x) =0if x(—1) = =1 and L(—27,x) =0if x(—-1) =1
for j € Ny (see, for example, [16] Chap. 4). Hence, applying (2.16) with
d =2k and d = 2k + 1 for k¥ € N and using cosz = (€ 4 ™) /2, we
obtain,

> AR Zm—zy 0 (- -1,

/\
Qb
~—
()
<

Z x( n;::in@ ZL (2k+1—275,%) (2])“ (x(—=1)=-1)

7=0

for 0 € (—27/m, 2w /m). These are typical examples of Berndt’s result (see
[3] Theorem 4.2; see also [5] (1.2.12)). Similarly, it follows from (2.16) that

> MR =2 ek e 1= 20 G (D =1)
ZX cos(nf) ZL 2% — 2j, ((9;)‘ (x(=1) = —1)

for k € N and 0 € (—27/m,2r/m). Using the functional equations for
L(s,x), we can confirm that these equations coincide with Katsurada’s for-
mulas for L(s, x) (see [9] Theorem 3).

3 Proof of Theorem 1.1

Using the method introduced in [14] Section 2 (see also [11, 12, 13]), we
give the proof of Theorem 1.1 by the induction on r. The case of r = 1

8



can be directly obtained from Assumptions I and II. Hence we assume that
Theorem 1.1 holds for » — 1, and aim to prove the case of r(> 2).
As mentioned in Section 1, let

U,(s1, ey Spu) = Wo(s1, o0y Sy 1, .oy U 1)

be the function defined by (1.7). Since each v (s) defined by (1.5) converges
absolutely for ®s > ¢ (1 < k < r), we can easily check that W,.(s1,...,s,;u)
converges absolutely if oy = Rsp > g (1 <k <7r).

First we assume each o, > g, (1 < k < r). Recall the Mellin-Barnes
formula

1
(3.1) L)1+ N7 =— [ D(s+2)'(—2)\dz,
211 (c)
where Rs > 0, |argA| < m, A # 0, —Rs < ¢ < 0, and the path of integration
is the vertical line Rz = c¢. By the above assumption, we may assume
—0, < ¢ < —q,. Put s = s, and

Qp — Q1 + NpWy
Qr_1 tMwy + - +NpqWrq

A:

in (3.1). Then multiply the both sides by

al(nl) e ar(nr)u_ ES:I ny
[T (o + 3002y mwy ) (Qrey + 32023 mpw, )or-1+er

and sum up with respect to nq,...,n,. Then we have
1 L(s, + 2)['(—2)
3.2 \Ijr yoee s Spy = —
( ) (31 S U’) 27 /(vc) F(Sr)

X W, 1(S1,. .0y S0, Sp—1 + Sp + 23 ) (— 25 u)dz.

Let M € N and € € R a small positive number. We shall shift the path
to Rz = M — e. We see that

qu—l(sla ceey Sp—2,Sp—1 + 5 + <3 u) = O(1>

in the region ¢ < Rz < M — € because o, > q1 (1 <k <r-—2), —0, <c
and
or1+o,+R2>0,_1+0,+c>o0,_1.

From the well-known Stirling formula for I'(s), we have

(3.3) T(s)| = e 2 1(jr| + 1) (1 o (H%))



as |7| — oo, where s = ¢ + iT. Hence, by Assumption II, we see that the
integrand on the right-hand side of (3.2) tends to zero as |Sz| — oo, namely
this shifting is possible. By the assumption of induction, we see that ¥,_;
is holomorphic on C"~! and 1), holomorphic on C. Therefore we only have
to count the residues of the poles of I'(—z) at z = 0,1,..., M — 1. Since
the residue of the pole of I'(s, + 2)['(—2)/T'(s,) at z = k equals to —(7"),

k
we obtain

(3.4) U, (81, ..., Sp5u)

-1
- Z <_l:7“) \I/T—l(817 ceey Sp—2,Sp—1 T Sp ka U)¢r(—k, U)

1 (s, + 2)'(—2)

211 (M—¢) F(Sr)
X W, 1(S1, .y Speay St + S + 2w (— 25 u)dz.

