Similarity between the Mandelbrot set
and the Julia sets: a simplified proof *

Tomoki Kawahira

Abstract

This note gives a simplified proof of the similarity between the Mandelbrot set
and the quadratic Julia sets at the Misiurewicz points following [Ka]. The result we
concern is originally due to Tan Lei [TL]. We will just change the language to simplify
the description of the proof.

The Julia sets and the Mandelbrot set. Let us consider the quadratic family
{f(z) =2"+c:ceC}
The Mandelbrot set M is defined by
M = {ceC:[f (0] <2 (neN)}.
For each ¢ € C, the filled Julia set K, is defined by
K. = {2 €C:|f"(2)] < max{2, |} (¥n € N)}.
The Julia set J. is the boundary of K.. It is known that M, K., and J. are all non-empty

and compact for any ¢ € C.

Misiurewicz parameters. We say ¢y € OM is called a Misiurewicz parameter if the
forward orbit of ¢y by f., eventually lands on a repelling cycle. More precisely, there
exist minimal I, p > 1 such that ag := f! (co) satisfies ag = f2 (ao) and [(f2 ) (ao)| > 1.
Note that a is stable: that is, there exists a neighborhood V' of ¢y with the following
property: there exists an conformal map a : ¢ — a(c) on V such that a(cy) = ap;
a(c) = ff(a(c)); and |(f2)'(a(c))| > 1.
In the following we set A(c) := (f?) (a(c)) and A\ := A(co).

A key lemma. This is our key lemma, which bridges dynamical and paramter plane:

Lemma 1 Suppose ¢ € OM is a Misiurewicz parameter as above. For k € N, set
pr = (L) (co). Then we have:
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(1) The map ¢p(w) = fLH(co + prw) converges to a non-constant limit function ¢ :
C — C uniformly on any compact sets.

(2) There exists a constant Q@ # 0 such that the function
(I)k(w> = fcl:fgpkw@(] +kaw)
converges to the same function ¢(w) uniformly on compact sets of C.

Proof. By a famous theorem by Koenigs (see [Mi, Cor.8.12] and Appendix), the
sequence of functions (indeed, polynomials)

w o—> fkp(ao—l—)\k) (ke N)
converges uniformly on compact sets of C to an entire function ¢(w) with

p(Aow) = fPoo(w).

Note that this function satisfies ¢(0) = ag, ¢'(0) =1. !
Now let us show (1): set Ag := (fL)(co), where Ag # 0 since ¢y is not periodic. We
also have pp = 1/(Ag)\¥). For sufficiently small Az, we have the expansion

io(co +Az) = ag+ Ap- Az + o(Az).

Fix an arbitrary large compact set £ C C and take any w € E. Then by setting
Az =w/(A\),

(a5 ) ~ 2 (ot o Hoh) ) ~ e+ ) = ouw)
A Ao)\
when k — oco. 2 Hence we have ¢(w) = limy_,o¢r(w) on any compact sets.

Next we show (2): suppose that ) € C* is a constant and set ¢ := ¢y + Qprw.
We also set @ (w) := f*7(c) and b(c) := fl(c). Recall that a(c) denotes a repelling
periodic point (of f,) of period p with a(co) = ag, and A(c) denotes its multiplier.

Then the theorem by Kcenigs again implies the sequence of functions ¢§(w) :=
fEr(a(c) +w/A(c)*) converges to an entire function ¢¢(w) uniformly on compact sets.
In particular, by the proof of the theorem, it is not difficult to check that the function
¢ — ¢°(w) is holomorphic near ¢ = ¢y when we fix a w € C.

Then we use a theorem by Douady and Hubbard [DH]: There exists a By # 0 such
that b(c) — a(c) = By(c — ¢y) + o(c — ¢g). Hence for ¢ = ¢y + Qppw (taking w in a
compact set), we have

ByQ Mo w

b(c) = a(c)+ BoQprw + o(pr) = alc)+ RS -A(C)kpnto(pk).

1Such a ¢ is called a Poincaré function.
2Here A(w) ~ B(w) implies A(w) — B(w) — 0 uniformly on E as k — o0o.
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Set @) := Ag/By. Since A(c) is a holomorphic function of ¢ and thus A(c) = A\g+O(c—cy),
we have [\(¢)/Ao — 1| = O(c — ¢p). This implies that

A(c)kp

k
logW—kz-O(c—co)—O(W) —0 (k— o0)

for ¢ = co+ Qprw = co+O(NP). Since Oy(w) = f¥(b(c)) and lim ¢°(w) — ¢p(w) (¢ —
¢p) uniformly on any compact sets of C, we conclude that

. _ . kp w _
Jim () = Jim 7 (afe) + 55 o)) = o),
where the convergence is uniform on any compact sets. [

The Hausdorff topology. Let us briefly recall the Hausdorff topology of the set of
non-empty compact sets Comp*(C) of C. For a sequence {Kj}reny € Comp*(C), we
say K}, converges to K € Comp”*(C) as k — oo if for any € > 0, there exists ky € N such
that if k > ko, K C N.(K}) and Ky C N(K), where N.(+) is the open € neighborhood
in C.

Set D(r) := {]z| <r}. For a compact set K in C, let [K], denote the set (K N
D(r)) UdD(r). For a € C* and b € C, let a(K — b) denote the set of a(z — b) with
z e K.

Similarity. Let ¢ be a Misiurewicz parameter and ¢ : C — C the meromorphic
function given by Lemma 1. (Note that ¢ has no poles, since ¢y is all entire.) To
simplify the notation we set ny := 1+ kp, f := f., and J := J,.

