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Abstract
Let P(S) be the space of projective structures on a closed surface S of
genus g > 1 and let Q(S) be the subset of P(S) of projective structures with
quasi-Fuchsian holonomy. It is known that Q(S) consists of infinitely many
connected components. In this paper, we will show that the closure of any
exotic component of Q(S) is not a topological manifold with boundary and
that any two components of Q(S) have intersecting closures.

1 Introduction

Let S be an oriented closed surface of genus g > 1. A projective structure on
S is a (G, X)-structure, where X is the Riemann sphere C and G = PSLy(C) is
the group of projective automorphisms of C. We consider the space of marked
projective structures P(S) on S and its open subset Q(S) of projective structures
with quasi-Fuchsian holonomy. It is known that @Q(S) consists of infinitely many
connected components. The aim of this paper is to study how components of Q(S)
lie in P(S), especially how these components bump or self-bump. Here we say that
two components Q, Q' of Q(S) bump if they have intersecting closures and that a
component Q self-bumps if there is a point Y € 9O such that for any sufficiently
small neighborhood U of Y the intersection U N Q is disconnected.

Now let R(S) be the set of conjugacy classes of representations p : m(S) —
PSLy(C) and QF C R(S) the subset of faithful representations with quasi-Fuchsian
images. It is a result of Hejhal [He| that the holonomy map hol : P(S) — R(S),
taking a projective structure to its holonomy representation, is a local homeomor-
phism. Therefore, studying how Q(S) = hol ™' (QF) lies in P(S) is closely related to
studying how the quasi-Fuchsian space QF lies in the representation space R(S). It
is known by Goldman [Go| that the set of connected components of Q(S) are clas-
sified by the set MLy = MLy(S) of integral points of measured laminations; see
§2.3-2.4. We denote by Q, the component of Q(S) associated to A € MLy, where
Qo is the component of standard projective structures. Here we say that Y € Q(S)
is standard if its developing map is injective; otherwise it is exotic. One of the most
important result on the distribution of components of Q(S) in P(S) is obtained by
McMullen; see Appendix A in [Mc]:



Theorem 1.1 (McMullen). There exists a sequence of exotic projective structures
which converges to a point in the relative boundary 0Qg = Qo — Qo of the standard
component Qq in P(S).

In fact, given non-zero A € MLy, McMullen obtained in [Mc| a bi-infinite con-

vergent sequence
Y, = Yo €0Qy (In] — o0)

associated to A by using the method developed by Anderson and Canary [AC]. In
addition, we showed in [It1] that the projective structures Y, above are contained
in the exotic component Q) for all large |n|, and thus obtained the following:

Theorem 1.2 (Theorem A in [It1]). For any non-zero A € MLy, we have QoNQy #
0.

Now let i be a non-zero element of MLy where no curve in its support is isotopic
to one in the support of A\. Then one can obtain the grafting Zo, = Gr,(Ys) of Yo
along o (see §2.4), which lies in the boundary of Q. Since the map hol is a local
homeomorphism, there is a bi-infinite convergent sequence

Zn = Zoo €0Qy  (|In] — o0)

which satisfies hol(Z,,) = hol(Y,,) for all large |n|. Although the sequences {Y, }ns0
and {Y}, }n«o are contained in the same component Q), the sequences {Z, },~¢ and
{Zn}n<o are not necessarily contained in the same component. In fact, the main
theorem in this paper (Theorem 1.3 below) states that these sequences are contained
in components corresponding to elements (A, )3, (A, p), in MLy, respectively, which
are defined in §2.5. See Figure 1. We just remark here that (X, p); # (A, p)p if and
only if (X, u) # 0, where (A, ) is the geometric intersection number of A and .

Theorem 1.3. In the same notation as above, we have {Z,}nso C Q(,\#)ﬁ and
{Zn}n<<0 - Q()\,,u)b'

Q)‘ Q(Avu)b Q()\,M)ﬁ

{Yn}n<<0 {Yn}n>>0 {Zn}n<<0 {Zn}n>>0

Gr,

Figure 1: Sequences {Y;,}jns0 and {Zy }pps0-

As consequences of Theorem 1.3, we obtain the following results on the distri-
bution of components of Q(5); see Theorems 4.1, 4.3 and 4.4.



Corollary 1.4. (1) For any non-zero A\ € MLy, Qy self-bumps.
(2) For any A\, pu € MLy, we have QN Q,, # 0.

(3) For any non-zero A\ € MLy, the holonomy map hol : P(S) — R(S) is not
injective on Qy, although it is injective on Q.

Figure 2 is a computer generated figure by Komori, Sugawa, Wada, and Ya-
mashita (cf. [KS] and [KSYW]), which is a part of a complex one-dimensional slice
of P(S) for a punctured torus S. All the projective structures in this slice have the
same underlying complex structure. The region in white is a slice of Q(S): the inner
disk is a Bers slice (a slice of the standard component Q) and the outer part is a
slice of an exotic component. This figure seems to illustrate the phenomenon stated
in Theorem 1.3 and Corollary 1.4 (1).

Figure 2: A part of a slice of Q(S) in P(S) (white part) for a punctured torus S.
An exotic component appears to self-bump and bump the standard component at
the right hand side of the inner white disk just like left-hand part of Figure 1.

We now consider associated results on the quasi-Fuchsian space QF in R(S). Let
prn and po denote holonomy representations of Y, and Y, respectively. Theorem
1.1 then implies that QF self-bumps at po, in R(S); namely, for any sufficiently
small neighborhood U of ps, in R(S) the set U N QF is disconnected; see [Mc]. As a
consequence of Theorem 1.3, this result is refined as in the following theorem, which
is shown in the proof of Theorem 4.1:

Theorem 1.5. For any sufficiently small neighborhood U of peo in R(S), pn and
p—n are contained in distinct components of U N QF for all large enough n > 0.

Remark. The same result is obtained independently by Bromberg and Holt (oral
communication with Bromberg; see also Holt [Ho]).