The first term on the right-hand side is holomorphic on the whole C" space
by the assumption of induction. On the other hand, I'(s, + 2) has no pole on
the path (M —¢), when R(—s,) = —0, < M —¢, namely o, > —M+¢. Using
(3.3) and Assumption II, we see that the second term on the right-hand side
of (3.4) is convergent absolutely, so is holomorphic on the region

{(31,...,37«) eC'llor>q,...,00-1> Qr_1,0, > —M+6},

where M is arbitrary.

Next we fix s, € C with 0, > —M + ¢, and consider the continua-
tion with respect to s, for 1 < k < r — 1. Since ¥,_; is holomorphic on
C"!, the integrand on the right-hand side of (3.4) is holomorphic for all
(s1,...,8._1) € C"1. So, if we prove that the second term on the right-
hand side of (3.4) converges absolutely for any (si,...,s,_;) € C"! and
s, € C with 0, > —M + ¢, then ¥, (sq,...,s,;u) is holomorphic on the
whole C" space because M is arbitrary. In order to prove this result, we
need the following lemma.

Lemma 3.1. Forr € N withr > 2, there exists a polynomial P,(X) € R[X]
such that

(3.5) U, (81, ,85u) =0 (PT(|TT|)69°‘T"|) (|| — o0)

for any (s1,-+ ,8,—1) € C" and u € [1,1+ d], where the constant implied
by the O-symbol depends on Ty, ..., Tp_1.

Proof. We denote (3.5) by

U, (51,00 s sppu) K Po(|7p])elml.

10



We prove this lemma by the induction on r(> 2). First we consider the case
of r = 2. It follows from Assumption II and (3.4) that

)

/ L(sp +2)'(—2)
(M—e)

(3.6)

s (s1, 805 u)| < ) (W1 (s1 4 2 + ks u)o(—k;u)|
k=0
1
2m

VR
™

Uy (81 + s9 + z;u)he(—2;u)dz

INER
M-1 —g
< k2> 600‘7’2|
k=0
L [0 (sr + 2)T(=2) | goiratul b0yl
L K d
*%/w‘ CHRE

where z = x +iy. For simplicity, we denote the last term on the right-hand
side of (3.6) by I. Using (3.3), we have

(3.7) I< et™l(|ry| +1)~o2*2

x/ W= 22l g@o=3IWl(| 1) 4 gy| 4 1)72F2~ (|y|+ 1)~* ldy.

—00

Now we apply Lemma 4 in [12] with A = B =6, — —7r p=o0s+z— 3 and
q = —x — 5. Then it follows from (3.7) that

(3.8) I < e312l(|jry| 4 1)772 3
[ {1+ Gl 07 gl 4 et e
+ {1 + (72| + 1)"2”*%} e“’oé’)ﬁl} .
Combining (3.6) and (3.8), we see that there exists P»(X) € R[X] such that
Wy(s1, 595 1) < Po(|2])e®™! (|7] — o0).

Thus we have the assertion for r = 2.
Assume that the assertion for r — 1 holds. Substituting the asserted
bounds into (3.4) and using Assumption II, we have

( oy + ZTT) ‘ PT_1(|7—7~_1 + 7_7‘|)€90‘TT71+7'»,«|

/ ‘ sr-i—z (z)

1| +Tr+y|) Polrr=stmsalefolil gy,

\Ij’r‘(slv sy Sy U

11



By the same method as mentioned above, we can see that there exists
P.(X) € R[X] such that

U, (s1, 0,805 u) < Bo(|r|)e™ .