Now our main theorem is:

Theorem 2 (Similarity between M and J) Set J := ¢~(J) C C and let Q # 0
be the constant given in Lemma 1. Then for any large constant r > 0, we have

(@) [p'(J = )], = [T

(b) [@ "o (M —co)], = [T
as k — oo in the Hausdorff topology.

Proof of (a). Since f"(J) = J, we have [p,gl(J—co)L = [¢; ' (J)] ..

r

By [j]r =

[¢~1(J)], and uniform convergence of ¢, — ¢ on D(r), the claim easily follows.

Proof of (b). Set ¢:=1/Q and M, := gp, (M — ;). Fix any € > 0. Since the set
D(r) — N.(J) is compact, there exists an N = N(¢) such that | fV o ¢(w)| > 2 for any
w € D(r) — N(J). By uniform convergence of ®5(w) — ¢(w) on compact sets in D
(Lemma 1), we have

|fi§i€§’;kw(60 + Qprw)| > 2
for all £ > 0. This implies that ¢+ Qprw ¢ M, equivalently, w ¢ M. Hence we have

[Mk}r C N€([~7]T)
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Figure 1: The central panel shows small peaces of M (in gray) and J., (in black)
centered at a Misiurewicz parameter ¢y in the same coordinate. By zooming out, we
will see that they are actually different sets.

Next we show the opposite inclusions. Let us approximate [ 7], by a finite subset
E of [J], such that the /2 neighborhood of E covers [J],. Now it is enough to prove
that for any wg € E, there exists a sequence wy, € [My], such that |wy — wy| < €/2 for
k> 0.

Let A be a disk of radius €/2 centered at wg. When A N ID(r) # (), we can take
such wy, in OD(r). Hence we may assume that A C D(r).

Since ¢(wyp) € J and repelling cycles are dense in J, we can choose a wy, such that
¢(wy) is a repelling periodic point of some period m and |wy — wf| < €/4. This implies
that the function x : w — f™(¢p(w)) — ¢p(w) has a zero at w = wy,.

Let us consider the function xx : w = fi', 0,0 (Pr(w)) — Px(w), where Oy (w) =
fl+]€p

cotOppw (€0 T @prw) as in Lemma 1. By uniform convergence of @, to ¢ on compact
sets of C, xi has a zero wy in A and |wy — wj| < €/4 for all k£ > 0. In particular,
cr = co + Qprw; satisfies fgj*l(ck) = fi*(c) and thus ¢, € M. Hence we have a

desired wy, € My, with |w, — wo| < €/2. |

Note. The proof can be extended to semi-hyperblic parameters. See [Ka] for more
details.

Appendix

Here we give a proof for the fact in the proof of Lemma 1 that w — ffop (ao + %)
0
converges as k — oo. Our proof is based on the normal family argument and the
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univalent function theory (see [Du] for example), which is different from the proof
given in [Mi, Cor.8.12].

Proposition 3 Let g : C — C be an entire function with g(0) = 0,¢'(0) = X\ and
|A| > 1. Then the sequence ¢p(w) = g"(w/A") converges uniformly on compact sets in
C. Moreover, the limit function ¢ : C — C satisfies g o p(w) = ¢(Aw) and ¢'(0) = 1.

Proof. Since g(z) = Az + O(2?%) near z = 0, there exists a disk A = D(d) = {|z| < ¢}
such that g|A is univalent and A € g(A). Hence we have a univalent branch g;* of g
that maps A into itself.

First we show that ¢,, is univalent on D(d/4): Since the map ¢, ' : w — A\"gy " (w)
is well-defined on A = D(§) and univalent, its image contains D(5/4) by the Koebe
1/4 theorem. Hence ¢, is univalent on ID(6/4), and by the Koebe distortion theorem,
the family {¢,},,~, is locally uniformly bounded on ID(§/4) and thus equicontinuous.

Next we show that ¢, has a limit on ID(6/4): Fix an arbitrarily large » > 0 and
an integer N such that r < §|A\|V/4. By using the Koebe 1/4 theorem as above, the
map Gy r(w) := ANg*(w/AVT*) (k € N) is univalent on the disk D(5|A\|¥/4). By the
Koebe distortion theorem, there exists a constant C' > 0 independent of N and k such
that for any w € D(r) and sufficiently large N we have |G’y . (w) — 1] < Clw|/|A[Y. By
integration we have |Gy (w) — w| < Cr?/(2]A|Y) on D(r). In particular, Gy — id
uniformly on D(§/4) as N — oco. Since the family {¢,} is equicontinuous on D(d/4),
the relation ¢n4x = ¢n 0 G, implies that {¢,},, is Cauchy and has a unique limit
¢ on any compact sets in D(5/4). -

Let us check that the convergence extends to C: (We will not use the functional
equation ¢g" o ¢(w) = ¢(A"w). Compare [Mi, Cor.8.12].) Since |pyix(w) — on(w)| =
|ON (G g (w)) — dn(w)| and |Gy (w) —w| = Cr?/(2]A|Y) on D(r), it follows that that
the family {¢n4} .o (with fixed N) is uniformly bounded on D(r). Hence {¢,},~, is
normal on any compact set in C and any sequential limit coincides with the local limit

¢ onD(5/4).
The relations g o ¢(w) = ¢(Aw) and ¢'(0) = 1 are immediate from g o ¢, (w) =
b (W) and ¢/, (0) = 1. .

Remark. One can easily extend this proof to the case of meromorphic g by using
the spherical metric.
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