We mention here the relationship between the topics in this paper and the topol-
ogy of deformation spaces of Kleinian groups. Let I be a finitely generated Kleinian
group with a non-trivial space AH (T") of conjugacy classes of discrete faithful repre-
sentations p : I' — PSL9(C). In general, the interior of AH(T") consists of finitely or



infinitely many components. It was first shown by Anderson and Canary [AC]| that
for some Kleinian group, some of these components bump. This result is generalized
by Anderson, Canary and McCullough [ACM]. In our setting, I" is a quasi-Fuchsian
group isomorphic to 71(S), and the quasi-Fuchsian space QF is the interior of the
space AH (I") which consists of exactly one connected component. Also in this case,
the idea of Anderson and Canary can be applied to show that QF self-bumps by
using projective structures; see Theorem 1.1 due to McMullen. In fact, by lifting
QF C R(S) to Q(S) C P(S) via the holonomy map hol, we can discuss the bumping
and self-bumping of components of Q(S). After McMullen, Bromberg and Holt [BH]
characterized the self-bumping of components of the interior of AH(T") for general
Kleinian groups I' without using projective structures. Our results, especially (1)
and (2) in Corollary 1.4, can be viewed as the projective structure analogues of the
works in [AC], [ACM] and [BH]. We refer the reader to [Cal for further information
on the bumping and self-bumping of deformation spaces of Kleinian groups.

This paper is organized as follows: In section 2, we provide definitions and basic
properties of the spaces and maps with which we are concerned. We devote section
3 to the proof of Theorem 1.3. The idea of the proof can be found at the beginning
of this section. Corollaries of Theorem 1.3 are obtained in section 4.

Acknowledgements. The author would like to thank Young-FEun Choi for many use-
ful suggestions to improve the descriptions. He also appreciates the referees for
thorough readings of earlier versions of this paper and for many valuable comments
and suggestions.

2 Preliminaries

We refer the reader to [It1] for more information on some topics in this section. See
also an exposition [It2].

2.1 Kleinian groups

A Kleinian group I' is a discrete subgroup of PSLg(C), which acts on the hyper-
bolic space H? as isometries, and on the sphere at infinity S2 = C as conformal
automorphisms. The region of discontinuity (") is the largest open subset of C
on which I' acts properly discontinuously, and the limit set A(T") of ' is its comple-
ment C — Q(T). The quotient manifold Ny = (H3 U Q(T'))/T is called the Kleinian
manifold of T'. A quasi-Fuchsian group I" is a Kleinian group whose limit set A(T")
is a Jordan curve and which contains no element interchanging the two components
of Q(T'). A b-group I' is a Kleinian group which has exactly one simply connected
invariant component of Q(T"), which is denoted by Qg (T").

Let R(S) denote the space of all conjugacy classes [p]| of representations of p :
m1(S) — PSL2(C) such that p(71(S)) is non-abelian. For simplicity, we denote [p] by
p if there is no confusion. The space R(S) is endowed with algebraic topology and
is known to be a (6g — 6)-dimensional complex manifold (see Theorem 4.21 in [MT]



for example). quasi-Fuchsian space QF = QF(S) is the subset of R(S) consisting of
faithful representations whose images are quasi-Fuchsian groups. Then it is known
by Bers [Bel], Marden [Ma] and Sullivan [Su] that QF is connected, contractible
and open in R(S).

2.2 Space of projective structures

A projective structure on S is a (G, X)-structure where X is the Riemann sphere C
and G = PSLy(C) is the group of projective automorphism of C. Let P(S) denote
the space of marked projective structures on S, or the space of equivalence classes of
pairs (g,Y") of a projective surface Y and an orientation preserving homeomorphism
g: S — Y. Two pairs (g1, Y1) and (g2, Y2) are said to be equivalent if there is an
isomorphism A : Y7 — Y5 of projective structures such that h o g; is isotopic to go.
The equivalence class of (¢,Y) is simply denoted by Y.

A projective structure Y € P(S) has an underlying conformal structure 7(Y’) €
T(S), where T(S) is the Teichmiiller space for S. The space P(S) is equipped with
a structure of a complex (6g — 6)-dimensional holomorphic affine bundle over 7'(S)
with the projection 7 : P(S) — T'(S), see [Ea], [MT, 7.4.1] and [Na, 4.4.6].

A projective structure Y on S can be lifted to a projective structure Y on S,
where S — S is the universal cover on which 71(S) acts as a covering group. Since
Y is simply connected, we obtain a developing map fy : Y — C by continuing the
charts analytically. In addition, the developing map induces a holonomy represen-
tation py : m1(S) = m(Y) — PSLy(C) which satisfies fy oy = py(7) o fy for every
v € m1(S). We remark that the pair (fy,py) is determined uniquely up to the
canonical action of PSLy(C). We now define the holonomy map

hol : P(S) — R(S)

by Y — [py]. Then Hejhal [He| showed that the map hol is a local homeomorphism
and Earle [Ea] and Hubbard [Hu| independently showed that the map is holomorphic:

Theorem 2.1 (Hejhal, Earle and Hubbard). The holonomy map hol : P(S) — R(S)
1s a holomorphic local homeomorphism.

We denote by Q(S) = hol *(QF) the set of projective structures with quasi-
Fuchsian holonomy. An element of Q(.S) is said to be standard if its developing map
is injective; otherwise it is ezotic. Let Qp C Q(S) denote the set of all standard
projective structures. Given Y € Qp, the developing map fy : Y — C is a home-
omorphism onto a connected component of the region of discontinuity Q(I') of the
quasi-Fuchsian group I' = py (m1(5)); thus we have Y = fy(Y)/T". It is known by
Bers that the map hol|g, : Qo — QF is a biholomorphism, which takes the Bers’
embedded image of the Teichmiiller space T'(S) in a fiber of 7 : P(S) — T(S) to a
Bers slice (cf. [Be2]).



2.3 Integral points of measured laminations

Let S = S(5) denote the set of homotopy classes of non-trivial simple closed curves
on S. By abuse of the notation, we also denote a representative of ¢ € S by c¢. Let
MLy = MLy(S) denote the set of integral points of measured laminations on S, or
the set of formal summation 22:1 k;c; of mutually distinct, disjoint elements ¢; € S
with positive integer k; weights. We regard § € MLy. The “zero-lamination” 0 is
also contained in MLy. The support of A = 22:1 k;c; is denoted by A = uézlci.
A realization \ of \ = Ei’:l kic; € MLy is a disjoint union of simple closed curves
which realize each weighted simple closed curve k;c; by k; parallel disjoint simple
closed curves homotopic to ¢;.