By induction, we obtain the proof of Lemma 3.1. n

Now we can complete the proof of Theorem 1.1 as follows. If we fix any
(s1,...,8:) € C", then it follows from Lemma 3.1 that

\I’r—l(sla <oy Sp—2,Sr—1 + 5 + 2 u) < Pr—1(|7—r—1 + 7+ y|)€90|7r71+7—r+y|
as |y| — oo, where z = x + dy. Since s,_; is fixed, this can be written as
(3.9) Upi(s1,- 0, 802, sp 1802 1) < By (|rty )™+ (Jy| — o0),

where P,_;(X) € R[X]. We denote the second term on the right-hand side

of (3.4) by I. Then, by using (3.3), and by (3.8) and Assumption II, we
have

oo~
I < / ﬁr_l(y)e—§\yl—%Irr+y|690|n+y|€90\y|dy
—00

:/OO P (y)e0om D) Imtuttlyl) gy

o0

for some P,_1(X) € R[X]. Since 0 < 6y < 7/2, I converges absolutely for
any (s1,...,s.) € C". By (3.4), we see that W, (sy,...,S,;u) is holomorphic
on C".

Lastly we prove (1.8). More strictly we prove that (1.8) is uniformly
convergent with respect to s; (1 < 7 <r) in any fixed strip o1; < Rs; < 09,
as u — 14 0. The case of r = 1 follows from Assumption II. Hence we
assume that the case of 7 — 1 holds and prove the case of r (> 2). Let u —
1+01in (3.4). From the assumption of induction, the integrand in the second
term on the right-hand side of (3.4) is uniformly convergent with respect to
z in any fixed strip oy < Rz (= M —¢) < 09 as u — 1+ 0. Exchanging
lim, .19 and the integral, and using the assumption of induction, we see
that the right-hand side of (3.4) tends to

M-1
(310> (_I:T> \I]rfl(slv sy Sp—2,8r1 + 5 + k’, 1)¢T(_k7 1)
k=0
1 L(s, + 2)['(—2)

+ —
2mi (M—¢) F(Sr)

X \Ijr—l(sla ey Sp—2, Sp—1 T+ Sp T+ 2 1)%(—2, 1)d2’

12



as u — 1 + 0. It is clear that this convergence is uniformly with respect
to s; in any fixed strip o1; < Rs; < 09; (1 < j < r). From (3.4), we see
that (3.10) coincides with W,.(sq,...,s,;1). Hence the assertion in case of r
holds. By induction, we have the assertion that (1.8) holds. Thus we obtain
the proof of Theorem 1.1.

Remark 3.2. For any N € Ny, let M = N + 1 and s, — —N in (3.4).
Then the second term on the right-hand side of (3.4) tends to 0 because

['(s,) has a pole at s, = —N. Hence we obtain
(3.11) U, (51, 0y 81, —Nju)
N /N
= Z y W, 1(51,. .0, 8r—2, 8p—1 + v — N;u).(—v;u)
v=0

foru € [1,146] and (sy,...,s,-1) € C"'. In particular, let ¢;(s) = L(s; f;)
(1 <j <r)and u = 1, where each f; is defined mod m; and satisfies a
certain condition (see Example 2.2). Then we can check that Assumptions
[-IIT hold. In this case, W,(s1,...,s,;1) coincides with the multiple L-
function

o0

. B fi(ng) - fr(ne)
LT(Sl,...,ST,fl,-u,fr)_ Z n?(nl+n2)52...<n1+...—|—nr>sr’

N1,eeey ny=1

which has been studied in [2]. Hence (3.11) gives that

(3.12)
LT(Sh ey Se1, —N, fl, ey fr)

Y (N
= Z (V)Lrl(sla' cey Sp—2, Sp—1 TV — N7 fla' : '7f1“71)L1(_I/; fr)

for (s1,...,8,_1) € C"1. This result was proved by Kamano (see [8]) by
using the method introduced in [1]. This case can be also derived directly
from the relation (2.3) in [14].

4 Proof of Theorem 1.3

In this section, we give the proof of Theorem 1.3 by the induction on r.

