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Preliminaries

@ A — basic indecomposable artin algebra
(over a fixed commutative artin ring K)

@ mod A — category of finitely generated right A-modules

@ ind A — full subcategory of mod A formed by all indecomposable
modules

@ rada — Jacobson radical of mod A
(the ideal of mod A generated by all irreducible
homomorphisms between modules in ind A)

o rady’ =\ rad); — infinite Jacobson radical of mod A

rad® = 0 <=2y A is of finite representation type J

A is of infinite representation type ——errreeteien SOwOnt, (13d%°)2 £ 0 J
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Preliminaries

@ A cycle in ind A is a sequence
fi fr
(*) M0—>M1—>---—>Mr_1—>Mr:M0

of nonzero nonisomorphisms in ind A.

A cycle (x) is said to be finite if the homomorphisms fi, ..., f, do not

belong to rad}’.

@ A module M in ind A is called directing if M does not lie on a cycle in
ind A.

@ A module M in ind A is said to be cycle-finite if M is nondirecting and

every cycle in ind A passing through M is finite.

A is cycle-finite if all cycles in ind A are finite.

Note that every algebra of finite representation type is cycle-finite. J
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Support algebra of a module

For a module M in ind A, consider:

@ a decomposition A = Py @& Qu of A in mod A such that the simple
summands of the semisimple module Py;/ rad Py, are exactly the
simple composition factors of M

o the ideal ta(M) in A generated by the images of all homomorphisms
from Qp to A in mod A

Then Supp(M) = A/ta(M) is called the support algebra of M.

Theorem (Ringel)

If A is an algebra with all modules in ind A being directing, then A is of
finite representation type.

Theorem (Ringel)

Let A be an algebra and M be a directing A-module. Then Supp(M) is a
tilted algebra.
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Support algebra of a module

Hence, if A is an algebra of infinite representation type, then ind A always
contains a cycle.

Theorem (Peng—Xiao, Skowronski)

Let A be an algebra. Then I 5 admits at most finitely many Ta-orbits
containing directing modules.

"4 — Auslander-Reiten quiver of A

In order to obtain information on the support algebras Supp(M) of
nondirecting modules in ind A, it is natural to study properties of cycles in
ind A containing M.
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An object of study - the first approach

Problem: Let A be an algebra and M be a cycle-finite module in ind A.
Describe the support algebra Supp(M). J

Remark (A — algebra, M — cycle-finite module in ind A)

Every cycle in ind A passing through M has a refinement to a cycle of
irreducible homomorphisms in ind A containing M and consequently M lies
on an oriented cycle in ['4 (we will consider a more general problem).

@ [ 4 — translation subquiver of I 4, called the cyclic quiver of A,
obtained by removing from [ 4 all acyclic vertices and the arrows
attached to them

@ the connected components of .["4 are said to be cyclic components of

A
I — cyclic component of 4
M, N € [ <22 A1 and N lie on a common oriented cycle in 4 J
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Support algebra of a component

For a cyclic component I of [ 4, consider:

@ a decomposition A = Pr & Qr of A in mod A such that the simple
summands of the semisimple module Pr/rad Pr are exactly the
simple composition factors of indecomposable modules in T

o the ideal ta(I") in A generated by the images of all homomorphisms
from Qr to A in mod A

Then Supp(l') = A/ta(l) is called the support algebra of I

Observe that M belongs to a unique cyclic component ['(M) of T 4
consisting entirely of cycle-finite indecomposable modules, and the support
algebra Supp(M) of M is a quotient algebra of the support algebra
Supp([(M)) of F(M).

A cyclic component I of ['4 containing a cycle-finite module is said to be
a cycle-finite cyclic component of T 4.
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I a. Describe the support algebra Supp(I').

Problem: Let A be an algebra and I be a cycle-finite cyclic component of J

Description

[-infinite

Supp(T) - gluing of finitely many

generalized multicoil algebras and Supp(l) - generalized
algebras of finite representation type double tilted algebra

[ - corresponding gluing of the [ - core of the connecting
associated cyclic generalized multicoils component of this algebra
via finite translation quivers
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Separating family of components

@ A an algebra

@ ¢ = (%;)ies — family of connected components of '

@ ¥ is sincere if every simple module in mod A occurs as a composition
factor of a module in €

e ¢ is generalized standard if rad3y’ (X, Y) = 0 for all modules X and Y
in ¢

@ @ = (%))iey is said to be separating if the components in I 4 split
into three disjoint classes PA €A =€ and Q7 such that:

@ % is sincere and generalized standard;
@ Homa(Q*,PA) =0, Homa(QA, ¢4) = 0, Homa(¢4, P*) = 0;
@ any morphism from P# to Q* in mod A factors through add(%™).

Then we write: T4 = PAUGAU QA (€A separates PA from Q).