For ¢, d € S, the geometric intersection number i(c, d) is the minimum number of
points in which the representations of ¢ and d must intersect. Note that i(c,c) =0
for any ¢ € §. We naturally extend the definition of the geometric intersection
number for elements of MLy by linearity. If (A, u) = 0 for A\, p € MLy, we can
define mA + nu € MLy for m,n € N.

2.4 Grafting

Let Y € P(S) and Y — Y the universal cover. A simple closed curve ¢ € S is
called admissible on Y if a connected component ¢ C Y of the preimage of ¢ C Y
is mapped injectively by the developing map fy : Y — C onto its image fy (¢) and
if the holonomy image py (c) fixing fy (¢) is loxodromic. We say that A € MLy is
admissible on Y if every component of the support of A is admissible. Note that all
A € MLy are admissible on a standard projective structure Y € Q.

Suppose that ¢ € S is admissible on Y € P(S). Let

A= (C - f(@)/{py(c))

be the quotient annulus with its induced projective structure. Then the grafting
Gr.(Y) is the projective surface obtained by cutting Y along ¢ and inserting the
annulus A, without twisting. More precisely, A. is inserted into Y — ¢ in such a
way that the pair of images of a point z € ¢ in the boundary of Y — ¢ and the pair
of images of fy(z) € fy(¢) in the boundary of A. are joined together. Similarly,
we can define the grafting Gry(Y") for admissible A € MLy by linearity. The basic
fact is that the grafting operation does not change the holonomy representation; i.e.
hol(Grx(Y')) = hol(Y') holds for every admissible A € MLy.

Goldman [Go] used grafting to classify projective structures with quasi-Fuchsian
holonomy:

Theorem 2.2 (Goldman). For every Y € Q(S) there exist unique A € MLy and
Yo € Qo such that Y = Gry(Yp).

Recall that the map hol|g, : Qo — QF is a biholomorphism. Since the map hol
is a local biholomorphism and since holo Gry = hol holds on Qg for a given non-zero
A € MLy, the map

Gry : Qo — P(9)
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Figure 3: Rules to obtain (A, ) and (A, u)p.

is a biholomorphism onto its image Q) = Gry(Qp). Then, since Q) is open and
connected for every A € MLy, we obtain from Theorem 2.2 the decomposition of
Q(S) into its connected components;

Q)= || o

AEM Ly

2.5 Operations on MLy

We now introduce two operations
('7 )ﬁa ('a ')b : M»CN X MEN — M,CN,

which is introduced and studied by Luo in [Lu]. For A, u € MLy, the elements
(A, p)g and (A, p), in MLy are obtained as follows: Let A, i be realizations of
A, 1 whose geometric intersection number is minimal. Next resolve all intersecting
points in A\ U fi as in Figure 3. Then (A, p)g and (A, p), are elements in MLy
whose realizations are the resulting curve systems, respectively; see also Figure 4.
We remark that the curves in the integral laminations A and g do not need to be
oriented for these operations to make sense, but the orientation of the surface is
used to distinguish between the two resolutions in Figure 3. We collect in the next
lemma some basic properties of these operations, whose proof is left for the reader.

Lemma 2.3. For A\, u € MLy, we have:
(1) (Avu)ﬂ = (M:A)b'

(2) (A pz = (A )y if and only if i(A\,p) = 0. If i(\,u) = 0 then (A, p)y =
(A )y = A+ p.

(3) Suppose that every component of p intersects X essentially. Then ((\, p)s, i), =
(A, 1)y, 1) = A



-
). A,
/ l Xandﬂ

< D
()\Mu)l)

Figure 4: Examples of (X, u); and (A, p)p.

2.6 Geometric limits of Kleinian groups

We begin with the definition of Hausdorff convergence.

Definition 2.4 (Hausdorff convergence, geometric convergence). Let X be a locally
compact Hausdorff space. A sequence of closed subsets A,, C X is said to converge
in X to a closed subset A C X in the sense of Hausdorff if every element z € A
is the limit of a sequence {z, € A,} and if every accumulation point of every
sequence {z, € A,} lies in A. A sequence of Kleinian groups I}, is said to converge
geometrically to a group T if ', converges in PSLo(C) to [ in the sense of Hausdorff.

It is a result of Jgrgensen and Marden [JM] that if p, — poo in AH(S) then
the sequence I'y, = p,(m1(S)) converges geometrically to a Kleinian group T up
to taking a subsequence. Furthermore, the geometric limit r always contains the
algebraic limit I'sy = poo(m1(S)). The following theorem is due to Kerckhoff and
Thurston [KT].

Theorem 2.5 (Kerckhoff-Thurston). Suppose that a sequence p, € QF converges
to some poo € AH(S) and that the sequence I'y, = pn(m1(S)) converges geometrically
to I'. Then the sequence A(T',) converges in C to A(T) in the sense of Hausdorff.

2.7 Pullbacks of limit sets of Kleinian groups

Let Y € P(S) be a projective structure with discrete faithful holonomy py : 71(S) —
I'. Let my : Y — Y be the universal cover and let fy: Y — C be the developing
map. Then the preimage f;-'(A(T')) of the limit set A(T) in Y is invariant under
the action of the covering transformation group 71 (Y"). Thus the subset fy-'(A(T))
in Y descends to the subset

Ay = my o fi (A(D))



in Y, which is called the pullback of the limit set A(
obtain the pullback 7y o fy L(A(T)) of the limit set A(
containing I'.

Let Y = Gr.(Yp) be the grafting of a standard projective Yy € Qp along a simple
closed curve c¢. Then the pullback limit set Ay in Y is a disjoint union of two
simple closed curves homotopic to ¢, because the developing image of the universal
cover of the grafting annulus hits the limit set twice as it wraps around C once. By
Goldman’s grafting theorem (Theorem 2.2), this is generalized as follows:

) in Y. Similarly, we also

r
f) for any Kleinian group I'

Lemma 2.6. Let Y be an element of Q(S). Then'Y € Q) if and only if Ay C Y is
a realization of 2.