The case of r = 1 is just what we argued in Proposition 2.1. Hence we
assume that the assertion of Theorem 1.3 holds for » — 1 and prove the case
of r(> 2).
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Let P, = {¢1,...,%,} which satisfy Assumptions I-III. Then we can
take {qx }1<k<r and {px}1<k<r, and define n,_; and n, by (1.6). Let

(4.1) Gr(t1, ..., tr;dpq; Pryu)
- r—l(tla e 7tr—27 tr—l + tr; dr—l; ’:Pr—l; U)Gl (trv ¢r7 U)
> ay(ny) -+ - ap(ne)u” iz H;’=1 e(aﬁzf‘:l Pty

- ¥

-1 1 . )
N1 penn 1 =0 H;’:1<O‘j + Ei:l 1y wy)%

which is convergent when Rt; < 0 (1 < j < r). By the assumption
of induction, we see that F,._q(t1,...,t,—1 + t,;dr—1; Pr_1;u) is holomor-
phic for (t1,...,%,) € D(_1)""2 x D (n,_1/2)%, and Gy (t,;¢,;u) is holo-
morphic for ¢, € D(p,). Since we have 1, < min(n,_1/2,p,), we can
see that G,.(t1,...,t;d,_1;P,;u) is holomorphic for (t1,...,t.) € D(n,)".
Therefore, if we fix t, € D(n,) then the function of real (r — 1) vari-
ables G,(i0y,...,i0,_1,t,;d,_1;P,;u) is real-analytic for (6,...,0,_1) €
(=1, m) 1 C R™ (see, for example, [10] Corollary 2.3.7). Similarly, if we
fix (01,...,0,_1) € (—n,,m,)""!, then we see that G, ({i0},t,;d,_1; Py u) is
holomorphic for ¢, € D(n,). Hence we define {B,,({ifx}; dr—1; Pr; u) }n>o by

o0 tn
4.2 01, ...,10,_ d,_1;Pru) = 0y d_q; Pryuw) L.
( ) GT(2617 7297‘ latTadT 1733T7u) ;%n({zek}7d7" 17‘:])T7u)n!

As well as in the proof of Proposition 2.1, we let
(4.3) H,(s;i0y,...,i0,_1;d,_1; Pr;u)
= / G ({i0}, —t; dy_y; P u)t*dt
T
= ("™ —1) / G ({ib}, —t;d,_1; Py u)tsdt
+ / G ({ib}, —t; dy_1; Prosu)t*dt,
which is holomorphic for all s € C if we fix (61,...,6,_1) € (—n,,n,)" " and
0<e<n,.

Putting s = —n for n € Ny and ¢ = £ with 0 < £ < 7, in (4.3), and
using (4.2), we have

H,(—nyiby, ... i0,1;dr; Pryu) = [ Go({ib}, —t; dpy; P u)t " Hdt
Ce
B n! '

By the assumption of induction and (4.1), we see that the Taylor expansion
series of G,({if}, —t;d,_1;P,;u) around ¢ = 0 is uniformly convergent
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with respect to (01, ...,0,_1,t,u) € [=£, &' x D(€) x [1,1+6] when £ € R
with 0 < £ < n,. In particular, G, ({0}, —t;d,_1; P,;u) is continuous for
01,...,0,_1,t,u) € [€,E" x D(€) x [1,1 + 6]. Hence there exists the
value

M, = max |G, ({if}, —t;d,_1: Priu)| on [—€,€7 " x {|t| = €} x [1,1+0]
when ¢ € R with 0 < £ < n,. By the above equation, we have

B ({0} drss Priu)| _ Me

(4.4) = <

for any n € Ny, (6y,...,0,_1) € [, " and v € [1,1 + 4]
Define
(4.5) Z,(dy_1,s8;i61,...,10,_1; Pryu) = F.(i6y,...,i0,_1,0;d,—1, s; P u)
o a/l (nl) P CLT (nr)u_ E;:l v H;;} e(aj+ZfL:1 nuwu)iej