PA and QA are uniquely determined by €4 J

P. Malicki (Torun) Finite cycles of indecomposable modules Nagoya, 2013 9 /35



Separating family of components

~

If €4 is generalized standard then components in € are pairwise
orthogonal and almost periodic.
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Concealed canonical algebras

Let A be a canonical algebra in the sense of Ringel. Then
e gl.dimA <2
o fTA=P'uThUQ!

j>ﬁﬁﬁ<

— separating family of stable tubes
Let T — tilting /\—module from the additive category add(P") of P/

@ C — concealed canonical algebra (of type A) : C = Enda(T)
° FC:PCUTCUQC
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Concealed canonical algebras

AR

T€ = Homp(T,T") - separating family of stable tubes

Theorem (Lenzing—de la Pefia)
Let A be an algebra. TFAE

© A is a concealed canonical algebra.

@ [ 4 admits a separating family of stable tubes.
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Quasitilted algebras

A — quasitilted: gl. dim A < 2 and for any X € ind A we have pdsX <1 or
idaX <1

Theorem (Happel-Reiten)

Let A be a quasitilted algebra. Then A is either a tilted algebra or a
quasitilted algebra of canonical type.

Theorem (Lenzing—Skowroriski)
Let A be an algebra. TFAE
©Q A is a quasitilted algebra of canonical type.

@ A is a semiregular branch enlargement of a concealed canonical
algebra C.

© [ 4 admits a separating family of ray and coray tubes.
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Quasitilted algebras

A — quasitilted algebra of canonical type

A Pﬁﬁ o4
T

TA — separating family of ray and coray tubes in mod A

P. Malicki (Torun) Finite cycles of indecomposable modules Nagoya, 2013 14 / 35



Almost cyclic and coherent components

A — algebra, ' — component of [ 4

e [ is almost cyclic if its cyclic part (I is a cofinite subquiver of '
@ [ is coherent if the following two conditions are satisfied:
@ For each projective module P in I there is an infinite sectional path
P = X1—>X2—)~~~—)X,'—>X,'+1—>X,'+2—>-~- inl
(Xi # TaXiy2 for any i > 1)
@ For each injective module / in I there is an infinite sectional path
=Y =Y —=Y = =Yo=Yi=1linl
(Yjq2 # 7aYj forany j > 1)

Note that the stable tubes, ray tubes and coray tubes of "4 are special
types of coherent almost cyclic components.

. . M.-Sk iski . . . .
[ is almost cyclic and coherent <=—=—==== T is a generalized multicoil

(obtained from a finite family of stable tubes by a sequence of admissible
operations (ad 1)-(ad 5) and their duals (ad 1*)-(ad 5%))
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Generalized multicoil algebras

Ci, ..., Cyn — concealed canonical algebras

TC, ..., T — separating families of stable tubes of I'¢,,...,l¢c,
C=0CGx...xCh

A — generalized multicoil algebra if A is a generalized multicoil
enlargement of a product C using modules from 7, ... 7¢m

and a sequence of admissible operations of types (ad 1)-(ad 5)
and their duals (ad 1*)-(ad 5%)

Theorem (M.—Skowroriski)
Let A be an algebra. TFAE

© A is a generalized multicoil algebra.

@ [ 4 admits a separating family of almost cyclic coherent components.

P. Malicki (Torun) Finite cycles of indecomposable modules Nagoya, 2013 16 / 35



Generalized multicoil algebras

Theorem (M.—Skowroriski)

Let A be a generalized multicoil algebra. Then there are:

© unique quotient algebra AU") of A which is a product of quasitilted
algebras of canonical type having separating families of coray tubes
and

@ unique quotient algebra Al of A which is a product of quasitilted
algebras of canonical type having separating families of ray tubes
s.t. T4 has a disjoint union decomposition T4 = PAU €A U QA, where
o PA is the left part PAY in a decomposition
i = PAY UTAY U QAY of T4 of AD),
with TA” a family of coray tubes separating PAY from QAU) ;

o Q" is the right part Q" in a decomposition
Cay = PAY U TAY Uy QA of [ ) of A1),
with TA” a family of ray tubes separating PA” from QA" ;

v
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Generalized multicoil algebras

Theorem (continuation)

o ¢4 is a family of generalized multicoils separating P* from Q*,
obtained from stable tubes in the separating families T, ..., T of
stable tubes of the Auslander-Reiten quiversI'c,, ..., [ ¢, of concealed
canonical algebras C1,. .., Cp,, by a sequence of admissible operations
of types (ad 1)-(ad 5) and their duals (ad 1* )-(ad 5*), corresponding
to the admissible operations leading from C = C; X ... x C, to A;

e ©* consists of cycle-finite modules and contains all indecomposable
I r
modules of TA” and TA”;

e PA contains all indecomposable modules of PpAD.

e QA contains all indecomposable modules of QA(I).