We now describe the projective analogue of Theorem 2.5. Let Y,, € Q(S) be a
sequence converging to some Y, € Q(S) as n — oco. Then there exist K,,-bilipschitz
maps wy, : Yoo — Yy, with K,, — 1 as n — oo between canonical hyperbolic structures
on Y and Y,. Let p, and p denote holonomy representations of Y, and Y
respectively and assume that the sequence I',, = p,,(71(5)) converges geometrically
to a Kleinian group I'. Then by Theorem 2.5 the limit sets A(T',,) converge to A(T')
in C in the sense of Hausdorff. In this setting the pullbacks Ay, C Y, of A(T'y)
converge to the pullback KYOO C Yoo of A(f) in the sense as follows:

Lemma 2.7 (Lemma 3.3 in [It1]). The sequence {w,(Ay, )}, of closed subsets
of Yo converges to Ay, C Yy asn — oo in thefense of Hausdorff, where Ay, =
Ty, of;; (A(T)) is the pullback of the limit set A(T') in Y. If there is no confusion,

we simply say that Ay, converge in Yy to /AXYOO.

3 Proof of the main theorem

We devote this section to the proof of Theorem 1.3. Throughout this proof, Figure
5 should be helpful for the reader to understand the arguments. Here we outline the
proof. Given non-zero A € MLy, let

Y, =Y €0Qy (In] — o0)

be a bi-infinite convergent sequence of exotic projective structures which was con-
structed by McMullen [Mc| and was shown in [It1] to lie in the component Q) for
all large |n|. In §3.1-3.2, we recall from [Mc| the construction of the sequence Y,
and basic facts of their holonomy representations p, = hol(Y,,). Assume that the
sequence I';, = pp(m1(5)) converges geometrically to a Kleinian group T. Now let 1
be a non-zero element of MLy where no curve in p is isotopic to one in A. Then we
obtain in §3.4 the grafting Z, = Gr,(Ya) of Yoo along v and a bi-infinite convergent
sequence
Zp — Zoo €09, (In] — o0)

which satisfies hol(Z,,) = hol(Y,,) for all large |n|. Our goal is to show that Z,, €
Q(A,u)u foralln >0 and Z, € Q(A,u)b for all n < 0. To this end, it suffices to show

9
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Figure 5: Schematic figure explaining the proof of Theorem 1.3.

from Lemma 2.6 that the pullbacks Az, C Z, of A(I',) are realizations of 2(\, 1)y
for all n > 0 and of 2(A, u), for all n < 0. Since Az, C Z, converge to the pullback
Az, C Zso of A(T') as |n| — oo in the sense of Lemma 2.7, in order to understand
the shape of Az, , we first study the shape of K/Zoo C Zso in §3.4 by using the result
on the shape of the pullback Ay, C Yo of A(T') obtained in [It1] and reviewed in
§3.3. In §3.5 we will see that Az, are obtained by resolving /A\ZOC at some points
which are pullbacks of rank-two parabolic fixed points in A(T"). The reason for the
difference of the resulting curve systems Az, for n > 0 and for n < 0 is that the
limit sets A(T',,) for n > 0 and for n < 0 are spiraling in opposite directions at each
rank-two parabolic fixed point in A(f), which will be studied closely in §3.5.

3.1 A Kleinian group with rank-two parabolic subgroups

Throughout this section, we fix a non-zero element A\ = Zﬁ:l kici € MLy with its
support A = I_Iﬁzlci. Let

My=5x[-1,1] = A x {0}

be a 3-manifold S x [~1,1] with simple closed curves ¢; x {0} (1 <4 <) removed.
Let I" be a geometrically finite Kleinian group whose Kleinian manifold Ny = (H3 U

Q(f)) / I is homeomorphic to My. In what follows, we identify N with M) via
this homeomorphism. Each tubular neighborhood of ¢; x {0} in M) corresponds
to a rank-two cusp end in Np, and hence to a conjugacy class of maximal rank-

two parabolic subgroup (v;,4;) in ' & 71 (Ng). We fix the generators of the group

10



(7i,8;) so that v; € [ is freely homotopic to ¢; x {—1} in Ny and that &; € T is
trivial in S x [—1, 1]. Moreover, we orient «; and d; so that for some 6; € PSLy(C),
02-0%091._1(2) =z+1 and Qioéioﬁi_l(z) =z + 7; with &7 > 0.

Note that each connected component w of Q(f) covers a connected component
of the conformal boundary ONp = S x {£1} via the quotient map H?3 U Q(f) — Np,

and that the subgroup I' of r stabilizing w is a b-group with w = Q(T).

3.2 Wrapping maps and associated representations

We introduce here the wrapping map w) : S — Ny associated to A € MLy, which
is an immersion determined up to homotopy. For 0 € MLy, we let wg : S —
S x {=1/2} C Ny be the canonical inclusion. The wrapping map wy : S — Np
associated to \ € 22:1 kic; € MLy is an immersion such that the image wy(S) in
Ny is obtained by cutting S x {—1/2} along ¢; x {—1/2} and inserting an annulus
which wraps k; times around ¢; x {0} in Ny at the cut locus for every 1 <i <; see
Figure 6. It is also required that w) is homotopic to wp in S x [—1,1].

S x {1}
c; X {0} c; X {0}

T Np C S x [—1,1]
w,\(S)

S x {-1}

Figure 6: Schematic figure of a wrapping map wy : S — Np.

Here we make use of Thurston’s Dehn filling theorem ([Co], see also [BO]). By
performing simultaneous (—1,n) Dehn filling (n € Z) on every cusp end of Ng,

we obtain a sequence of representations {x;, : r — PSLy(C)} which satisfies the
following:

oI, = Xn(f) is a quasi-Fuchsian group,

e The kernel of x;, is normally generated by ~{'d; Lo 10, L

e Y, converge algebraically to the identity map of T as |n| — oo, and

e I',, converge geometrically to T as In| — oc.

