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1. Main results

Notations:
the time variable: t € R Sual, TeER
the space variables: = = (z1, -+ ,x,) € R" Sual, E=(&, - ,&) R

D, = _iah D, = (D17 te 7Dn) = _i<8217 T 78%)

Consider hyperbolic operators of second order whose symbols have the form
P(t,x,7,§) = 7° — a(t,§) + bo(t,2)7 + b(t, z,€) + c(t, ),

where a(t,&) = D77, aje(0)&&, b(t,z,&) = >0, bi(t,2)&5, ajk(t) € C([0,00)) and
bi(t,x),c(t,x) € C*([0,00) x R™), and the Cauchy problem

(CP) {P(t,x, Dy, D, u(t,z) = f(t,x) in [0,00) x R™,

Dlu(t,z)|—o = uj(z) inR™ (j=0,1)
in the framework of C*°.

Def: We say that (CP) is C*° well-posed if

(E) Vf e C>®(0,00)xR"), Vu; € C*(R") (j=0,1), Ju e C*([0,00) x R") satistying
(CP). (Existence)

(U) If s >0, ue C®([0,00) x R"), Dlu(t,z)lieo=0inR" (j=0,1) &
supp P(t,x, Dy, Dy)u C {t > s}, then suppu C {t > s}. (Uniqueness)

Taking account of Lax-Mizohata theorem we assume that
(H) a(t,&) >0 for (¢,&) € [0,00) x R"
( see S. Mizohata, J. Math. Kyoto Univ. 1 (1961), 109-127). From Ivrii-Petkov’s result
we can assume without loss of generality that

(F) a(t,§) #0in t for V€ € R™\ {0}
( see V. Ya. Ivrii and V. M. Petkov, Russian Math. Surveys 29 (1974), 1-70).
Moreover, we assume that a(t, ) satisfies the following condition (A):

(A) VT >0, Fkr € Z,.(=NU{0}) s.t.

kr

> J0fa(t, &) #£0 for V(t,£) € [0,T] x "',

k=0



If the a;x(t) are real analytic on [0, 00), then the condition (A) is satisfied. For simplicity
we assume that the a;;(f) are real analytic on [0,00), in order to describe the condition
(L) below in a simplle form. Let © be a neighborhood of [0, 00) in C where the a; () are
analytic. Put

R() ={(ReA)y; A€ Qand a(\ ) =0}

for ¢ € R\ {0}, where a; = max{a,0}.
Sufficiency:
We assume in “Sufficiency” that
(A)" the a;(t) are real analytic ( for simplicity),
(B) VK € R", 3Qk: complex neighborhood of [0,00) s.t. b;(t,z) (1 < j < n) are

analytic in Q for Vo € K,
(L) VT'>0,Vz e R*, 3C > 0 s.t.

min |t = 7] [b(t, 2,€)| < CV/a(t,§) for V(¢ &) € [0,T] x "

Thm 1: Under (B) and (L) (CP) is C'* well-posed.

Remark: R(&) can be replaced in (L) by R'(§) satisfying

sup #(R'(E)N{t <T}) < oo for VT > 0,
gesn—1

where # A denotes the number of the elements of a set A.

Def: (i) Let f be a function on R. We say that f(¢) is a semi-algebraic function if
the graph of f is a semi-algebraic set, i.e., the graph of f is a set defined by polynomial
equations and inequalities. (ii) Let ¢y € R, U be a neighborhood of tq and f: U — R.
We say that f is semi-algebraic at t, if there is ¢ > 0 such that {(,y) € R y = f(¢) and
|t — to] < c} is a semi-algebraic set.

Necessity:
We assume in “Necessity” that (A) and (B) are satisfied. Let t; > 0, 2° € R" and
0 e S If n > 3, we assume the following condition:

(A)(oz0) the a;x(t) and b;(t,2°) (1 < j < n) are semi-analytic at t,.

The following condition is very similar to the condition (L):
(L)(to,20,¢0y 3U: nbd of ¢, II": conic nbd of €2, 3C > 0 s.t.