AU) — the left quasitilted algebra of A
Al — the right quasitilted algebra of A
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Generalized multicoil algebras

Moreover, in the above notation, we have

@ gl.dimA < 3;

@ pdsX < 1 for any indecomposable module X in P4;

@ idaY <1 for any indecomposable module Y in QA:

@ pdsM < 2 and idgM < 2 for any indecomposable module M in €.

A generalized multicoil algebra A is said to be tame if A() and A(") are
product of tilted algebras of Euclidean types or tubular algebras.

Note that every tame generalized multicoil algebra is a cycle-finite aIgebra.J

For a subquiver ' of ' 4, we denote by anna(I") the intersection of the
annihilators anna(X) = {a € A | Xa = 0} of all indecomposable modules
X in T, and call the quotient algebra B(I') = A/ annx(IN) the faithful
algebra of T.
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The first main result

Let A be an algebra and T be a cycle-finite infinite component of .I 4.
Then there exist infinite full translation subquivers I'y,..., [, of I such
that the following statements hold.

Q Foreachie€{1,...,r}, [';is a cyclic coherent full translation
subquiver of T 4.

@ Foreachie€{1,...,r}, Supp(l';) = B(T;) and is a generalized
multicoil algebra.

Q I1,...,T, are pairwise disjoint full translation subquivers of I and
[“=T,U...UTl, is a maximal cyclic coherent and cofinite full
translation subquiver of T.

© B(I \ [<) is of finite representation type.

@ Supp(l) = B(I).
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Generalized double tilted algebras

o [ — component of ['4
o [ — almost acyclic if all but finitely many modules of I are acyclic

Reiten—Skowroriski

[" is an almost acyclic " admits a multisection J

Note that for an almost acyclic component I of I 4, there exists a finite
convex subquiver ¢(I') of ' (possibly empty), called the core of T,
containing all modules lying on oriented cycles in [

Theorem (Reiten-Skowroriski)
Let A be an algebra. TFAE
© [ 5 admits an almost acyclic separating component.

© A is a generalized double tilted algebra.
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Generalized double tilted algebras

Theorem (Reiten-Skowroriski)
Let B be a generalized double tilted algebra. Then I'g has a disjoint union
decomposition Tg = PB UCB U QB where
o CB is an almost acyclic component separating PB from QB;
@ There exist hereditary algebras H{I), e H,(7£) and tilting modules
TV e mod H, ..., T € mod HY such that the tilted algebras
Bfl) = Enng)(Tl(l)), cee B,g) = EndH,(,ﬁ)(T’("l)) are quotient algebras
of B and PB is the disjoint union of all components of FB(/), ey FB(I)
1 m

contained entirely in the torsion-free parts % ( Tl(l)), LY T,(,,I)) of
mod Bfl), ..., mod B,(,ﬁ) determined by Tl(l), e T,S,I),'
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Generalized double tilted algebras

Theorem (continuation)

o There exist hereditary algebras Hfr), ey H,(,r) and tilting modules
Tl(r) € mod H{r), e T,(,r) € mod H,(,r) such that the tilted algebras
Bfr) = EndHi,)(Tl(r)), cee B = Enngr)(T,gr)) are quotient algebras

of B and QB is the disjoint union of all components of CTRRRRY B0

1
contained entirely in the torsion parts %(Tl(r)), (T of
mod B\, ..., mod B\") determined by T\",... T\";

e every indecomposable module in CB not lying in the core c(CB) of CB
is an indecomposable module over one of the tilted algebras

B, .. BW B ... B.
e every nondirecting indecomposable module in CB is cycle-finite and
lies in c(CB);
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Generalized double tilted algebras

Theorem (continuation)

e pdgX < 1 for all indecomposable modules X in PB;
e idgY <1 for all indecomposable modules Y in QB

e for all but finitely many indecomposable modules M in CB, we have
pdgM <1 oridgM < 1.

CB - connecting component of g

B() = B{I) % ... x BYW — left tilted algebra of B

B = B x ... x B{") - right tilted algebra of B

A generalized double tilted algebra B is said to be tame if the tilted
algebras B() and B(") are generically tame in the sense of Crawley-Boevey.

Note that every tame generalized double tilted algebra is a cycle-finite
algebra. J
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The second main result

Theorem

Let A be an algebra and I be a cycle-finite finite component of .I'a. Then
the following statements hold.

@ Supp(l) is a generalized double tilted algebra.

Q T is the core c(CB(N) of a unique almost acyclic connecting
component CB() of F(r)-

@ Supp(lN) = B(I).