Then (7)) — i and xn ()" = xn(%i™) = xn(d;) — 0; as |n| — oo for each
1 <i <. Now set

Pn=Xn© (Wr)x :m1(S) — PSLy(C),
Poo = (w)\)* : 7T1(S) — PSLQ(C),

11



where (wy)« @ m(S) — m(Np) = [ is the group isomorphism induced by wy.
Then p, are faithful representations onto the quasi-Fuchsian groups I';, and the
sequence p, converges algebraically to pso. One can see that the algebraic limit
I = poo(m1(S9)) is a proper subgroup of the geometric limit [ andisa geometrically
finite b-group whose Kleinian manifold Np__ is homeomorphic to S x [—1,1]—Ax{1}.
Let

Yoo = Q0(T'ss)/Too

be the projective structure on the conformal end of Nr_ corresponding to S x {—1},
where Qy(I's) is the invariant component of I';. Then Yo, € 0Qp and hol(Ys) =
Poo- Since the map hol is a local homeomorphism, we have a bi-infinite convergent
sequence

in Q(S) which satisfies hol(Y;,) = p,, for all large |n|. Then it is known by McMullen
(Theorem 1.1) that Y;, are exotic for all large |n|.

3.3 The pullback of the limit set in Y

Let 7y, @ Yoo = QO(FOO)A—> Y. be the universal cover. Then the developing map
fre Yoo = Q(I'sc) — C is the identity onto its image. We recall from [It1] the
shape of the pullback

Ay, =7y, o fy (A)) = (A(T) N2 (T))/Tsc

of the limit set A(f) in Y. We first fix our terminology: Let £ be a finite union
of (not necessarily disjoint) simple closed curves on S. Then a reqular neighborhood
N (&) of € is a 2-dimensional submanifold of S with boundary and with a deformation
retraction r : N'(§) — &. Then the following proposition tells us that the pullback
limit set Kyoo is a “decoration” of a realization of 2) in Y (compare Lemma 2.6).

Proposition 3.1 (Lemma 4.1 in [It1]). There is a regular neighborhood ./\/'(3\\) of a
realization X\ of X\ in Yo which satisfy the following:

(1) /A\yoo is contained in the interior ofN(X), and

(2) each connected component N of N (X) contains exactly two connected compo-
nents of Ay._, each of which contains a simple closed curve homotopic to the
core curve of N

Since Ay;, converge in Y, to ZA\YOO as [n| — oo in the sense of Lemma 2.7, we can
deduce from Proposition 3.1 that Ay, are realization of 2\ for all large |n|. Then
it follows from Lemma 2.6 that Y,, € Q, for all large |n|, and thus the result of
Theorem 1.2 follows; see [It1] for more details.

In what follows, we will also make use of a regular neighborhood N (A) of the
support A of A\ which contains A/ (X), where a connected component N(¢;) of N'())
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contains k; parallel components of A/ (X) Throughout this proof of Theorem 1.3, we
fix these regular neighborhoods:

Ay, CNQA) CN(A) C Ya.

Note that Proposition 3.1 (1) implies that A(T) N Qo(T'so) lies in ﬂ;; (N(A)), and
hence in 7y (MV(Q)).

3.4 The pullback of the limit set in 7,

Let p be a non-zero element of MLy where no curve in p is isotopic to one in A.
Then g is admissible on Y, because the developing map fy, : }700 — Qo(To) is
injective and every simple closed curve on S mapped by py.. to a parabolic element
is isotopic to a curve in A. Thus we obtain the grafting Z,, = Gr,(Ys) of Yoo
along p. Furthermore it was shown in [It3] that the map Gr, : Qo — Q, extends
continuously to the boundary point Y, € 0Qp. Thus we have Z, € 0Q,,. Although
we do not use this fact in this proof of Theorem 1.3, we need this fact in the proof
of Theorem 4.3. Since hol(Yy,) = hol(Zs) and since hol is a local homeomorphism,
we have a bi-infinite convergent sequence

Zn = Zoo €09, (In| — o0)

in Q(S) which satisfies hol(Z,,) = hol(Y,,) for all large |n|.
Let mz_ Zoo — Zso be the universal cover. We now study the shape of the
pullback R R
AZoo =Tz, O fii (A(F))

of A(f) in Z by using the observation of the shape of ]A\yoo C Y in §3.3.

Proposition 3.2. There is a regular neighborhood /\/’(X U n) of AU [ in Zoo which
contains Az__, where A\, [i are realizations of A, pu in Zs, whose geometric intersection
number is minimal.

We devote the lest of this subsection to the proof of this proposition. For sim-
plicity, we will show in the case where p is a simple closed curve d € S of weight one.
In what follows, we fix a simple closed curve d in Y in its homotopy class. Recall
that 7y, : Yoo = Q0(I'oe) — Yoo is the universal cover. Since d C Y is admissible,
a connected component d of 77{,; (d) in Qy(Tw) is (n)-invariant for some loxodromic
element n € I's. Let

T = (C — fix (n))/(n)

be the quotient torus with its induced projective structure and let

~

mr:C—fix(n) - T

be the covering map. The simple closed curve 7p(d) in T is also denoted by d. We
set the longitude [ of T" as a unique simple closed curve on T' (up to homotopy)
which is contractible in H?/(n), while d is the meridian of T

13



Recall that the grafting Z., = Grg(Yx) is obtained by cutting Y5, along d and
inserting an annulus 7" — d:

Zoo = (Yoo — d) U (T — d).

Then the universal cover Zoo of Z is obtained as a multi-sheeted cover of C by
cutting Y, = Q(T') along the arc d and its images under the action of I'w,
and inserting the Riemann sphere C — d with a slit, the universal cover of the
annulus T" — d, and its images under the action of I'sc. Then the developing map
f2. 1 Zoo — C is just the projection. Let

Ap = wp(A(T) — fix (n))
denote the pullback of A(T') in 7. Then we have
A= (Av\ U (A \d),

where Kyoo \ d and /A\T \ d are regarded as subsets of Yoo —d C Zo and T'— d C Z
respectively.