B zn:r:o [Tjmi(ay + 320y ) (o + 325 mow, )?

j=1

for (64,...,0,_1) € (—np,m.)""!, s € C with Rs > ¢, and u € [1,1 + §].
Assuming Rs > max(1,¢,) and using the same method as in the proof of
Proposition 2.1, we have

1
4. 15 {0} Priw) = —— H,(s;{i0}; dr—1; Py
(4.6)  Z.(d,—1,s; {16 }; Pr;u) @ —1)T(5) (s;{i0k};dy—1; Py u)
A=) o d P
= WHT(S) {Zek}adr—lyg)rau)'

Note that H,(s;{ibx};d,—1;P,;u) is holomorphic for all s € C if we fix
{61} € (—n,,m-)""! (as mentioned above), and that poles of I'(1—s) coincide
with N = {1,2,...}. Since Z,(d,_1, s; {0 }; P,; u) is convergent absolutely
for s € C with Rs > g, it follows from (4.6) that Z,(d,_1, s;{i0x}; P,; 1)
is defined and holomorphic for all s € C\ {1,2,...,[¢]} if we fix {0} €
<_77r7 nr)r_l'

Furthermore, we can prove that Z,.(d,_1,s; {i0}; P.;u) has no pole as
follows. We fix an arbitrary s € C. If 1 < u < 14§ then from (1.7) and
(4.5), and by substituting the Taylor expansion series for each exp((a; +
Zizl n,w,)il;) and changing the order of summations, we have

(A7)
Zr<dr717 3 {Zek}a :Prv U)
S (16 -~ (18, )"
- Z \Ijr(dl_N17“'7d7'—1_N7'—175;u) 1N1!"'N7-_1!
Ni,...,Np_1=0
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We see that (4.3) is uniformly convergent with respect to (6y,...,0,_1,u) €
[—&,&"7 x [1,1 + 8], when we take any & € R with 0 < £ < 7,. Hence,
for w € [1,14 9], H,(s;{i0k};d,_1; P,; ) is real-analytic for (0y,...,0,_1) €
(=1, m)" L. Put @y =---=0,_1 =0. Then foru € [1,1+6], H,(s; {i0};d,_1; P,; u)
is real-analytic for # € (—n,,n,), and its Taylor expansion series around
6 = 0 is uniformly convergent with respect to (6,u) € [—£,&] x [1,1 4 J].
It follows from (4.6) that Z,(d,_1,s;{i0}; P.;u) also has these properties.
Hence, for any u € [1,1 4 ], we define the one variable complex func-
tion Z,.(d,_1, s; {t}; P,;u) which is holomorphic for ¢t € D(n,) and its Tay-
lor expansion series around ¢t = 0 is uniformly convergent with respect to
(t,u) € D(&) x [1,1 + 6]. In particular, Z,(d,_1, s; {t}; P,; u) is continuous
for (t,u) € D(€) x [1,1+6]. Putting £ = £ with 0 < & < 1, there exists the
value

M. = max |Z,(d,_1, s; {t}; P,;u)| on {t € C||t|] =&} x [1,1+4].

Using the same method as in the proof of (4.4) and by (4.7) and the con-
tinuity of W,.(dy — Ny,...,d,—1 — N,_1,s;u) on u € [1,1+ §] (see Theorem
1.1), we see that

Z \Ijr(dl_Nla"'adrfl_Nrflas;u) < M

4.8
( ) Nll"'NT,ﬂ oen

Nit+-+Ny_1=n

for u € [1,14 6] and n € Ny, where € is an arbitrary real number with 0 <
€ < 1. This means that the right-hand side of (4.7) is uniformly convergent
with respect to (61,...,0,_1,u) € [, x [1,1+ §] for any £ € R with
0 < ¢ < .. Hence we can let v — 1 in (4.7), namely (4.7) holds for u €
[1,1+ §]. Since s is an arbitrary complex number, Z,(d,_1, s; {i0}; P,; u)
has no pole, namely it is holomorphic for all s € C when u € [1,1+4], and is
real-analytic for (61,...,60,-1) € (—=n,,n,)" " when s € C and u € [1,1+ 4].