Every finite cyclic component I of an Auslander-Reiten quiver I 4 contains

both a projective module and an injective module, and hence I, admits at
most finitely many finite cyclic components.
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Let K be a field, m, n > 8 natural numbers, and By, = KQm,n/Im.n the
bound quiver algebra given by the quiver Qp, , of the form

/

/3“\5 N e

. 2»1?1'»-2 \ 6
a7\L \ w 4/ \4/ 0 5,/71\157
a8‘¥ Aﬁs
amfl\l/ . M T,Bn—l
m—1—"-=m n——=(n-1)

and /p, , the ideal in the path algebra KQp » of Qm n over K generated by
the elements af3, o, B9, 070, 0 — nwu, 1) — Nv.
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Denote by Cp, , the above component.
@ Bpm s is a generalized double tilted algebra
- finite representation type <= m,n € {8,9,10}
- tame < m,n € {8,9,10,11}
°lg,,=PmnUCmnUQmn
@ Cpm,n is an almost acyclic component of I'g, |
@ cyclic part Iy, 5 of Cy p is connected and consists of all
indecomposable modules in Cp, , which lie on oriented cycles passing
through the simple module Sy
@ [, is a faithful cyclic component of I'g,, |

@ Cp,p is a faithful component of I'g, |

o Supp(rm,n) = Bm,n
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The next results

An idempotent e of an algebra A is said to be convex provided e is a sum
of pairwise orthogonal primitive idempotents of A corresponding to the
vertices of a convex valued subquiver of the quiver Q4 of A.

Let A be an algebra and I be a cycle-finite component of [ 4. Then there
exists a convex idempotent er of A such that Supp(I') is isomorphic to the
algebra erAer.
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Theorem

Let A be an algebra. Then, for all but finitely many isomorphism classes of
cycle-finite modules M in ind A, the following statements hold.
Q | Exti(M, M)| < |Enda(M)| and Exty(M, M) =0 for r > 2.
Q |Exth(M, M)| = | Enda(M)| if and only if there is a quotient
concealed canonical algebra C of A and a stable tube T of [ ¢ such

that M is an indecomposable C-module in T of quasi-length divisible
by the rank of T .

v

Hence, for all but finitely many isomorphism classes of cycle-finite modules
M in a module category ind A, the Euler form

o0

Xa(M) =Y " (=1)'| Exti(M, M)
i=0

of M is well defined and nonnegative.
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o A — algebra
e Kp(A) — the Grothendieck group of A
e for a module M in mod A, we denote by [M] the image of M in Ky(A)

Let A be an algebra. The following statements hold.

@ There is a positive integer m such that, for any cycle-finite module M
in ind A with | Enda(M)| # | Exth(M, M)|, the number of
isomorphism classes of modules X in ind A with [X] = [M] is bounded
by m.

@ For all but finitely many isomorphism classes of cycle-finite modules
M in ind A with | Enda(M)| = | Ext4(M, M)|, there are infinitely
many pairwise nonisomorphic modules X in ind A with [X] = [M].

© The number of isomorphism classes of cycle-finite modules M in ind A
with Exth(M, M) = 0 is finite.

v
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@ X — nonprojective module in ind A

@ a(X) — the number of indecomposable direct summands in the
middle term
02714 X =Y —=>X—=0

of the almost split sequence with the right term X

@ A s an algebra of finite representation type and X a nonprojective

Bautista-Brenner

module in ind A ———= «a(X) < 4

o a(X)=14 e By admits a projective-injective
indecomposable direct summand

@ Liu — the same is true for any indecomposable nonprojective module
X lying on an oriented cycle of [ 4 of any algebra A

v

Let A be an algebra. Then, for all but finitely many isomorphism classes of
nonprojective cycle-finite modules M in ind A, we have (M) < 2.

V.
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Theorem

Let A be a cycle-finite algebra. Then there exist tame generalized multicoil
algebras By, ..., B, and tame generalized double tilted algebras

Bp+1, ..., Bg which are quotient algebras of A and the following
statements hold.

Q@ indA=J_,indB;.

@ AIl but finitely many isomorphism classes of modules in ind A belong

to Jf_; ind B;.
© AIl but finitely many isomorphism classes of nondirecting modules in
ind A belong to generalized multicoils of T'g,,...,Ig,.

Let A be a cycle-finite algebra. Then, for all but finitely many isomorphism
classes of modules M in ind A, we have | Exth(M, M)| < |Enda(M)| and
Ext)(M, M) =0 for r > 2.
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A is a tame algebra over an algebraically closed field, M is a directing

module in ind A === Supp(M) is a tilted algebra being a gluing of at
most two representation-infinite tilted algebras of Euclidean type

v

Open question: Let A be an algebra and " be a cycle-finite finite
component in the cyclic quiver I 4. Is then Supp(l') gluing of at most two
representation-infinite tilted algebras of Euclidean type?

v
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