II%%&) it — 7| |b(t,2°,€)] < C/a(t, &) for V(t,&) € U x T.
TE

Thm 2: Assume that (A)" and (B) are satisfied. Moreover, we assume that (A)f} o

is satisfied if n > 3. Then (L),,0,0) is necessary for C*° well-posedness.
Remark: Assume that (A)" and (B) are satisfied, and that (A){, . is valid for any

to >0 and 2° € R" if n > 3. Then (CP) is C* well-posed if and only if (L) is satisfied.
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2. Outline of Proof of Thm 1

We can assume without loss of generality that there is X' € R™ such that supp, b;(¢, z),
supp, c(t,z) C K. Let tg > 0, Oy, be the ring of power series centered at t( in one variable
and

ED’tto ::{(ﬁl(t)v e 7ﬁn(t)) € Otrob; TIGI%?E) |t - T| : | Zﬁ](t)f]| < HC’\/ a(t,f)
j=1
if ¢ belongs to a neighborhood of , in [0,00) and ¢ € S"'}.

Since Oy,-submodule of O is finitely generated, there are ©;(t) = (1;1(t), -+ ,¥;ja(t)) €
My, (1 <7 <ry) such that

T0

My, = {3 s (1) (1) € Oy (125 <r0)}.

J=1

The condition (L) implies that (by(¢,x), - ,b,(t,z)) € M, for each x € R™. So there
are O functions ¢;(t,x) of (f,7) such that b(t,z,£) = > 77, ¢;(t, x)1;(t,€) in a neigh-

borhood of ¢y, where ©;(t,&) = > ¥;r(t)§s. Let T > 0. Then there are ¢;(t) =
k=1

(031(),++  0in(t)) € (C®(R)™ and ¢;(t,x) € C®([0,00) x R") (1 < j < r) such
that

TER(E)

min [t — 7] [@;(t,§)] < CV/a(t,§) (£ €0, T]x 5" 1<j<r)

b(t7xa§) = ch<t7x)¢j(t7€) ( (t,%,f) € [O’T] X R™ x Rn)7

J=1



where ¢;(t,&) = > 1, ©jk(t)&. Put

w€) = alt.€) + (7, pi= s
I (9 _ 1eit,9)]
W0<t7£) T wp(t,é) + 17 VVJ@?&) L wp(t,f) ( 1< J < 7“),
- N TSI
W(t7§) T ;W3<t7§)7 (1)<t7€) _/O (W( ag) + wp(s,f) )d :

Let us introduce the parameter € € [0, 1] ( to prove finite propagation property). Consider
{(P(t,x,Dt,D)+5A) u(t,x) = f(t,z) (t>0, z€R"),
ue(0,2) = up(x), (Dwue)(0,2) =wuy(z) (z€R™).

We use an Energy form

E(t;, Al) = /n E(t, ) K(t, &7, A, 1)dE,
where v >0, A> 0,1l €R, t € [0,7] and
E.(t,€) := [0 (t, &) + (alt, &) + ele” + (£)*)]v=(t, €)%,

K(t,6;7, A1) := exp[=(yt + A®(t, £)) + Llog(&)],
ve(t, &) i= Falue(t, 2)](€).

A simple calculation gives
OB (t,&) — (v + A0, (L, €))B.(t,€)
< IO /W(E.€) = (v + (A= 3)W (L) - 2)[Ohe [
—{(A=1)(|10a(t, &) + W (t, E)w,(t. ) + vw,(t, &) }Hoe |
+ | Falbo(t, 2)Opue (t, )] (E)1 + | Foulblt, x, Da)uc) () /W (2, €) + | Fale(t, x)uc (€)1

Lemma: (i) ®(T,¢) <3Cr(1+1log(€)) (€ eR).
(ii)) Vo >0, Jcs(T) >0 s.t.

(1+0)" " W(t,6) <W(t,n) < (L+0)W(t,€) ift€[0,T], | —n| <cs(T)(E)",
(1+0)"'@(t,€) < ®(t,n) < (1+0)2(t,€)
if t € [0, 7], [€ —n| < cs(T)(€)*/(1 +log(€)).
(iii) 3C7 >0, Jlp > 0 s.t. exp[E£D(t,€)] < Cr(€ — n)b exp[£D(¢,7n)].

Using the above lemma, we have
OE-(ti, A1) < / [ EPW (2,6 K (2,657, A, D)dE

if A>3A(b,T), v >3v(b,by,c,T,A,l)and t € [0,T]. Then a standard argument proves
Thm 1.