We now sow that there exist realizations X El\ of A\, d in Z, and a regular
neighborhood N(AU d) C Zs of AU d containing AZ Note that there are two
copies of the curve d in Zo. We distinguish between d and those copies of d in Z,
although d is also a simple closed curve isotopic to one (and hence both) of those
copies of d in Z,.

We first consider the case that i(\,d) = 0 in S. Take A C N(X) C Y as
in Proposition 3.1. We may assume that N (X) is disjoint from d in Y. Then
/A\yoo Nnd= 0 in Yo since IA\Y is contained in N(A (A) Furthermore this also implies
that A( )N Nd = () in C and hence that AT Nd=0in T. Now let N7 be a closed
annulus in 7' — d C Z, containing AT and let d be a core curve of Nrp. Then we
obtain a regular neighborhood

NOUd) =N UNp
of AL c/l\containing jA\Zoo = Kyoc L /AXT.
We next consider the case that i(A,d) # 0 in S and set s = i(),d). Here we fix
our terminology:

Definition 3.3 (crescent). A closed set A C C is called a crescent it A is the closure
of By — By, where Bj, By are topological closed discs in C such that B; C Bs and
that 0B N 0By consists of one point p. We say that A is touching at p. A closed
subset in a Riemann surface homeomorphic to a crescent is also called a crescent.

We first consider the shape of A in T

Lemma 3.4. There exist crescents {A;}i_; and closed balls {B;};_ in T which
satisfy the following (see Figure 7):
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(1) Ai,---, As are mutually disjoint. Each A; is homotopically equivalent to the
longitude l in T. We let pj € T denote the touching point of A;.

(2) Interiors of By,--- ,Bs are mutually disjoint.

(3) The set U§:1 Bj is connected and homotopically equivalent to the meridian d
inT. In addition, it is satisfied that A;N (szl Bj> = {p;} foreach1 < j <s,
which implies that szl Bj is a string of beads.

(4) Ar C (U;:l Aj) U (U§:1 Bj)-

Figure 7: Crescents {A;}7_; and balls {B;}7_; in T

Proof. We begin with studying the subset WT(A(f) NQ(Fx)) of A7. Recall from
Proposition 3.1 that the set A(I') N (Iso) is contained in the preimage W;; (N()
of N(A) in Q(T's). Let A be a connected component of Ty (M(Q)) and let v € T
be a parabolic element fixing A. Then AU fix () is a crescent. Furthermore since the
subgroup of I's, stabilizing A is (7), it follows that n(A)NA=0 and hence that Ais
mapped injectively by 7p into 7. If And = (), then the crescent A Ufix () does not
separate two fixed points of n and mr(AUfix (7)) is contractible in 7. On the other
hand, if ANd # (), then AUfix (v) separates two fixed points of 7 and 77 (AUfix (7))
is homotopically equivalent to the longitude [ in 7. Recall that s = i(),d) is the
intersection number of A and d in Y. Then there exist exactly s crescents

Apy oo A

in T each of which is a component of 7TTO7T;01 (NM(Q)) and is homotopically equivalent
to the longitude . Let p; denotes the touching point of A; for each j. Since any
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two components of A are not parallel in Y, we see that p; # p; for 1 <i # j <'s,
and hence that Aq,--- , As are mutually disjoint. We now divide A7 into

Ay — RALRE,

where K% =Arn Uj=1 A;j and K,? = Ar )\ ;=1 Aj. Observe that the intersection
Ar N d lies in szl A; from the argument above. Then Kr{;’: is contained in the
complement of dU Uj.:l A; in T', which is the union of s open balls. Moreover, since
0A; —{p;} is disjoint from A7 for each j, one see that the intersection of the closure
of K? with /A\% is {p1,...,ps}. Therefore, by a slight modification of those open

balls, we obtain a string of beads szl B; which contains /A\g and which satisfies the
desired conditions. O

For each 1 < j < s = i(A,d), let [; denote the weight of the component of A
associated to .Aj. Then the crescent Aj contains lj crescents

W )
AWM aAl

which are components of 7 o w;; NV (/):)) with common touching point p;. Then
the statement of Lemma 3.4 is also satisfied with A; replaced by Ug{:l Ag.m) for all
j. Adding suitable (mutually disjoint) closed neighborhoods V; of p; for all j, we
define a submanifold N of T' containing Ar by

N = (gvj)u(@ @A;m)u(g@).

j=1m=1

Then the union

NQAUd) = N\ d)U N7\ d)

is a regular neighborhood of Nud for suitable realizations X, d of A, din Z. Since
N(AUd) contains Az = (Ay,, \ d) U (Ar \ d), we obtain the result of Proposition
3.3 in the case of = d € S. The result for general y € MLy is also obtained by
the same argument.

—

3.5 Cutting N(\U7) into N'((\, p);) and NV((X, )y

In this subsection, we complete the proof of Theorem 1.3, which states that Z,, €
Q(A,u)u for all n > 0 and Z, € Q) ), for all n < 0. In what follows, we mainly
consider the case of n > 0 since the argument for the case n <« 0 is completely
parallel. Theg\given large enough n > 0, our goal is to obtain a regular neigh-
borhood N ((A, p)y) of a realization of (X, u)y in Z,, containing Az, such that each

connected component of A/ (()\/,u\)ﬁ) contains exactly two connected components of
Az,. Theorem 1.3 then follows from Lemma 2.6. Observe that since there exists
a regular neighborhood N (A U 1) of A U i containing Az__ by Proposition 3.2, and
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since Ay, converge in Zy, to /A\Zoo in the sense of Lemma 2.7, Az, are eventually
contained in (XUZZ) Then the desired regular neighborhood N ((T,,u\) 4) is actually
obtained by cutting N (X U 1) along a system of simple arcs in Z,, which is disjoint
from Az, (see Figure 8). The existence of such an arc system for large enough n > 0
is shown in Proposition 3.5 below.

ﬁ\%
it

Figure 8: Cutting N()\ U ) into N(()\/D) The graphs at the far left and right
illustrate parts of AU i and ()\, )y respectively.