For d, € C with Rd, > ¢, and N € Ny with N > Rd, + 1, we put
s =d, — N in (4.3). Then we have

(4.9) H,(d, — N;{ib};d,—1; P u)
= (¥ — 1) / Gr({i0}, —t;d,_1; Py u)t N 1dt

+ | G.({ib}, —t; dpy; Prs )t Nt
Ce

For simplicity, we denote by Iy and I the first and second terms of the
right-hand side of (4.9), respectively. Since N > Rd,. + 1, we have

—(ar+32]—1 nuwu)e |5dr_N_1 |

T
ay + ZM:1 nyuwy,

> - e
/ e_(aH_ZL:l "Mwu)ttdr_N_ldt‘ <
13
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Hence we have

(4.10)  |I,| < gldr=N=1jg2mide _

i |CL1 (nl) ce Oy (nr) |e—<ar+§2;:1 nuwy)e

r—1 j . r ’
N1y =0 Hj:l(aj + Zi:1 1, w,) "% (o, + Zu:1 W)
On the other hand, by using (2.9), we have

(~1)¥

(QWZ)%N_dT({ZQk}, dr—l; j)ra U)m (N - dr € No),
I, = ~ : o
) . - . —1)nen
gdr—N (ezm‘jr — 1)2 %n({w?i’ ir d: ’_iP;\’[;gs S'e (otherwise).

n=0

Note that the above infinite series in the second case is uniformly conver-
gent with respect to (0y,...,0,_1,u) € [—&,&]"! x [1,1 + 4] because of the
assumption € < 7, and (4.4). Hence we have either

IBn_q, ({10 }; dro1; P u)]

(4.11) || < 2w (N =) (N —d, € Ny)
or
(4.12)
Rdr—N | 2mid, - n . oD . (=1)"e"
|-[2| S € }6 - 1| nzzo%n({lek}) dr—l; :PT'JU) (n + dr,« — N)n'
(otherwise).

As well as (2.12), it follows from (4.4), (4.6), (4.8)-(4.12) that there exists
a constant M > 0 independent of N and {6y} such that

Zy(dr—1,dr — N; {1 }; P u)
I(1+N —d,)

(4.13) ‘

1
< ——\H,(d, — N;{i0,};d,_1; P,; < MeN
< S [0 = N (i) < 01

for N € N with N > Rd, + 1. Note that we can take an arbitrary e such
that 0 < e <n,. As well as (2.13), we have

’Z’r(dr—la dr - N; {ng}a ‘JJT; U)‘
N
< WV = [Rd,] + [ISd, || + D! [T([Rd,] +1 — dy)|
- N

for N € N with N > Rd, + 1 and u € [1,1 + 9].

(4.14)

MeN
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Suppose 1 <u < 1+6 and 0, € (—n,,n,). Then by (1.9), and using the
Taylor expansion series for exp((a, + Y. _, n,w,)ib,), we have

(4.15) F.(i0q,...,i0,_1,10,;d,; P,;u)

(i6,)Nr
N,!

= Z Z’r<dr—17 d, — Nr; {Zek}a j)r; u)

Ny=0
By (4.14), we see that the right-hand side of (4.15) is uniformly convergent
with respect to (0,,u) € [—&,&] x [1, 1+6] when (61, ...,0,_1) € (=1, m,) !
and 0 < & < n,. Hence (4.15) holds for u = 1. As we mentioned above,

(4.7) holds for any s € C, (6y,...,0,1) € (—ny,n,)"*, and u € [1,1 + 4].
Hence we have

(4.16)  Z.(d,—1,d, — Np;{i0}; P u)

_ < ()% (8,
— Z \Ijr<dl_N17"'7d7"_NT’u) N1| 'N'r‘fll
Ni,..., Ny_1=0

for u € [1,1 4 6]. Hence (4.15) can also be written as

(4.17) F.(i6y,...,i0,;d,; P,;u)

¢ (0
= Z ‘Ijr<dl_N17"'7d7”_Nr’u> Nyl N,
Ni,.. .Ny=0

for u € [1,1+4], and (4.17) is uniformly convergent with respect to (64,...,0,,u) €
[—&,&]" x[1,1+40] for any £ € R with 0 < & < n,. Therefore, for u € [1,1+0],
we can define

(4.18) F.(ty,... ty;d.; Py u)
© tffl ootV
= Z V,.(dy _va--wdr_Nr;u)m
N1, Np=0

which is uniformly convergent with respect to (t1, ..., t.,u) € D(£)" x[1, 1+
4] and is holomorphic for (¢1,...,t,) € D(n,)" (see, for example, [7] Section
2.2). Thus we obtain the case of r. By induction, we obtain the proof of
Theorem 1.3.

5 Some applications

First we prove the following estimation formulas for W,.(dy — Ny,...,d, —
N,;u) by using the same method as in the proof of Proposition 2.3.10 in
[10].
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Proposition 5.1. With the same notation as in Theorem 1.3,

1/(Ny+-+Ny
(5.1) lim sup {WT(dl_Nl’m’dr_Nr;uﬂ} . | < — !
Ni+-~+N,—oco N1' cee Nr' T]T
Proof. Assume that the left-hand side of (5.1) is greater than 1/7,. Then we
take k € R with k > 1/n, such that there exist infinitely many (Ny,...,N,) €
N such that

|\Ilr(d1 - Nh o 7dr - NT7U)| > HN1+M+NT'.

Ny!l--- N,
This means that the right-hand side of (1.10) does not converge absolutely
at (1/k,...,1/k) € D(n,)". This is contradiction. O

Example 5.2. Let ¢;(s) = L(s; f;) (1 < j < r) as considered in Remark
3.2. Then (5.1) gives
(5.2)

. ‘Lr(dl_Nl’”"dr_NT;fly-u,fT)‘ 1/(Ni+--+N,) )
lim sup 1
Ni+-+Np—o00 Ny!---N,! m

where each Rd; > 1 (1 < j <r) and 7, = minj<x<, {27/2" 'y }.

Secondly we give certain multiple analogues of both Berndt’s and Kat-
surada’s formulas considered in Example 2.2.

Example 5.3. As well as the above example, let ¢;(s) = L(s; f;) (1 <j <
r) and define a certain generalization of multiple polylogarithm by

(5.3) Fo(tr, .o tyydes fryoo fr)
< fulm) - foln) T le@' et
>

-1 nill (m + n2)d2 cee (Tll + -+ Tlr)dT

for dy,...,d, € C with ®d; > 1 (1 < j <r). Applying Theorem 1.3 with
Yi(s) = L(s; fj) (1 <j <r)andu = 1, wesee that F,.(¢1,...,t,;ds; fr1,..., fr)
is defined and holomorphic for (t1,...,t.) € D(n,)" such that

(54) gjr(tla'-'atr;dr;fla"'7f7”)

s tNl otV
= Z Lr(dl_Nla"'adr_Nr;fla"'vfr)—_]cv‘a
Ni,...,No=0 r
where 7, = minj<;<, {27/2""'m;}. Putting t; = --- = t,_; = 0 and

t, = £i6 for 6 € (—n,,n,) in (5.4), we have

1n1 r(ny)cos((ny+---+mn,)0
Z f - fr(ny) cos (( )6)

,,,,, =1 n1+n2)d2'--(n1+---+nr)dr

= Li(dy,....dro1,d, —2N; fr,. . f)
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Remark 5.4. In the case fj(n) = (=1)" (1 < j <7r), F.(ibh,...,10,; f1,..., fr)
has recently been used to prove what is called the parity result for Euler-

Zagier sums (see [15]).
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