To describe more precisely, we again concentrate our attention to the case of
p = d € S and use the same notation as in §3.4. Especially N()\ U d) is a regular
neighborhood of Aud containing AZ . Note that for each 1 < j < s the point
pj € AZOC is the pullback of a common fixed point p € A( ) of a maximal rank-
two parabolic subgroup (v, d) of L. We suppose that the generators v, § satisfy the
normalization as in §3.1. Let U; C Z, be an open neighborhood of p; containing the
closed neighborhood Vj of p; and let ¢; : U; — U be a homeomorphism from U; C
Zso to an open nelghborhood UccC of p. Weset V= ¢;(V;). Let w be a connected
component of Q( ) which contains p in its boundary. Then w is simply connected
and is invariant under the action of 7. Let (wNU)4 and (w N U)_ be connected
components of wNU such that y((wNU)4) C (wNU)4 and v~ (wNU)_) C (wNU)_.
Since the components §(w) and §~*(w) of Q(f) are also ()-invariant, we similarly
obtain connected components (§(w)NU) ¢, (§(w)NU)_ of §(w)NU and (6~ H(w)NU),,
(6~Hw)NU)_ of 6~ (w) NU. In this situation, we have the following proposition
(see Figure 9).

Proposition 3.5. For every large enough n > 0, there exists a simple arc By, in U
which satisfies the following:

(1) Bn C UTw),

(2) one end of B lies in (wNU)L \ V and the other end lies in (§(w) NU)_\V,
(8) B C(wNU); UV U@B(w)NU)_, and

(4) Bn NV is connected.

Similarly, for every n < 0 with large enough |n|, there exists a simple arc (3, in U
which satisfies the conditions (1)-(4) above with 6(w) replaced by 6~ (w).
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(Yn)" " (2)

Ow)NU)+\V (6@)NT)_\V

(WNU)L\V (WNU)_\V

@MW) U\ V O w)NU)-\V

Figure 9: The arc 3, constructed in Proposition 3.5.

Before proving the proposition above, We shall complete the proof of Theorem
1.3. We fix 1 < j < s for a while. Recall that p; € U; is the touching point of /;

crescents Ag-l), e ,Ag-lj ) in 7. Thus we may assume that U; \ N (X U @ consists of
exactly 2l; 4+ 2 connected components. Given large enough n > 0, it follows from
Proposition 3.5 that there are mutually disjoint /; simple arcs

B, By

n Ty

in U; which satisfy the following:

. ﬂ,(Lm) is disjoint from Az, for each 1 <m <,

o~

e the intersection ﬁflm) NN (X U d) is connected and is contained in Vj for each
1 <m <, and

e all 2/; end points of ﬁél),...,ﬂgj) are contained in distinct components of

U \N(AUd).

Observe that by cutting A (X U &\) along those arcs in U; for every 1 < j <

s, we obtain a regular neighborhood N ((T,d\)ﬁ) of a realization of (\,d); in Z,
which contains Az, ; see Figure 8. On the other hand, since Z,, is a quasi-Fuchsian
projective structure, Lemma 2.6 implies that Az, consists of mutually disjoint non-
trivial simple closed curves. Then we claim that each connected component of

—

N((X,d)g) contains exactly two connected components of Az, , and hence that Az,
is a realization of 2(\,d);. In fact, in the case of i(\,d) # 0, the claim follows
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from the facts that each connected component of N/ ((T,d\)ﬁ) contains a connected
component of N'(A)\d C Yo\ d C Zoo, and that each connected component of /()
in Y, contains exactly two connected component of /A\yoo by Proposition 3.1. The
proof for the case of i(\,d) = 0 is left for the reader. In both cases, see [It1] for
more rigorous argument. Thus we obtain Z,, € Q( Ad)y for all n > 0 by Theorem 2.6.
By the same argument, we obtain Z, € Q(yg), for all n < 0. This completes the
proof of Theorem 1.3 for the case of uy = d € §. The result for general y € MLy is
obtained by the same argument. It only remains to show Proposition 3.5 in proving
Theorem 1.3.

Proof of Proposition 3.5. Recall that there is a sequence -, € I'j, such that ~,, — v
and (v,)" — d as n — oco. Given large enough n > 0, we will construct the arc (3,
as a union of many images of a short segment by iterations ¥ of ~,.

Choose z € (wNU) 4\ V so that v*(x) € int (V) for all k € N. Let ng be a positive
integer such that y~"0§(z) € (6(w) NU)_ \ V and that y~"0~*§(x) € int (V) for all
k € N. Since v,,(z) — ~(z) € (wNU)4 as n — oo, and since Q(T',,) converge to Q(T)
in the sense of Carathéodory (see [KT]), one can choose an arc b, in (wNU)LNQ(T,)
joining = to 7, (x) for every large n. We now define the arc 3, by

n—no—1

Bn = U ('Yn)k(bn)

k=0

We will see below that 3,,, with a slight modification if necessary, satisfies the desired
conditions (1)-(4).

(1) Since b, C Q(I',) and ~,, € Iy, it follows that 5, C Q([,).

(2) The arc 3, joins a point = € (wNU)4+ \ V to a point (v,)" "0 (x), which lies
in (0(w)NU)_ \V for every large n because (v,)" " (z) converge to v~ "04(z) €
(0(w)NU)-\V as n — oo. Thus the condition (2) follows.

(3) In order to check that 3, C (wNU)y UV U (§(w) NU)- for every large n,
let us consider a subarc 3], = B, — (bn, U (7)™ (by)) of B, which is obtained from
Bn by removing the first and the last segments. Then we claim that 3/, lies in V/

n—mo—1

for every large n. For simplicity, we only show that the orbits {(v,)*(z)}}_]
of z in B, = U} ?(yn)*(b,) are contained in V. The claim is obtained by the
same argument. Now choose a positive integer N so that y*6¢(x) € int (V) holds
whenever |s| > N. We first show that the first N orbits {(,)*(x)}_, and the
last N orbits {(y,,)" " ~*(x)}_, are contained in V for every large n. In fact, this
is true because for every 1 < k < N, we have (y,)¥(z) — ~*(z) € int (V) and
(Yn)" "0 F(2) — 40 k§(x) € int (V) as n — oo.

We next show that the intermediate orbits {(v,)*(z) Z;K}’_N are contained in V.
To obtain a contradiction, suppose that there is a sequence k, — 0o (n — oo) such
that N < k, <n—mng— N and that (y,)*(z) ¢ V. Then passing to a subsequence if
necessary, (7,)*" () converges to some point ¢ int (V). Observe that the sequence
(n)*" does not diverge in PSLy(C), because both fixed points of ~, converge to
p and (y,)F"(z) converge to # # p. Then, since (7,) converge geometrically to
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(,8), the sequence (7,,)*» converges in PSLy(C) to some y*6* € (7,6), s, t € Z after
passing to a further subsequence. Thus we obtain & = v*6%(z). Since & & int (V), it
follows that |s| < N. On the other hand, since (vy,)* — 7§ as n — oo, we have
(Yn)¥n—t=% — 4d, and thus k, = tn + s (n > 0) from Lemma 3.6 in [JM]. It then
follows from N <k, <n—ng— N that t =0,s>0ort =1, s <0, both of which
contradict to |s| < N. Thus the condition (3) follows.

(4) Since the subarc (3, of 3, lies in V', we can modify (3,, on the first segment by,
and the last segment (7,,)" "0 (by,) so that 5, NV is connected. Thus the condition
(4) follows.

The statement for the case of n < 0 is similarly obtained. This completes the
proof of Proposition 3.5. O

4 Corollaries of the main theorem

We collect here some consequences of Theorem 1.3; see Corollary 1.4.

Theorem 4.1. For any non-zero X € MLy, there exists Yoo € Qg N Q) such that
for any sufficiently small neighborhood U of Yoo the set U N Q is disconnected. In
particular, Qx is not a topological manifold with boundary.

Proof. We use the same notation as in the beginning of §3, and suppose that
i(A\, ) # 0. Since the grafting Z = Gry(Ys) exists and since the map hol is
a local homeomorphism, there exist neighborhoods V of Y, V' of Z,, and V" of
Poo = hol(Yoo) = hol(Z) such that the maps hol|y : V — V" and hol|y: : V! — V"
are homeomorphisms. Let U C V be a neighborhood of Y,,. Then by Theorem
1.3, for all large n > 0, Z, and Z_,, are contained in distinct components of
(hol|y) "t (hol(U)) N Q(S). Thus p, and p_, are contained in distinct components
of hol(U) N QF, which implies Theorem 1.5. Therefore, Y;, and Y_,, are contained
in distinct components of U N Q) for all large n > 0. Thus the result follows. OJ

We will show in Theorem 4.3 below that any two components of Q(S) bump
from Theorem 1.3 combined with the following result obtained in [It1], which is a
generalization of Theorem 1.2.

Theorem 4.2 (Theorem B in [It1]). Let {\;}[*, be a finite subset of MLy—{0} such
that i(Ai, A\j) =0 for any 1 <i < j < m. Then we have QoNOy N---NQy, #0.

Theorem 4.3. For any A\, u € MLy, we have QxN Q,, # 0.

Proof. Let A\, p € MZLy. If i(A\,p) = 0, then the result follows from Theorem
4.2. Thus we assume that i(A\,p) # 0 and decompose p into p = ' + p” with
', p”" € MLy so that y is the union of all curves in g which intersect \ essentially
and that p is the union of all curves in p which are disjoint from . The proof is
divided into the following two cases: (i) u” = 0 and (ii) u” # 0.
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(i) Case of p”/ = 0. Then p = u/. By the same argument as in §3, replacing A to
(A, i)y, we obtain a sequence

{Yn}\n|>>0 C Q(A,u)b

which converges to some Yo, € 0Qp as [n| — oo. Since no curve in the support of
(A, i)y is isotopic to one in the support of i, we obtain the grafting Gr,(Yao) of Yo
and a convergent sequence

Zn — Gru(Yeo) (In| — o0)
which satisfies hol(Z,) = hol(Y},) for all large |n|. Since Gr,(Ys) € 0Q,, as men-

tioned at the beginning of §3.4, and since Z,, € Q((Nu)b,u)u = O, for all n > 0 by

Theorem 1.3, we obtain Q) N Q,, # 0.

(i) Case of p”" # 0. Since i(\, p”") = 0 and i(p/, u”") = 0, we have i((\, 1),, p”) =
0. Theorem 4.2 then implies that Qy N Qunw), ﬁQ—Mu # (). More precisely, we obtain
as in §3 two sequences

{Ya}ins0 € Qs {Yabmso C Qur
both of which converge to some Y, € 0Qy as |n| — oo; see the proof of Theorem B
in [It1] for more details. Note that the holonomy image of Y, is a b-group whose
parabolic locus is the support of (A, i), + p”. Since no curve in the support of
(A, pt"), + i is isotopic to one in the support of 1/, we obtain the grafting Gr,/(Yuo)
and two convergent sequences
Zn, Zy, — Gry(Yoo)  (In] — 00)

which satisfy hol(Z,) = hol(Y,) and hol(Z],) = hol(Y})) for all large |n|. It follows
from Theorem 1.3 that Z, € Q) w), = Qx and Zl, € Quyyw = Qy for all
n > 0. Thus we obtain 9y N Q_u # () also in this case. O

Theorem 4.4. For any non-zero A € MLy, the holonomy map hol : P(S) — R(S5)
1 not injective on Qy, although it is injective on Q).

Proof. Let v be an element of M Ly each of whose component intersects A essentially.
Lemma 2.3 then implies that

(r, A v)p)s = (A v)g,v)y = A,
¥, (Ao = (A, v)p, 1) = A

Now let {Yn}|n|>>0 C Q. be a sequence constructed as in §3 which converges to some
Yoo € 0Qy as |n| — oo. Applying Theorem 1.3, we obtain two sequences in Q) as
follows:

e {Zntpso in Qu (aw),), = @x Which converges to Gr(y ,),(Yoo) as n — +o0.
o {Z}nco in Qu,(ap),), = @x which converges to Gr(y ), (Yoo) as n — —oo.

Since (A, v) # 0, we have (X, v); # (A, v),. Corollary 4.3 in [It3] then implies that
Gr(a ), (Yoo) # Grn ), (Yoo) and the result follows. O
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